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ERGODIQ AUTOMORPHISMS OF COMPACT METRIC GROUPS 

ARE ISOMORPHIC TO BERNOULLI SHIFTS 

NOBUO AOKI 

I wish to discuss its title. **et X be a compact metric group 
and /t be its normalized Haar measure. Then ( X f / 0 is & Lebesgue 
space. Let r be an automorphism of X f then r is an invertible 
measure preserving transformation of X onto itself. Our problem 
is conceded with measure theoretic properties of (T . 

Throughout this given a transformation of any group, a restriction 
on a subgroup and an induced transformation on a factor space will 
be denoted by the same symbol as that of the original transformation, 
if there is no danger of confusion. 

Today we will outline a proof of the following 
Theorem 1. An ergodic automorphism of a compact metric 

abelian group is a Bernoulli shift. 
The result has recieved the most attension in the literature. 

In a two-dimensional torus, Adler and Weiss [l3 proved the result 
using Orasteinis fhsorems. In recently, Katznelson íkl showed the 
result in an a-dimensional toras. Lind [5] gave a proof for the 
case of an infinite-dimensional torus. The proof which Totoki and the 
author [2] proved was done independently of Lind*s work. The techniques 
I use are due to Katfcnelson Ikl and Totoki and the author Is]. 

In order to outline Theorem 1, we prepare the following 
Proposition 1. Let X be a compact metric abelian group 

and <r be an ergodic automorphism of X. Then there exist subgroups 
XQ, X^ and Xg such that Xp is a f -invariant totally disconnected 
subgroup. X A and Xg are t -invariant connected subgroups of X and 
dynamical systems (X^. <r). (X^. r ) f (X B > (r) are ergodic. and 
further (Xf f ) is an algebraic factor of ( X B & X A ® X^ f <T®r®r ) . 

The proof uses the results of Entropy Theory together with the 
results of Group Theory. 
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Proposition Z. The dynamical ay sterna (Xgf f ) and (X^f f ) 

have the Bernoulli properties• 

We can prove that Xg ia locally connected and so by [23 we 

have (Xgf Ù* ) has the Bernoulli properties* The Bernoulli properties 

of X%$t is an.'liidi't̂ ectapplication of the results of Yuzvinskil [ 1 2 ] . 

To show the dynamical system {X^t t) has the Bernoulli properties* 

let G^ be the character group of X* and U be the dual automorphism 

of G A induced by (ïïg)(x) g( (T x) for g e Ĝ * Each g 6 G A 

satisfies the following condition 

(A) There exist integers k > 0, n Q, , n^ such that 

(n , n-, ... » n k) # (Oj 0, ... ,0) and 

g °ïïg 1 • # #. ïïkg k x 1 # 

We denote by G^ the minimal divisible extension of and by ÏÏ 

the automorphism of G^ extended by U # If X^ is the dual group 

of 3^, then X^ ia a compact connected metric abelian group. If 

I e is the dual automorphism of X^ induced by !T"\ then as (X A f ̂ ) 

haa the ergodic properties, it is not hard to see that (X^ <T) has 

the ergodic properties* Since C *GA , let us define X^ s 

ann(G^, X^) f then the dynamical system (X^/X* 5 JjF) and (X^, t) are 

isomorphic* And so if (X^, f) has the Bernoulli properties, then 

Ornstein's theorems imply that (X^t (t ) has the Bernoulli properties. 

Therefore, using Propositions 1 and 2 it follows that (X* f ) has 

the Bernoulli properties* 

We resolve this difficult with some lemmas* 

Let G A » { f fgt .** K We denote by G^ the subgroup of 

G A generated by {f^f^ : ~w < 3 < 00 f k « 1 , 2 , ... t n} for n >y 1. 

Then we have rank(G ) < 00 for n ̂  1. Let X^ ~ ann(G . X.) for 

n > 1 f then we have ^X^ * X , n > 1 and X̂  3 X^ D . # * - ; > ' ' n a1^n 

« { e K Since each f^ satisfies the condition (A) f we have for 

each k >, 1 0 _ B ( K ) _~ V ( K ) 

fk * ïïfk 'u fk 

for some p f c > 0, $ k > 0 and some (m̂  Ck), ... , (k)) # 

(Oj ..« t • i o) # 

Prom now on, we fix ^ , ... , A n and put 
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(1) n c * ^ ... I f t , k Q * max ^ . 
1 ̂  K $ n jj. 

H denotes the subgroup of Q n generated by {f k, ... , U °fjj. : 
1 $ k £ n }. Then H is finitely generated, torsionfree, H » Q n 

and T l j a „ « ^ H * G
n • L e t X< H> .* ann(H, X"A), then the 

character group of XA/X(H) is H and so XA/X(H) is a finite-dime
nsional torus. 

Lemma U If n 0 * 1, then (X^X^.iF) has the Bernoulli 
properties. 

The proof is a direct application of the result of Katznelson Clfl. 
Lemma 2, If n Q > 1, then ^(x) = x °, x e X A, is an 

automorphism of X A such that X(H) C X(H), and the induced 
factor on X^/X^ is ergodic. 

The details of the proof are found in Chapter 1 of El33. 
This lemma is essentially utilized in the proof of Lemma 13 . 
To obtain (X A/X n,^) has the Bernoulli properties whenever 

nQ > 1 , we construct a sequence { $>n) of weak Bernoulli partitions 
for the dynamical system (X A/X n,<r) such that p < ^ n + j 
n >, 1 and V n Pn is the partition of X

A / X n into single points. 
Let M be a positive integer and let f) be a partition of the 

interval CO, 271) into subintervals of the same lengths 2TI/M. The 
elements of jp will denote successively from the left by p^ « 
t*y aj+-|)» 3 s 1» 3 M» L e t K D e a n arbitrarily fixed positive 
integer and set Ng » n o * K ( n

0
 i s t n e * n t e S e r satisfying the (1)) 

For k > 0 ^(t) will denote the Fejer kernel defined on [0, 27t). 
Lemma 3. Let M be a fixed positive integer. Then there 

exists a positive integer i = £(M) such that for each m >/ 2 there 
is a positive number Sm - <Km,M) satisfying the following : 

(1 • nf 2 ) * ! - — - S p ) >, 1 , 

C » * - I ) * f f i 

3 M + 1 M 2 5 m < 1/m 2 . 

The proof is elementary. 
Lemma if. Let M and § m be as in Lemma 3. Then 
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гп + 2M(N k - i)j e < гтк (г 4ш 4 к ) . 
The proof is clear from Lemma 3» 
From Lemma k we can manipulate as follows. For an arbitrary m 

such that 2 4 m 4 K, set p^Cm) * Lby c^), mod 2tfNK, where 
b^ * a^ - (N R - 1 ) ^ ю , с^ = a j + 1 -f(NK - l ) £ m Cl « j < M). We 
translate each p^Cm) by r^Cm) CrJ Cm) = 0) to the right so that 

+ rjCm) * b ^ 4 l -» r^.Cm) and denote the translated p^Cm) by 
p^Cm). Then p. Cm), ... , PjjCm) are disjoint and each p V . (m) borders 
on р^(й) from the right and hence we may set p^Cm) « la^(m). 
a^ + 1(m)) for j в 1,2, ... , M. 

I» the case M = 3 we have for instance following figure. 
1 a2 a 3 \~) - p 2 C m ) — | P^Cm) , , p. (m) 
0 T Т 2 " 5 Ы $ Г ~ " 1 «5«) a-(m) 2rt NK 

'—-r^(m) ' -r^(m) 
Noting N K > 2, we have clearly 

(2) 2J m < r^Cm) < 2Cj - 1)CN K - l ) J e + 2/tj/M 
U 4 л 4 *, Z 4 1 4. Ю. 

Lemma 5 . Let M and £ be as in Lemma 3 . Then there exists 
11', 1 ••*r Щ 

a positive integer K Q s ^0(M) such that for К > K Q 

271 + 2M(NK - 1)Jffi 4 3 M + 1Kr^(m) < 2*N K (2 « m ч< K) . 
The proof is elementary. 
We set for m such that 2 ^ m < К for К > KQ 

!

rjCm) = r^(m) = 0, 

r^Cm) = r^Cm) +Зг^_.Ст) C2 ^ j < M) 
p.Cm) s p.Cm), 
p^Cm) * [a^(m) + Зг^^.Ст), a^.Cm) * Зг^Ст)) (г 4 i 4 Ю 

Then p^Cra), ... , P^Cm) are disjoint and each pj +.(m) borders on 
p^Cm) from the right. 

In the case M = 3 we have for instance the following figure. 
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p^(m) - - - - -pJ-Cm) ;" ~ " p^(m) j 
a ̂  a^ a^ *^2i. * ' ' 

Cf * * 27£ £ * ^ :*~~~* "5 * £ 
f a^Cm) a4(m) a4(m)4-3rP(m) a/(ro)+3rP(m) a/(m)+3r,(m) 

-r 2(m) -3 -> * ^ * f ^ 
~ -r^(m) 

We have for a with 2 < m < K for K > K 
o 

3(r 2(m) • + r M(m)) < 3 M 4 lMr^(m). 
Hence by Lemma 5 we have for K > K Q 

Lemma 6« Let M and be as in Lemma 3* Then there 
— st 

exists a positive integer * 3Lj (M) > KQ such that for K > 
6m • rj(m)/Ng < 27i (2 4 m 4 K» 1 * j • < M>. 

The proof uses (2), (3) and Lemma 3. 
Lemma 7. Let $ be as in £emma 3. Then for m satisfying 

m 
m > max(2,vMra ) and p^ • [a^, a.^) e ̂  , j • 1 , 2, . . . , H, 

C a j * *•» aj+1 " *m> * * • 
The proof is elementary. Lemma 8. We consider the characteristic function X of ' PjVm; 

p!l(m) as a 2?tNj£-cyclic function on R 1. Then for K > max(2f K^9 

sfWt) and N Kt € Ca^ + £fflf a ^ - for t 6 [0, 2?t), 
ftp*(a)(NKt 4 r^Cm) - s) 1 (max(2,\/H^) < m $K, 1 $ j « M) 

if 0 < s < N K Sm or 2?tHK - N KJ f f l - 2r^(m) < s < 2HN R . 
The lemma follows from (2), (3) and Lemma 7. 
Lemma 9. Let 1 and $ n be as in Lemma 3 and let be as 

in Lemma 6. Then if K > max(2, K 1 f N/M/k), for each m (max(2,>/H^t)< 
m< K) and each p̂ j e jf> there exists a non-negative function f ^ (t) 
on [0, 2tt) satisfying the following : 

* m P l
( t ) > 1 • . * * [ a J +Sm> aj+1 

for some constants c 0, c k, c^ ( k . 1,2, ... , m*) 

where e i ( k / % t } « e i k ( t / N K } and e ' 1 ^ t } = #-ik<t/»?> f o r k, 

H j=-|fmp Ct) < 1 * m" 2 t 6 [0, 2E). 
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The p r o o f u s e s t h e r e s u l t s o f Lemmas 3 ~ 8 . 
We d e n o t e b y e

i ^ ' n , t ^ a n e x p o n e n t i a l f u n c t i o n e m t i f o r m . 
Lemma 10, L e t Z a n d § ^ be a s i n Lemma 3« ^ o r e a c h P j € 

a n d K > max(2,\/M/5t") we d e f i n e f o r t e [0, ZH) 

f ( t ) * (1 + m " 2 ) ? ( t ) ( m a x ( 2 , N $ ^ ) < m £ K) 
BiPj fflpj 

w h e r e 
, 2 7 t 

? m p < t 5 = 1 / * V * - s ) K ( s ) d s . 

T h e n f ( t ) i s a n o n - n e g a t i v e f u n c t i o n o n [0, 271) a n d we h a v e 

t h e f o l l o w i n g : 

f m P j

( t ) » 1 * 6 U j + <*m» " * » > » 

f o r some c o n s t a n t s d 0 , d f c , d £ ( k = 1 , 2 , . . . . , m ) 

V j ( t ) - d o * * k e 1 ( k ' * > * E k ^ k e - i ( k > ° . 

The p r o o f i s d i r e c t f r o m K a t z n e l s o n U L 

We c a n g e n e r a l i z e e a s i l y Lemmas 9 a n d 10 o n a f i n i t e - d i m e n s i o n a l t o r u e 
We assume t h a t X A / X ( H ) i s r - d i m e n s i o n a l . X~ A /X (H) i s a l g e b r a i c a l l y 

i s o m o r p h i c t o T r = [0, 2 7 1 ) r whose c h a r a c t e r g r o u p i s t h e d i s c r e t e 
g r o u p 

H = { e i ( m ' ' } : a e Z r } l ) 

r 
w h i c h i s a l g e b r a i c a l l y i s o m o r p h i c t o H # H r d e n o t e s a m u l t i p l i c a t i v e 

g r o u p { e 1 ^ * ^ 1 q € Q r } 2 ^ w h i c h i s a m i n i m a l d i v i s i b l e e x t e n s i o n 
o f H r . Now l e t Y r d e n o t e t h e d u a l g r o u p o f H^ , a n d we d e n o t e b y 

( e i ( q » -^Cy) , y e Y r e a c h c h a r a c t e r e i ( q > # ) o f Y r . We n o t e 

t h a t f o r m € Z r 

( e i ( m , - ) ) ( p y ) B e i ( m , P y ) 

r r 
w h e r e P i s t h e p r o j e c t i o n f r o m Y o n t o T • ^ 

From t h e d e f i n i t i o n s o f G n a n d H, we h a v e Q n ~ H. T h u s 

a s a n d H a r e a l g e b r a i c a l l y i s o m o r p h i c , we h a v e t h e d i a g r a m 
1 ) Z r i s t h e s e t o f a l l r - d i m e n s i o n a l i n t e g e r v e c t o r s . 
2) Q r i s t h e s e t o f a l l r - d i m e n s i o n a l r a t i o n a l v e c t o r s . 
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rpr 

Let T and $ be automorphisms of Y r isomorphic to iF and ^ of 
X A/X n respectively. Then induces the endomorphism of T r (wrtten 
by the same symbol ) because >[F induces the endomorphism of XA/X(H) 
and T$ is given by an r x r matrix with intger entries. 

Up denotes the linear operator from £(T r) into t(Y r) defined 
^ (upg)(y) - gC^y) for g 6 t(T r) • The adjoint operator T$ 
on Z r of the endomorphism t£ on T r is defined by 

0i(m, T^Py) m ei(x?m, Py) f m e > . 
We have for A e & r 

(k) U;1(Up e i ( V N K ' 0 ) ( y ) - (U p e ^ / N K ' ^ H y ) , y e I r. 
Now the eigenvalue of | is n Q with multiplicity r . Let 

the eigenvalues of x be ... , ̂ k (k < r), then the eigenvalues 
of are n A r ... , n A k . 

We may consider the matrix X as operating on R r and so we 
decompose 

R2* s V^ke ... f V o $ ... 9 V q 

such that each is the T -invariant subspace of R1* corresponding 
to the eigenvalues of x of modulus f^ where < . < 1 = f'Q < 
... < f j . Let * n Q ^ and let V o « V_fc © ... 0- V_k* (k*» 0) 

be the direct sum of .̂.'s corresponding to ft such that ? j ^ 1 • 
Then as is x% -invariant and 7 f is ergodic on T r, we have 

V H Zr - {0}. o 
Let M be an arbitrarily fixed positive integer. Now let IP be a 

partition of T r (« [0, 2X)r) such that f> * <8> ̂  > e a c h P . 
being a partition of [0, ZTL) into subintervals of the same lengths 2TV!< 

For arbitrarily fixed K > 0 and N > 0 we set 
m ) s Vj£ -Op-1 (Jo) , £<K,N). . y T- mP- 1(f ). 

*~ m—Kr+K 
Lemma 11. For a s ifficiently large i « there exists 

3) X n is the annihilate) • of G R in X~A . 
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a measurable set E with measure < 1/m2 for each и > max(2,vS0t) 
Ш л / 

such that for each pej3 there are non-negative functions £ , t 
on T r satisfying : 
(a) there is a positive integer « К^(^э) such that if К > 
and К >, mf then 

f n p(t) >„ 1 on p - E m , 

? W = 0 o . > , [C. e i ( k / N K . *> . О" e- i ( k / NK- t)], t fr 
p 1 $ к. ̂  m* 

where к = (k^, ... , k r) are vectors of positive integers, C Q, Ĉ ,, 
are some conetants and S t l ( k / S K ' *> = ^t/Vg) > 

^ P «j> V ( t ) * 1 • 4 6 »*• 
(b) f B p(t) >, 1 on p - E m , 

Vp(t) - » 0 . X Z T ^ ̂  t> + ^ t)j , t , Tr, 

K 1 4 Г 
where к are as in (a) and I>o, D^, are constants, 

T~Z „ t ь f ^ ^ ) 4 1 + m" 2 t € T r . 

This lemma is a generalization of Lemmas 9 and 10. 
Define the following functions Ф А and Ф в on Y r for A £ 0t(K) 

and Be£(K,N) where К > ^ , 

We denote by yu the normalized Haar measure on Y r. Then we have 
the following 

Lemma 12. Let £ > 0. Then there exists a positive integer 
Kg = ^ ( ^ > £ ) > max(2, K^v/fyfa) and a measurable set £ in Y r 

such that /i(E) < g 2 and for every К > 1L> and arbitrary N > 0 

фА 1 on Е н ж ю f* Ad/« * 1 . e2 

and 
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4>B > 1 o n B - E , Yl B € J8(K,H)• j + B d/* ^ 1 4 £ 2 • 

The lemma f o l l o w s f r o m Lemma 1 1 • 

L e t JZ be a s i n Lemma 1 1 . F o r a r b i t r a r y f i x e d K > a n d N > 0 

we d e n o t e b y ZT a n d Q r s e t s o f a l l r - d i m e n s i o n a l v e c t o r s c o n s i s t i n g 

o f { l f 2 * ... , C ^ K + N ^ } a n d { 1 / N K > 2 / N K , . . . , K A / N ^ } r e s p e c t i v e l y . 

Now we d e f i n e a n a u t o m o r p h i s m fc o f Y r b y 

S i n c e f o r \ e Z r ( 4 ) h o l d s , we h a v e t h a t 

{ ( U p e ^ o s l T A k ' ) ( f c y ) : A m € Q r ( J C-Qr]> 
r - » K ^ K + N # ) 

U { ( U p e ^ r n ^ + K T Xfcy) : *ffl 6 Z r U C - Z r ] } 

i s a s e t o f c h a r a c t e r s o f I r • F u r t h e r we c a n p r o v e t h a t t h e f r e q u e n c y 

w h i c h i s common t o < £ A a n d 4 g i s z e r o f o r s u f f i c i e n t l y l a r g e K . 
F r o m t h o s e f a c t s we h a v e 

Lemma 13« T h e r e e x i s t s a p o s i t i v e i n t e g e r > s u c h t h a t 
f o r K > a n d N > 0 

[ * A * B d / f * d / * f * B d/" • 

U s i n g r e s u l t s o f K a t z n e l s o n [ * | J a n d Lemmas 12 a n d 13» we h a v e 
Lemma j / j . F o r i > 0 t h e r e e x i s t s K > m a x ( K ^ , IL>) s u c h 

t h a t Di(K) a n d | 3 ( K , N ) a r e 11& - i n d e p e n d e n t f o r K > K a n d N > 0 . 
Consequently P-'(*» is an weait Bernoulli partition on Y r for 

~l. L e t fa' b e t h e p a r t i t i o n o f X A / X ( H ) c o r r e s p o n d i n g t o t h e p a r t i t i o n 
£ o f T r a n d P ' b e t h e p r o j e c t i o n o f X A o n t o X A / X ( H ) , t h e n V P " " 1 ^ ) 
i s a n weak B e r n o u l l i p a r t i t i o n o n X A f o r F • B e c a u s e we h a v e 
D^^Z^M) s V ^ V | « z ^ '^P'"" 1 C#^s) i s t h e p a r t i t i o n o f X A 

i n t o c o s e t s o f X^. By O r n s t e i n * s t h e o r e m ( X A / x n , < f ) h a s t h e 
B e r n o u l l i p a r t i t i o n s . 

T h e r e f o r e , f o r n >, 1 we h a v e s h o w e d t h a t (%i/*n$ f) h&s t h e 
B e r n o u l l i p r o p e r t i e s . S i n c e we h a v e 
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O r n s t e i n ' s t h e o r e m i m p l i e s t h a t r o n X A i s B e r n o u l l i a n . ( X A , f ) 
h a s t h e B e r n o u l l i p r o p e r t i e s . 

We c a n c o n c l u d e t h a t ( X,» ft ) h a s t h e B e r n o u l l i p r o p e r t i e s . 

U s i n g T h e o r e m 1 , I c a n p r o v e t h e r e s u l t f o r t h e c a s e o f n o n -
a b e l i a n . T o d a y I d o n o t d i s c u s s e i t h e r e , b u t t h e p r o o f o f i t i s 
f o u n d i n [133• 
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