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The Spectrum of Dynamical Systems arising from Substitutions of

Constant Length.

In the domain of topological dynamics, minimal flows play an
important role as building blocks for more complicated flows. A lar-
ge class of examples of minimal flows are given by those arising
from substitutions. The systematic investigation of substitution
minimal flows begon with Gottschalk [5] , and has been extended
more recently by Coven and Keane [2] , Martin [9] , [10] and
Kamae [7] , the goal being topological and measure-theoretic clas-
sification of these objects.

In the first part of the paper we synthesize, extend and simplify

the known results on topological classification and give a complete
spectral classification in the case of substitutions of constant
length. An interesting side result 1s that if (X,T,u) is a dyna-
mical system arising from a substitution of constant length then

T is minimal if and only if ™ s ergodic. (This implies for
instance that if T has a rational eigenvalue, then the eigenfunc-
tion corresponding to this eigenvalue can be chosen to be continuous).

The second part is concerned with substitutions of non-constant
length. We analyse the behaviour of T" in this case and display
a class of flows (generated by substitutions of non-constant length)
which are topologically isomorphic to constant length flows, thus
reducing the structure problem (both measure-theoretical and topolo-
gical) to one that can be handled by the results of the first part.
In general, the measure-theoretic structure of substitution dynamical
systems of non-constant length is unkown, and seems to be difficult to

determine (see [12]).



1 - Definitions and Preliminaries.

1. Symbols, blocks and sequences.

Let I be a finite alphabet with r symbols, r > 2. We usually

suppose that I = {0, 1,..., r-1} . Elements of

are called blocks (over I). If

is a block we call N(B) = n the length of B and we denote by
Ni(B) the number of times the symbol 1 € I appears in B . It

is sometimes convenient to write B(k) for the symbol bk .

Elements of I'Z will be called sequences . If

Xy Xk+1 .o Xn . If

(Bk)kEZ 1s a sequence of blocks, then we can form in an obvious

is a sequence, then x[k,ﬂ] denotes the block

manner a sequence

where the dot over B, indicates that x[O,N(BO)—1] = B,

2. The space, the topology and the homeomorphism .

Provide IZ with the metric d defined by d(x,x) = 0 and
d(x,y) =1/ (min {[k|: x, £y, } + 1) if xfy . If B isa

block, the set

Z

[B] = {x€ I x [0,N(B)-1] = B}

is called a cylinder. Let T be the shift homeomorphism on IZ ;



i.e., if x€ IZ then (Tx)k = Xpeq for all k € Z . The collec-

tion of cylinders and their translates under T form an open and

closed base for the topology induced by d . The orbit of x under

T 1is the set

Orb(x) := Orb(x ; T) = {T¥x : k € z}

3. Substitutions.

* . .
A substitution 6 is a map 6 : I - I . Many of its properties can be

obtained from the 6-matrix

r
L(8) = (&;:)}%

1]
defined by Qij = Nj(ﬁi). The length of a substitution is the vector
(20, e zr_1), where Ly = jglzij = N(81i) . If all Ri are equal

then 6 is of constant length.

The map 6 extends to I* and IZ by defining

6B 8b. 6b,... 6b if B = b,b,...b is a block
0 n n

1 071

’

x ...6(x_1) é(xo) 6(x1)... if x 1s a sequence.

In this way we can consider the substitution 6" defined by

o™i = en_1(6i) for each n > 1, and we see that

L(e™ = L(e)™

n.
Throughout this paper we shall assume that Z§n) := N(8 1) > 2 for
some n > 1 and all i € I . We call a substitution 6 primitive
if L(8) 1is a primitive matrix (i.e., if L(e)n is strictly posi-

tive for some n > 1

4. Flows.

A pair (X,T) with X a non-empty, compact metric space and T

a homeomorphism will be called a flow. A non-empty, closed T-invariant



subset of X 1is called minimal if it contains no proper closed

T-invariant subsets. It is well known that X is minimal iff

Orb(x) = X for all x € X iff all x € X are almost periodic.
Recall that an element x € IZ is almost periodic if any block

B € 1* which appears in x occurs with bounded gap.

5. Flows generated by substitutions.

With any substitution 6 we can find two symbols p and q and
an n > 1 such that the last symbol of enp is equal to p and
the first symbol of 6"q 1is equal to q ([5], [3]). We call pq

a cyclic pair for 6 . Any cyclic pair generates a sequence w = wP4

defined by

nk nk nk

w[-N(enkp), N(67"q) -1] = e "p6 q for k=0,1,2,....

Among the cyclic pairs there is always at least one such that w = wPd
is almost periodic ([5], [3]). In this case we call the minimal flow

(Orb(w), T) the flow generated by © (and pq). It can be shown ([3])
that with no loss of generality (éince we are only interested in mini-
mal flows) we may assume 6 to be primitive. if 8 is primitive then
all cyclic pairs pq (such that wPd is almost periodic) generate
the same flow, which we denote by (X(6),T). We shall repeatedly use
the fact that in this case X(6) = X(e“) for any n > 1, so that we
may replace 6 by a power of 6 without changing the flow.

The minimal flow (X(8),T) will be called the substitution flow gene-

rated by 6 ( & a primitive substitution), and we adjoin the words

"of constant length" if 6 has constant length.

Note that this flow may be finite since it can happen that the sequence
generated by 6 1is periodic. In this case we call 6 periodic . A
simple characterization of periodic substitutions of constant length

is given in 2.9. (iii).



6. Dynamical systems and spectra.

A triple (X,T,u) where (X,T) 1is a flow and u a T-invariant
probability measure is called a dynamical system. If u 1is unique

then (X,T,u) is called uniquely ergodic.

Given two flows (X,T) and (Y, T'), a continuous map ¢ from X

onto Y such that $oT = T'odp 1is called a homomorphism . If ¢

is also one-to-one 6 1is called an isomorphism. If (X,T,u) and

(Y, T',u') are uniquely ergodic dynamical systems then any homomor-
phism is measure preserving and therefore a measure-theoretic homo-
morphism.

The homeomorphism T induces a unitary operator in L#(X,u) by
f ~ £foT . The spectrum of this operator is an invariant for measure-

theoretic isomorphism and is called the spectrum of (X,T,u).

7. Dynamical systems generated by substitutions.

If 6 1is a primitive substitution, then the flow (X(8),T) admits
a unique T-invariant Borel probability measure vy ([11]). We call

the triple (X(8),T,u) a substitution dynamical system, and call

the spectrum of_ (X(6),T,u) the spectrum of &



2 - Minimality and Ergodicity of Powers of the Shift (Constant Length).

In the first part of this section, we shall give some definitions and

simple results for an arbitrary minimal flow (X,T).

Definition 1 A cyclic partition of X 1is a partition (Xu)g;g of

X into disjoint subsets such that

Xoe1 = T X, for 0 <u <m-1 and T Xn-1 = Xg -

Let n > 1. A T"-invariant partition of X 1is a partition of X

whose elements are all closed and T"-invariant. A T%-minimal par-

tition of X 1is a partition of X whose elements arec all T"-

minimal.

Lemma 2 Q?,L.15]) Let (X,T) be a minimal flow and n a positive
integer. There exists a cyclic T"-minimal partition. This parti-
tion is unique up to cyclic permutations of its members.

In the sequel the number of elements of a cyclic T"-minimal partition

will be denoted by y(n) for each n > 1 . The equivalence relation

whose classes are the members of the cyclic T'-minimal partition will

be denoted by An

Lemma 3 The function +y(*) and the relation An have the following

properties
(i) 1 <y(n) <n and vy(n) divides n
(ii) Ay(n) = An and thus vy(y(n)) = y(n)
(1ii) If m divides n then Am D An ; moreover if vy(n) = n then
y(m) = m .

(iv) If (m,n) =1 then A =AN A, and y(mn) = y(m)y(n).



(v) If y(m) > 1 then there is an m > 1 dividing n with y(m) = m .

k
(vi) If v(n) <n then 1im YD -
k> n»
Proof : Cf. [7,ﬁ.296] for proofs of (i) - (iv). To prove (v) take
m = y(n) and use (i) and (ii). We shall prove (vi). If y(n) < n

then we can find a prime p and an a > 0 (by (iv)) such that

n = pas, (p,s) = 1 and Y(pa) < pa . We claim that Y(pka) < pa
for all X > 1 . Indeed, y(pka) = pb for some b > 0 (by (i)),
Yy(P®) = Y(y(p*®) = p® (by (ii)) and therefore b < a (by (iii)).
The multiplicativity of y vyields now
k ka k
y(n) _ y(p~ ) v(s) 1 - o
K X F~ ° &na ~ >0 if k—
n p S p ]
Definition 4 : ([5]) The trace relation A of (X,T) 1is defined
by A = L An . If we want to emphasize the dependenc: on T
. ) T
we write A = A" .
Lemma 5 Let (X,T) be a minimal flow. Then A = (\] An .
n:n=vy(n)
Proof : By 3(ii), A = (ﬁ\ A= (\} A (A\ A
—_— n Y (n) = n
n>1 n>1 n:n=y(n) 0

We shall now turn to substitution flows (X(6),T) generated by a subs-
titution 6 of constant length & . Our aim is to determine A for
any such flow.

In the course of the proof of lemma 7 we shall need the following com-
binatorial lemma.

Lemma 6 Let x € 1% and J(n) = {B € . N(B) = n, B appears in x}

for each n > t . If for some n » 1



Card (J(n)) < n

then x 1is periodic

Proof [1, Th. 2.06,2.11]

0
Lemma 7 Let (X(6),T) be a substitution flowof constant length 2
Then either, Y(ln) = 3" for all n > 1 or 6 1is periodic.
Proof : Let 6 be a substitution of constant length £ on 1 sym-
bols. Let w be such that X(6) = Orb(w). We shall first esta-
blish that for all n > 0 there appear at most r + rz(y(ln)-1)
different blocks of length 2 in w .
n . A .
Let X; = © X. Then X; 1s a T" -minimal set (the mapping
Ii
o™ (X, T) —> (XO,TR ) is a homomorphism). Since 6w = w we
have w € X_ . Therefore

0

ky (o™ n.
TRV e &)C: g;i [67i] for all k € Z

Thus w 1is composed of overlapping blocks of the form o™i
{of length 2:) spaced at intervals y(ln). Since tl:ere are T
siocks 671 and at most 12 blocks o'i enj we obhtained the

desired result.

Let us now suppose that y(ln) < ™ for some n > 1 . Since

X(en) = X(0) we may assume n = 1. By lemma 3 (vi),
1im y(gn) / 2™ =0 . We can therefore find an n such that
Nn-—>c

T + 1r? (y(ln)—1) < 2™ . But then there are fewer than &" blocks

of length 2™ in w , and w 1is periodic by lemma 6

[

W2 shall now search for integers n relatively prime to & such

that y(n) = n .



Definition 8 (Cf.[9,4.06]) Let (X(6),T) be a substitution flow of

constant lergth £ and let w be such that Orb(w) = X(8) . The

number

h(8) = max{n31 : (n,2) =1 , n divides gcd{a : w, o= ho}}

will be called the height of ©(or X(6)).

Remark 9 Let ©6 be a primitive substitution of constant length on
r symbols. Then
(i) 1 < h(8) <7
Let Lk be an integer, let S, = {a : w
The upper bound on h(6) follows directly from

= 1 =
atk Wy and g1 | gcd Sk .

{n>1 : (n,%2) = 1, n divides go} = {n>1 : (n,2) = 1, n divides gk}
We shall show that the set on the right contains the set on the
left. (The other inclusion is proved similarly).

= ]
Let 8y gcd {a1,...,am} where a, € Sk""’ a_ € Sk . Choose N
such that the symbol W, appears at some place, say p, in 6ka .

It follows from er = w that

AN p €S, and (k + aS)QN +p €S, for s=1,...,m.
Hence aSQN € S0 - S0 (s =1,...,m) and

, , \

ged(s, - Sp) | gcd{a12N,...,am2h} = QNgO
Therefore if (n,2) = 1 and n divides g then n divides

gy - (For any set A of integers, gcd A divides gcd(A-A)).
(ii) We shall describe an algorithm to calculate h(#6)
Apply the following labeling procedure for those n = 1, r-1,...,1
such that (n,%) = 1
Let wy = q . Label 6gq(m) with the number m modulo n for
9-

m=20,...,2-1. If for some i the symbol i appears at more than
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one place in 6q and has obtained different labels then n % h(6).
Otherwise let Li be this unique label for each 1 appearing in
6q . (For example : Lq = 0). Label 6i(m) with the number ZLi+m
modulo n . If for some, j. the symbol j appears at more than
one place in 61 or ©d and has obtained different labels then
n £ h(6). Now continue in this manner. If at some step, a symbol
j "as obtained different labels, then n # h(8). On the other
hand, if we can continue until 6i(m) 1is labeled consistently for
all 1 and m , then n = h(8).
(i1i) It is easily seen that h(6) = r implies that 6 1is periodic.
Combining this observation with [7,L.5] we obtain that if 6 is
one-to-one, then 6 is periodic iff h(6) = r
If 6 1is not one-to-one we associate with 6 a substitution n
that is one-to-one by identifying i and j iff there is a posi-
tive integer k such that eki = ekj . Then 6 is periodic iff

n 1s periodic.

Example The substitution defined by 0 - 010, 1 - 201, 2 - 102 has
height 2

Lemma 10 h(8) = max {n> 1 : (n,8) =1 and +vy(n) = n}

Proof Let X = X(8) = Orb(w) and d = gcdl{a : w_ = w,}
1. If n divides d then +vy(n) = n
U md d, _ u v, _ .
Llet Y = = T [WwgJNX . Then TY =Y and TYNTY =4 if
0 <u<v<d by the definition of d . Since LJS;& T = X .
is closed. Hence (TuY)S;g 1s a cyclic Td—invariant partition.
Since it has maximal cardinality it is a cyclic Td—minimal parti-

tion, so +vy(d) = d . Therefore vy(n) = n if n divides d

(lemma 3 (iii)).
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2. If y(n) = n and (n,%2) =1 then n divides d

Let X = exp(2mi/n). Then A 1is an eigenvalue corresponding to a

n-i
continuous eigenfunction (£ = I 1 ¢ , X, a T"-minimal set).
By 1lemma 11 (ii) n divides any a such that w, T Wy . Hence
n divides gcd{a : W, = wO} =d . 0]

In the proof of the preceding lemma we needed the second part of

the following lemma.

Lemma 11 Let (X(6),T) be a substitution flow of constant length &.
Then
(i) (X(®8),T) has no continuous irrational eigenvalues
(ii) If for some positive n with (n,2) =1 exp(2mi/n) 1is a conti-

nuous eigenvalue and if a 1is an integer such that w, =W then

0
n divides a .

Proof (Cf.[9,4.08]).(i) Take any continuous f # 0 such that

f(Tx) = exp(2mia) f(x) for all x € X(98).

Fix an a £ 0 such that Wo_q W w_; Wy . Since 6% = w for

a lk
all k > 1 we have 1lim T7° w

koo

a

and therefore

I
=

k
£w) = 1im £(T® % W) = 1im exp(2niatka) £(w) .
k> k>
Therefore alka = 0(mod 1) for k 1large enough. Hence o 1is

rational.

(ii) We proceed as in (i) , but now we can only conclude that

k'
lim 1% 4 = x for some subsequence (k') of the integers
k'
and an x such that x_ = w_ for all m > 0. The latter implies

1
that f(x) = f(w), so as in (i) we have alk /n = 0(mod 1) for

lk'

k' 1large enough. Since (n, ) =1 n has to divide a . 0
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Theorem 12 Let (X(8),T) be a substitution flow, where 6 1is a

Let

the

non-periodic substitution of constant length £ and height

h = h(6). Let A be the trace relation of (X(6),T). Then

A=ﬂ/\ n A .
' h

n>1
Proof  According to lemma 5 A = n:n=vy(n) An and thus by lemma 7
and 10 A= n>1 ARn(j Ah . Let n be any other integer such
that +%(n) = n . Decompose n = ms with (m,2) = 1 and s

n

“divides lk for some k > 1 . By lemma 3 (iv) A_ = Amf7 A

Since s divides zk we have by lemma 3 (iii) that ALD A g -
L

We finish the proof by showing that m divides h = h(6) and
hence Am :)Ah .
Let m' be any factor of m such that (m',h) = 1. Then
y(m'h) = y(m') y(h) = m'y(h) (by lemma 3 (iv) and (iii)).
Hence by lemma 10 m' = 1 . So m and h have the same prime
factors. But a similar argument shows that any prime factor of
m cannot appear with a higher exponent in m than in h .

Therefore m divides h .

Z(2) be the topological group of £-adic numbers and let <t

homeomorphism of Z (%) corresponding to addition of the unit

be

element. Then (Z(&),t) is a minimal flow. Similarly we define the

minimal flow (Zn,rn) where Zn is the cyclic group of order n

If (n,2) = 7 the product flow (Z(%) x Zn’ T x Tn) is a minimal
flow.
Theorem 13 Let (X(9),T) be a substitution flow, where 6 1is

a non-periodic substitution of constant length & . Then

O



Proof Theorem 13 is an immediate consequence of theorem 12, lemma

and lemma 10

0

Remark Let I be the least closed invariant equivalence relation

such that (X/y, Ty) 1is equicontinuous. ([4]). This flow is called

the structure system of (X,T). For any minimal flow, I = & iff

all continuous eigenvalues of T are rational. It follows there-

fore from lemma 11(i) and theorem 13 that the structure sys-

tem of a non-periodic substitution of constant length &

(Z(2) xZ

is

1

h(e)’ % rh(@)) . This result has been obtained in

[9,th.5.09] with the restriction that 6 be one-to-one.

We shall now dwell for a moment on the opposite case vy(n) = 1

Theorem 14 Let (X(6),T)

be a substitution flow of constant length,
. n . . .
and let n > 1 . If X(6) 1is T -minimal then there exists a

substitution flow (X(n),T) such that

(x(8), ™) = (X(n),T)

Proof Let © be a substitution of constant length £ , w such

that 6w = w and X(6) = Orb(w). Let J bhe the collection of

all blocks of length n appearing in w . Let ¢ : [ —> J be

a bijection between a finite set I and J . We extend ¢

~ ~

*

I and IZ by defining

to

- N N N N N %
¢(iC ce ]k) = ¢(10)...¢(1k) for ige--1y € 1",
. . AZ
¢ (y) = .eaby_dolydely ... for y € I
Define a sulstitution n: I —> I2 bv

n(;) = ¢_1 9(¢(})) for all i €1
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Let D = ¢-1(W_n---w_1) , qa = ¢ (Wgee-w ) . Then

-1

~

n(q) = ¢_1(e(w0...wn_1)) = ¢ (wO...wn2_1) = §...

Analogously n(p) ends'with P . Hence P§ 1is a cyclic pair.

Let % be the sequence generated by pg under n . Then
& = ¢—1(w) so that W is almost periodic since w is T -almost
periodic. (Note that w 1is T"-almost periodic —by the T-almost

periodicity of w— whether T" is minimal or not). Since @ is

almost periodic and contains all symbols of I (by the T"-almost

periodicity of w), n 1is a primitive substitution. Let

~

(X(n),T) be the substitution flow generated by n , where T
denotes the shift on Iz . The map ¢ : X(n) — o (X(n)) is
bijective, open and satisfies ¢T = Tn¢ . Since both ¢(X(n))

and X(6) are T"-minimal sets with at least w in their inter-

section ¢ 1s an isomorphism o : (X(n),T) — (X(e),Tn). 0
Example Let © be defined by 0 » 011, 1 » 101 . Then & = 3
and h(8) = 1, so by lemma 10 T? 1is minimal. J = {01,11,10}
and if we take I = {a,b,c}, ¢ with ¢(a) = 01, ¢(b) = 11,
¢$(c) = 10 then n is defined by
a > aba, b = cba, c > ccb
Theorem 15 Let (X(®),T,u) be a substitution system of constant
length and let n > 1. Then T" is minimal iff T" 1is ergodic
(w.r.t. M)
Proof Since T is minimal and the results at the beginning of this

section apply ergodicity of " implies minimality of ™" . Let
T be minimal. Apply theorem 14 to obtain a (measure) isomorphism
o : (X(M),T,n) » (X(e),Tn,¢ﬁ) . Since {i is uniquely ergodic

so is ¢H. Hence ¢fi'= u by the T -invariance of v 0
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In the last part of this section we take a closer look at those subs-

titutions with a height greater than 1

Definition 16 Let (X,T) be an arbitrary flow and n > 1 . By the

stack of height n over (X,T) we mean the flow (X x Zn,c)
where o 1s defined by o(x,k) = (x,k+1) 1if 0 < k < n-1 and
o(x,n-1) = (Tx,0). The flow (X,T) 1is called the base of

(X xZ_,0)

Lemma 17 Let (X(6),T) be a substitution flow of constant length
and n > 1 such that vy(n) = n. Let X0 be a T'-minimal sub-

~

set of X(6). Then there exists a finite set I and a primitive

substitution n of léngth 2 on I such that (XO,Tn) = (X(n),T)

and therefore (X(8),T) = (X(n) x Zn,o)

Proof Let X(®) = Orb(w). We shall prove the lemma for the T"-minimal
set X0 which contains w . Copy the proof of theorem 14 with
J being the collection of all blocks of length n appearing at
places kn (k € Z) in w . This yields an isomorphism
¢ : (X(n),%) —_— (XO,Tn). ( ¢ and n are defined as in the
proof of theorem 14). Let o be the transformation of the stack
with height n and base (X(n),%). Define ¥ : X(6) — X(n) x Zn

by ¢¥(x) = (¢—1(T—kx),k) if x € TkXO . Then it is easily shown

that ¢ 1is an isomorphism between (X(6),T) and (X(n) x Zn,o) ;

Note that the substitution n 1is "essentially' unique.

Example Let 6 be a non-periodic substitution of constant length

~

n by lemma 7. We see that we can take I =1

n > 1. Then Y(Qn) = 4

and n = 6. Hence

(X(8),T) = (X(8) x Zyp,0)



16

Definition 18 A substitution 6 is pure if h(®) = 1

Lemma 19 Let (X(8),T) (where X(8) = Orb(w)) be a substitution

flow of constant length with h = h(6) > 1 . Let X0 = Orb(w ; Th)

and let n be the substitution (given by lemma 17) such that

(XO,Th) ~ (X(n),T). Then
(1) n is pure
h
(i) AY = A" on X. x X

Proof (i) According to lemma 17 there exist a substitution n and
an isomorphism ¢ between (X(n),T) and (XO,Th) . Let
YOC:X(n) and n > 1 be such that (n,%) = 1 and such that

(TuYO)E;S is a cyclic T -minimal partition of X(n) . Then
(T (oY )Rl h:1 is a cyclic ™ ninimal partition of X(6),
0/7u=0 v=0 p

so by lemma 10 n = 1. Hence by the same lemma n 1s pure.

(ii) By (i) and theorem 12 AT= (ﬁw ATn and therefore

n>1 3
o Y () AT - T
A = A = A = AT (VAT = A
n>1 “pn o n2l Tpe o m2T
on XO X XO , using lemma 3 (iv) and that XO is an equivalence
class of Ai .
0

Definition 20 Let (X(6),T) be a substitution flow of constant

length with h(6) > 1. Then we call the substitution n (substi-
tution flow (X(n),T)) given by lemma 17 the pure base of
6 (of (X(8),T)). If h(6) = 1 then the pure base of 0 1is equal

to ©

Example The substitution flow generated by 0 » 010, 1 ~ 102,
2 » 201 is (isomorphic to) a stack of height 2 with a pure

base generated by

a > aab , b - aba



3 - The Spectrum of Substitutions of Constant Length

Let © be a substitution of length £ on r symbols. For each n -
and k with 0 < k < 2™ we call the set
{SDO(k),6n1(k),...,en(r—1)(k)} a column of the substitution 6 . In
this section we shall show that the nature of the spectrum of & s
determined by the presence (respectively absence) of a column consis-

ting of one symbol in its pure base.

Definition 1 Let © be a primitive substitution of length £ on

r symbols. If 6 is pure we define the column number c(6)

of 6 by

c(8) = min min _ card{6"0(k),0"1(k),...,08" (r-1) (k)!
nz1 Ofk<£

If 6 1is not pure its column numter is defined as the column

number of 1ts pure base.

Remark 2 That c¢c(®) 1is computable follows from the fact that

25r-1 25y

T
c(8) = min card{e® T To(K),...,0 (r-1) (k) : 0<k<2® 77Ty

This is implied by the following observations

(i) If {11,...,ic} is a column of cardinality c¢ then

card{@i1(k),...,eic(k)} < c for k = 0,...,8-1
(ii) A substitution has at most 25r-1 columns with a cardinality

larger than 1

Examples (1) The substitution 6 defined by
0 - 04, 1> 01, 2 >34, 3 >~ 31, 4 > 42

is primitive and pure and has only 2 different columns
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{0,3,4} and {1,2,4} . Hence <c(8) =3

(ii) Let o be the '"circulant' substitution defined by
i i(i+1) ... (i-2)(i-1) for i = 0,1,...,r-1,

(The symbols in this definition are to be considered modulo 71).
Then ©6 is primitive (L(8) > 0) and pure. The only column
appearing is I , so c(8) =1

Now let s > 1 and n a substitution on 7r+s-1 symbols defi-
ned by

i% 8(1) if 0 <i<or-2

n(i)
n(i)

(r+s-1)...(r+1)r 6(r-1) if r-1 <1 < r+s-1

Then n 1is primitive (L(n?) > 0) and pure. Any column of n
contains all symbols i with 0 < 1 < r-2 plus one of the
symbols r-1,r,...,7+s-1 hence c¢(n) = r. (This example pro-

vides a correct proof of theorem 6 in [7]).

Theorem 3 Let (X(®),T) be a substitution flow of constant length,

A its trace relation and xA the equivalence class containing
x € X(6). Then
i) min card(xA) = c(9)
xe€X(9)

ii) If y,z€ xA, y $# z and card(xA) = c(8) then d(y,z) = 1.

Proof [7,th.5] Since however our definition of «¢(8) 1is slightly

different in case 6 1is not pure we have to show that

-~

(%) min card(xATj = min card(yAT)
XEX(H) yeX(n)

if (X(n),T) 1is the pure base of (X(86),T)

Let X be a Th—minimal subset of X(8) . Then (1.19) (XO,Th)

0
is isomorphic to (X(6),T), therefore
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T T
min card(yA”) = min card(xA™ )
yeEX(n) XEXO

Now (%) 1is implied by 1.19(ii) and the T-invariance of A . 0

Theorem 4 Let (X(6),T,u) be a substitution dynamical system of

constant length. Then
p{x€e X ¢ card(xA) = c(8)} =1

Proof This theorem is a generalisation of a result obtained in the

proof of theorem 7 in [7] and can be proved analogously.

Let (X(®),T,u) be a substitution dynamical system of constant
length. We write X = X(6). Let L%*(X) = L*(X,T,u) be the Hilbert
space of complex-valued square integrable functions on X with inner
product <f,g> = [fgdu . Let A be the trace relation of (X,T) ,

T @ X —> X/A the projection homomorphism and LZ(X/A) =
= LZ(X/A,TA,Trp) . Let D := {f €L*(X) : f = gom a.e. g€ Lz(X/A)}

It is not difficult to see that

D = {f € L?(X) : f constant on xA for a.e. x € X}

For any f € L?(X) we define a function Ef on X by

Bf(x) = —61@- ygm £(y) X EX.

It will appear that Ef 1is a version of the conditional expectation
of f w.r.t,p (i.e. with respect to the o-~-algebra generated by

xA, x € X).

Theorem 5 (i) D is a closed T-invariant linear subspace of L2?(X).
(ii) E 1is the projection on D

(iii) 1f fept, gfe ..., £ ¢ bt then £ =0 a.e..



Proof By the definition of D (i) 1is obviously true.
Let c = c(8), Z = {z € X : card(zA) ¥ ¢} . Then u(Z) = 0

by theorem 4
1. If £ 1s continuous thén Ef 1is continuous on X\Z

Let x(n), x € X\Z be such that x(n)——> X if np — o , It
suffices to show that Ef(x(n')) —> Ef(x) for a subsequence
(n'), n' — o,

Let y(n’1) = x(n), y(1) = x . By theorem 3 (ii) we can choose

y(n,Z) € x(n)A such that d(y(n’z),y(n’1)) =1 . Let (y(n',2)

)
be a subsequence of (y(n,Z)) such that y(n',Z) — y(Z) ,

y(z) € X. Then y(z) € xA and d(y(z),y(1)) = 1 . Continuing
in this way we find exactly ¢ sequences (y(n" i|= (where
we denote any subsequence of (n') again by (n')) and ¢ points
y € xA such that y(n',m) € x(n')A, y(n',m) — y(m) for

m=1,2,...,c. Therefore

ey smfea) =2l T £ - T fO)] =
y€x(“ )A yexA
C ' C
= T oy oy e ™My <
m=1 m= 1
C
sto1 | ety f(y(‘“))i
m=1

1
The proof of 1. 1is finished since f(y(n ,m)) —> f(y(m)) if

n'—seo hy the continuity of f

Since the continuous functions are dense in L2 (X) and since

fn — f pointwise clearly implies Efn —> Ef pointwise, we
deduce from 1. that Ef is measurable and integrable.

2. ET = TE
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The relation ET = TE is implied by the T-invariance of A .

3. [Efdu = [fdu for all f € L?(X)

Let 1 and

be defined by 1w (f) = JEfduy . Then g (1)

Ho o

is T-invariant by 2. The unique ergodicity of u implies

U0=U

4. If f£f€ L?(X), g€ D then E(fg) = gE(f)

Indeed E(fg)(x) = % X f(y)gly) = g(x)Ef(x) for a.e. x € X .
y€ xA
5. E2 = E and E is hermitian .

Taking 1 and Ef in 4. we obtain E? = E. Taking g = Ff
in 4. and applying 3. we obtain <f,Ef> = [|[Ef[? .

6. E 1is the projection on D .
By 5. E is a projection. Since vrange(E)CDC{f : Ef = f}

E 1is the projection on D .

We have yet to prove (ii1).

Let £ € L2(X) such that f£€ DY, £2 e 04, ..., £5 € DY. Then by 6.
) fk(y)‘= 0 for k = 1,2,...,c and x € X\Z.
yEXA

By lemma 6 this implies that f£(y) = 0 if y € xA . Hence

f =0 on X\Z

O
Lemma 6 Let 21, ,zC be complex numbers such that
Sk
m£1 2 = O for k =1,2,...,c . Then 2z, =0 form=1,2,...,c

Proof Consider the z, as indeterminates. Like the elementary
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c
k
symmetrical functions the functions ) zZn (k= 1,..., ¢) gene-
m=1
rate all symmetrical functions ([14,p.81]) . This immediately

implies the lemma

Theorem 7 Let (X(8),T,u) be a substitution dynamical system of
constant length. Then (X(86),T,u) has discrete spectrum if

c(6) = 1 and partly continuous spectrum if «c(6) > 1

Proof By theorem 2.13 (X/A ,TA, u) 1s isomorphic to a rotation
on a compact topological group. Hence LZ(X/A) is spanned by
the continuous eigenfunctions of T,
This implies that the subspace D is spanned by the continuous
eigenfunctions of T
If c¢c(8) =1, then D = L?*(X) by theorem 4 and (X(6),T,u)
has discrete spectrum.

Let ¢ = c(®) > 1 . We shall first suppose 6 pure, i.e.

A = (w A, - In this case theorem 2.13 yields that D is
n>1 "¢

spanned by eigenfunctions with (rational) eigenvalue group

: n
{eZTrla/2 n>0, O<a<gn}, where & 1is the length of 6 . Let

Tf = xf with x| =1 and f € L?*(X), £ %0

We shall show that f € D, i.e. T has continuous spectrum on

D'L . It follows from theorem 5 (iii) (and the orthogonality

2 o

of eigenfunctions) that at least one of f,f",...,f belongs to

D. Therefore A 1is necessarily rational, say XA = exp(2rni g) R
with (p,q) = 1 . Decompose q = q,9, where (q1,2) = 1 and
q, divides 2" for an n > 1 . If q = 1 then f € D by

the unicity of =igenfunctions. Thereforec, suppose q, > 1 . Now

q
= exp(2ri b ) £ 2 ,
44

TE ~ = x 2 £ °
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so that our knowledge of the eigenvalue group ~»n D enables us

@ 1 12
to conclude that f € D7 . Hence f is not constant. But
q q q
4 .
so T is not ergodic, and therefore not minimal by theorem 2.15.

Hence Y(q1) > 1 (see lemma 2.2). By lemma 2.3(v) there is an
m > 1 dividing q, with vy(m) = m. Since (m,%) = (q1,2) = 1
this is a contradiction to the purity of 6 (by lemma 2. 10.)
We shall now consider the case h = h(8) > 1 . Let XO be
a Th-minimal set, (X(n),%) the pure base of (X(8),T) i.e.

there is an isomorphism

o+ (X, u) —> (X(n),T,0), where w. = h.u|, .
0 0 0 XO
Let Tf = xf with |X| =1 and f € L2(X), £ %0 . Let
f, = le . Then Thf0 = Ahfo » so ¢f, 1is an eigenfunction

0

~

of (X(n),T,u). Since n 1is pure, ¢f0 is constant on yAT

for fimalmost all y€ X(n). Hence f is constant on

0
Th T
XA = xA (by lemma 2.19 (ii)) for uo-almost all x g XO
This implies that £ 1is constant on xAT for wu-almost
all x € X, i.e. f €D. 0

Remark By [5,1.10] Card xA = 1 iff x 1is a regularly almost pe-
riodic point. In this context theorem 7 can be rephrased as
(X(6),T,u) has discrete spectrum iff X(6) contains a regular-

ly almost periodic point.
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4 - Minimality and Ergodicity (Non-Constant Length).

The aim of this section is to prove the following theorem which has

been proved in the case of a substitution of constant length (2.15).

Theorem 1 Let (X(8),T,u) Dbe a substitution dynamical system and

n > 1. Then T" is minimal iff T" is ergodic (w.r.t. y)

The following example shows that we cannot copy the proof of theo-

rem 2.14.

Example 2 Let © be defined by 0 -~ 0011, 1 - 001. Then T? is
minimal ([10]). If we take J = {00,01,10,11} then 6 does
not induce a substitution on J as in the proof of 2.14.:

0(01)= 00 11 00 1 has odd length. (In particular cases one can

get rid of this phenonemon by considering higher powers of 8).
The following notions are introduced to deal with the problem illus-
trated by example 2. (We shall only consider the case 1 = {0,1}

but definitions and lemmas are easily generalised to more symbols).

Definition 3 A block A 1is called n-balanced if

NO(A) = N1(A) = 0 (modulo n).

An n-balanced block A 1is called irreducible if

A = BC

with B n-balanced and C arbitrary implies B = A .

Quickly verified 1is
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Lemma 4 (i) An n-balanced block has an unique decomposition in
irreducible n-balanced blocks.
(ii) If 8 1is a substitution and A an n-balanced block then 6A

is an n-balanced blockx

Lemma 5 Let B = ATAZ"'AHZ , where the Ak

Then there exists m and k such that 1<m<k<n? and such that

are arbitrary blocks.

Am Am+1 o Ak is mn-balanced .
Proof Let U = NO(A1 ves Ak) (mod n) and vy T N1(A1 oo Ak) (mod n).
Consider the pairs (u,v,) for k = 1,2,...,n% . If all are

different then there is a k such that (uk,vk) = (0,0) . Hence

'A1A2 .o Ak is n-balanced. If not all are different then
(um_1,vm_1) = (up,vy) for an m and k with 2<m<k<n? and
AmAm+1"'Ak is n-balanced. 0O

Lemma 6 Let x € IZ be an almost periodic sequence and n > 1 . Then
(i) x has an unique decomposition
o)

X = ... B_1B0B1 “ee (BO(O) = X

where the Bk are elements of a finite set J of irreducible

n-balanced blocks.

(11) 1f ¢ 1is a bijection between a finite set of symbols I and

J then

67 (B_) 07 (By) 67

(8,)

is an almost periodic sequence.

Proof Any block B appearing in x appears with bounded gap. Let

s(B) be the least upper bound of this gap, and let
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s(k) = max {s(B) : N(B) k, B appears in x}

Let t, = 5(1), t

1 = s(1+t1), tk = s(tk_2 + tk—1) for k = 3,4,...n%

2

We shall prove (i) by showing that x is decomposable in irreducible

n-balanced blocks (such that one block begins with xO) whose
length does not exceed tn2
Let A1 PE Xy e Then A1 reappears within t1 steps 1i.e.
XgXg eee = A2A1 ... With N(AZ) < t1 Now A2A1 reappears within
t, steps i.e. XgXq »e» = A3A2A1 ... WwWith N(AS) < t, Conti-
nuing in this manner for k = 4,5,...,n? we obtain
— 1 = 2
XgXqeee = AAL oAy with N(A) <ty for k=2,...,n%
By lemua 5 there exist 1<m<k<n®  such that A A _,...A  is
n-balanced. Let A be the first irreducible n-balanced hlock in
Ay q--«A . Then N(A) < t , and x[0,N(A)-1] = A .

Applying the same argﬁments with A1 1= XN(A) we shall find the next
irreducible n-balanced block. In this way, we obtain the unique
decomposition of the positive part of x. Essentially the same pro-
cedure applies to the negative part of x, yielding (i)

We shall call any place in x where an irreducible n-balanced
block of the decomposition of x begins a J-place. (Note that 0
is a J-place by definition). Let A be any n-balanced block begin-
ning at a J-place t . To prove (ii) we have to show that A reap-

pears with bounded gap at J-places.

Let A, = A . Then A reappears (with a gap independent of t)

0 0
i.e. a block of the form AODOAO appears at place t in x . Analo-

gously we define for k = 1,2,...,n%2-1 the block Apeq = MDA,

where Ak begins at place t in x and Dk is defined by the first

reappearance of Ay in x
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Let B1 = DOAO’ Bk+1 = BkBk-1 . B1DkA0 for k

Then it is easily proved by induction that

1]
—_—
-
-
=
N
}
—_

A= AOBkBk-1"" B, for k

i
—
A
.
-
jon]

By lemma 5 there exist 1<m<k<n? such that BkBk-1"'Bm is

n-balanced. Therefore the block

B, B ...B_ = B,B B

KPk-1"+Bp = ByBy_q--- -ByDpogA

m+1Bm—1Bm-2” m-1"0

appearing at J-place t + N(AO) in x 1s n-balanced.

But since AO = A 1is n-balanced, the block

BkBk-1"'Bm+1Bm—1"'B1Dm—1 is n-balanced and therefore A reap-
pears at a J-place within N(BkBk-1"’Bm+1Bm—1"'B1Dm—1) < N(Anz)
steps. As in the proof of (i) it follows from the almost periodi-
city of x that this number does not depend on t

d

Proof of theorem 1 As remarked before (cf. the proof of 2.15), er-

godicity of T implies minimality of "

Let T be minimal and let X(6) = Orb(w), where oW = W .
Then w is almost periodic. We apply lemma 6 (i) to w and obtain

a set J of irreducible n-balanced blocks, such that

W= ...B_BB.... (B, € J) .

~ ~

Let ¢ : I »J be a bijection between J and a finite set 1.
We extend ¢ 1in the usual way to 1* and IZ

-~

Let T be the shift on IZ . The behaviour of ¢ with respect

to the homeomorphisms is given by

A~ PN ~

o (Ty) = 1" (1) (4y) y € 1%, Yo=i,» 1 €1

Define a substitution n: I —> 1 by



28

-~ -~ ~

ni o= ¢~ ' (0(01) for all i € J

By lemma 4 n is well defined. Let p =¢ (B_;) and

1

g =¢ (B

0) . Then Pd ., is a cyclic pair for n . Let & = wPq .

Then W = ¢_1(w), so W 1is almost periodic by lemma 6 (ii). Since

~

all symbols from I appear in W this implies that n is pri-

~
——

mitive. Hence,if X(n) := Orb(w,%) then (X(n), T, §i) 1is an
uniquely ergodic (substitution) dynamical system.

We now form a tower (Y,S,v) on (X(n), %, 1) by assigning
N(¢;) / n - 1 isomorphic copies to each cylinder [E]rj X(n) ;
S and v are the corresponding transformation and probability

measure (cf. [6] and [13]). Since (X(n), %, fi) is uniquely
ergodic, so is (Y,S,v). We shall finish the proof by showing
that (X(8), T%) 1is a factor of (Y,S)

The base Y of Y and X(n) will not be distinguished in

0
the sequel. Define v 1 Y > X(6) by
o) { ¢ (y) if y € Y,
viy) = . _ ~ N ~ ~
™Ky 57Ky i ye s¥r, [i]), 1<kl ey,
n

Let us verify that ¢S = an
1f y es*vyN[il), m := N(#1) / n and if 0 < k < m-1 then

'n(k+1) n

y(Sy) = o5 ¥ syy = 1 1K 45Ky = 1 yqy),

if kX = m-1 then

0Sy) = o(T sT™1yy = N(O1) g™ Ty o g ™™ Ty o 1 (g,

The continuity of ¢ follows from that of ¢ , T and indicator

functions of cylinders. Since (X(8), Tn) is minimal and since

¢W = w, ¥ is surjective. Hence (X(G),Tn,wv) is a factor of

(Y,S,v) and as such uniquely ergodic. (See e.g. [8]). Therefore

n . . .
T is ergodic with respect to pu .

o
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Example 7 Let 6 be as 1in Example 2. Let w = w10 . Then w decom-

poses in 2-balanced irreducible blocks from the set

J = {00, 11, 1001}. If I = {a, b, c} then n 1is given by
a » abab, b » ac, ¢ » accc

The homomorphism ¢ is an isomorphism in this case : (X(6),T2,u)

is isomorphic to the tower obtained from (X(n), T, §I) by

doubling the cylinder [c].

We would like to give an example that is independent of the results

of this section but is constructed in a similar way.

Example 8 Let ¢ be defined by 0 - 01, 1 > 10 . Then w = w00

is the Morse-Thue sequence. Let J0 = {0, 01, 011} .1It is not
difficult to see that any sequence in X(9) = Orb(w) decomposes
in a unique way into blocks belonging to JO . Let I = {a, b, c}

~

and ¢ a bijection between I and JO defined by ¢(a) = 0,
¢(b) = 01 and ¢(c) = 011

-~

Then as before ©6 1induces a substitution n on I . We find

that n 1is defined by

a~>b, b~»ca, ¢ > cha

Let A = [0]Jnx(8) = ([oo]Jy[o10]y[0110]) N X(B) . Let (A,T,) be
the flow induced on A (TA is the first return time to [0]). Tﬂen
it is easy to see that the usual extension of ¢ 1s an isomorphism
between (X(n),%) and (A,TA) . It follows from theorem 1 of
the next section that (X(n),%) is isomorphic to a substitution
flow of constant length. Calculations (and 2.13 and 3.7) show

that the structure system of (X(n), T) is Z(2) and that

(X(n), T, §1) has partly continuous spectrum.
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We remark that the sequence W = wbC generated by the pair bc

under n 1s non-repetitive i.e. if B is any block over I then

BB does not appear in W (cf.[S,ex. 4.11]).

5 - Substitutions of Non-Constant Length Isomorphic to Substitu-

tions of Constant Length ,

Theorem 1 Let © be a substitution of non-constant length
(Lgs &qseees Looqde TE gy 2qses, %..¢) 1is a right eigenvector
of the #6-matrix, then (X(8),T) 1is isomorphic to a substitution

flow generated by a substitution of constant length.

Proof Let X(p) = Orb(wpq), where 6wP% = wP? .| Wwe shall define

an isomorphism from (X(6),T) to a flow (X(n), T), where n

is a substitution on a set I consisting of Zi €1 Zi

symbols aij , where 0 < i< r and 0 < j < 25 - To each block

61 we assign the block a., a

i0 i1‘..aiﬂi'1 Since any sequence

in X(8) has a unique decomposition in blocks from the set

{60,61,...,6(r-1)} ([1Q]) , this assignment extends to a con-

-~

tinuous map ¢ from X(8) to IZ . Since 6i and ¢(861i) have

the same length ¢ 1is a homomorphism. Define a substitution

~

on I by

n(agy) = ¢(6i%) if 8i(j) = i

(For example : n(aqo) = 3qn aq1 ce aqzq-T )

The substitution n is primitive (we may assume that the 6-matrix
L(6) 1is strictly positive and this implies L(n?) strictly

and § = a then Pg

positive). If we take P = a q0

g -1
P*p
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is a cyclic pair for n . Let W = WP and X(n) = G?B(W;%)

Since ¢ is obviously injective, and surjective by the %—minimality

of X(n) and the fact that ¢w = W, ¢ 1is an isomomorphism between
(X(8).T) and (X(n),T)

So far we apparently gained nothing since n 1is still a
substitution of non-constant length. We shall exhibit however a
substitution n' of constant length ) (where X 1is the maximal
eigenvalue of L(6)) on } which generates the same sequence W

and hence the same flow.

Let B. = n(aio a.

= 40023 -
i i1 aizi_1) = ¢(6“1) for all i €1

We claim that N(Bi) Aﬂi (1 =0,..., T-1). To verify this note

]

that N(B,) = N(82%i) 2§2) and that 2§2) = ALy since

ey =Ly =)

(An irreducible positive matrix has only one independent positive
eigenvector. Therefore the eigenvalue corresponding to

(20,Q1,...,£r_1) has to be ).

Decompose each Bi in Bi = BiO Bi1 “ee Biﬁi_1 , where N(Bij) = A

-~

for j =0, 1,..., 21-1 . Define a substitution n' on I by

Then n' has constant length A and the same cyclic pair D{

generates the same W as n since

n(a., ... a. ) = B. co eee By o= mn'(aiy .. a., _4)
i0 12i-1 | i i0 121 1 i0 121 1
. k _
and similarly n (aio “o aiz'_1) =7 (aio “en aili-1) for all

k>1, 1 €1,

Example 2 See example 4.8.
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Example 3 ([12]) . Let r =2 and 6 defined by 0 » 01, T 1100.

Then L(8) = [;H and [;gl [2J= S[Z], so that the condition of

theorem 1 1is fulfilled. Here

-~

I = {aOO’ ag1s 810 3990 Bqp0 313} =: {a, b, ¢, d, e, f}, n and
n' are defined by

a - ab a > abc

b » cdef b > def

c > cdef c > cde

n n' :

d - cdef d » fcd

e > ab e > efa

f » ab f » bab

and (X(6),T) is isomorphic to (X(n"),T)

Remark 4 We consider the case r =2 1i.e. I = {0,1} . Let A; > X,

be the eigenvalues of the 6-matrix L(8). It follows from the

Lo-X2

Cayley - Hamilton theorem that %1-\a is an eigenvector corres-

ponding to the eigenvalue A1 . This implies that

LF"] = “] iff A, = 0
2’]. Q’l

According to theorem 1 (X(6),T) 1is topologically isomorphic to
a substitution flow of constant length if X, = 0 . We conjecture

that this condition is also necessary.
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Summary

Minimal flows and dynamical systems arising from substitutions
are considered. In the case of substitutions of constant length
the trace relation of the flow 1is calculated and is used to de-
termine the spectrum of the dynamical system. Several methods
are indicated to obtain new substitutions from given ones, lea-
ding among other things to a description of the behaviour of
powers of the shift homeomorphism on the system arising from any

substitution.

Key words : Substitution, trace relation, spectrum, induced

transformation.
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