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DIVERGENCE PROCESSES AND WEAK CONVERGENCE OF
LIKELIHOOD RATIO PROCESSES

L. VOSTRIKOVA
LR.M.A.R.
U.F.R. Mathématiques
Campus de Beaulieu

35042 RENNES CEDEX

Abstract

We use divergence processes introduced by Valkeila and Dzhaparidze [1] to gen-
eralize our criteria of weak convergence of likelihood ratio processes for general
statistical parametric models, given in [16].

Key words : general statistical parametric model, general parametric exper-
iment, Gaussian statistical model, statistical model generated by processes with
independent increments, likelihood ratio processes, Hellinger processes, divergence
processes.

1. Introduction

Let & = {(Q", F*, F™),(P§)eco} be a sequence of general statistical parametric models
(or general parametric experiments) where (Q", F", F™) is a measurable filtered space
(™, F™) with a right-continuous filtration ™ = (F{")i>0, VisoF7 = F™, (Pf)sco is a
family of probability measures on (2", F™) which depend on the parameter § belonging
to some closed convex set © C R™(m > 1) depending may be on n and containing {0}.
Assuming that P} is absolutely continuous with respect to some o-finite measure
p*, Pp & p*, for each @ € ©, and denoting by P}, Pg', u™* the restrictions of the
measures Py, P§, u™ to the o-algebra F}*, we introduce the likelihood ratio process Z" =
(27(0))i>0,6c0 of E™ with ) t
2(0) = SO
dFy” [du™t

where by convention 0/0 =0, ¢/0 = oo if a > 0.
Let £ = {(, F, FF),(Ps)ecrm} be a general parametric model generated by a process

with independent increments, with locally equivalent measures Py loc Py forall 8,0 € R™.
We denote by Z = (2:(0))s>0,6ecrm the likelihood ratio process of £ with

z(0) = dP;/dF;.
We recall (see JACOD [4]) that this model is such that for each k > 1 the k-dimensional pro-
cess (log Z(6,),log Z(85),...,log Z(0x)) with log Z(6;) = (log 2:(:))s>0 and 6; € R™,1 <

i < k, is a process with independent increments under each Py, ' € R™. We recall also
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that the model £ is called continuous Gaussian if in addition log Z(#) is a continuous
(a.s.) in t Gaussian process for each § € R™ under each Py, §' € R™.

The first results about weak convergence of the likelihood ratio processes were obtained
for binary statistical models (i.e. models with only two measures) when the limiting
model is continuous Gaussian, by GREENWOOD and SHIRYAYEV [2] in discrete time, by
KORDZAHIA {7] and VOSTRIKOVA [15] in continuous time.

Then, these results were generalized for a limiting model £ generated by a process
with independent increments : in binary cas by MEMIN [12], for the models with a finite
number of measures by JACOD [5)].

One can see that the number of the measures in £" is infinite, in general. In [16]
we gave the conditions for having weak convergence of Z" to Z when & is continuous
Gaussian.

The aim of this paper is to extend our results of [16] to the cas of a limiting model
generated by a process with independent increments. The main results are formulated in
Theorems 4.2, 4.3. In corollaries 4.4, 4.5, 4.6 we consider the important particular cas
when the limiting model is continuous Gaussian. In corollary 4.7 we give results for a
Poisson limiting case.

We begin by recalling the necessary facts on Hellinger processes and divergence pro-
cesses.

2. Basic facts on Hellinger processes and divergence processes

Let (Q,F,JF) be a measurable filtered space, i.e. a measurable space (2, F) with a
filtration JF' = (F});»0 such that F, C Fy, if t <t', Fiy = F, for each t > 0, Visofy = F.
Let (Fy)seco be probability measures on (2, F') dominated by a probability measure
Q, © = {0,01,...,6}, k > 1. We denote by P} = Py/F,, Q* = Q/F, the restrictions
of the measures Py and @ to the o-algebra F, and we introduce the likelihood process
V(8) = (Vi(8))iso with
Vi(6) = dPL/dQ".

We will consider below a cadlag version of this process.

We recall the definition of the Hellinger process A* of order « of the measures (P, , Py, , . .
k

where o« is a multi-index, a = (ag, @1,...,a;) with0 < a; < 1for0 <: < k and Za,- = 1.
=0

Definition 2.1. (see JACOD [{]). The Hellinger process h* = (h¥);>0 of order o of the
measures (Pg,, Py, , ..., Ps,) is a process which satisfies the following conditions :

1) kg =0,

2) it is increasing and predictable,

3) the process M = (My, Fy)i>o0 with

k : k
M, =TTV 09 + [ TIvi(0:)ans

=0 =0

is QQ-martingale.

. Pe)
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From JACOD [4] we know that the Hellinger process A* of order « exists and that it
is unique on the set

HVt ;) > 0} uo].

It can be calculated by the formula :

B =

k
ZX_: GV ° (V(0:),V(8,)) + ¢a(7) * vy

where (V(6;)), (V(6:),V(0;)) are the angle brackets of V(8;) and (V(6;), V(9;)), vy is
the compensator of the jump-measure of V = (V(6,),V(61),...,V(8k)) with respect to
(F',Q), o and * are two types of Lebesgue-Stieltjes integrals, the first one with respect to
an increasing process, the second one with respect to a random measure, and

k

¢a(y Eatyz H z
1=0
with § = (Yo,91,---,¥)s i =1 +2;/V_(8;), 0<i < k.
Remark 1 : If £ = 1 we obtain the usual definition of the Hellinger process of order
a, 0 < a < 1 for two measures (see JACOD, SHIRYAYEV [6]).

Example 1: Let pz be a probability measure on the measurable space (2, F}), 7 > 1.

Let
(1]

Q=112 F=IIF, F.=1IF,
1=1

1=1 1=1
and
w .
_ J
= [1 -
i=1

Then one of the versions of A is given by :

(1] o :
= Z{l - Ha(”';o’ﬂél? Lot ’”‘;k)}

s=1

where H*(-,---,-) is the Hellinger integral of order a of the corresponding measures. O
Example 2 : Let (2, F) be the measurable space of piece-wise constant right-continuous
functions X = (X;)i>0 with jumps AX; of size 0 or 1. Let F; = o{X,|s < t} for every
t>0and F = Vt>;Ft. If P, is the measure corresponding to a Poisson process with
intensity A¢(6) > 0,~then one of the versions of the Hellinger process h® is given by :

/{Za)\ H/\"’ 0)}ds

1=0
(I

Example 3 : Let (Q, F) be the measurable space of continuous functions X = (X)t»o
with F; = 0{X;|s <t} and F = Vo k.
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Let P;, & € O, be the unique probability measure corresponding to the diffusion
process

dXt = at(X,o) + th, XO = 0,

where W = (W,);>0 is a Wiener process, a,(X,0) is a non-anticipating functional,
ta2(X,0)ds < oo foreach § € ©, X € Q,¢ > 0. Then one of the versions of the Hellinger
process h® is given by

k
he =%Za,/ (X,6) 3——22a,a1/0 ay(X, 0:)ay(X, 0;)ds
=1 i=13=1
a

We begin now to discuss the notion of divergence process introduced by DZHAPARIDZE
and VALKEILA [1].

Suppose that we are given the measurable filtered space (2, F, IF') equipped with two
probability measures P and P. We denote as before by V = (Vi)io0 and V = (Vt)t>0
the cadlag versions of the likelihood processes of P and P with respect to a majorating
measure ().

We know that the Hellinger process of order ; of the probability measures P and P

at t > 0 behaves like the Hellinger distance squared p2(P?, Pt) = Eo(V/V, — \/‘—7;)2 (see
VALKEILA, VOSTRIKOVA [14]). We know also that if the dimension m of the parameter
space of @ is big, the smoothness conditions in 6 in terms of the Hellinger distance could
be very restrictive. So, it leads to consider the following distances :
po(P, PY) = {EQ|Vi/P VP73 e, p 2 1,

used by many autors (see, for example, IBRAGIMOV, HASMINSKIJ [3], KUTOYANTS [8],
[9], [10], LIESE and VAIDA [11], VOSTRIKOVA [16]) and called some times p-divergence.
Note that for p = 1 we obtain the variation distance, for p = 2 we have the Hellinger
distance.

This distance has three advantages :

a) choosing p big enough we can obtain a distance with a very smooth behaviour,

b) we do not need to ask the existence of hight order moments of V;, V;,

c) this distance does not depend on the majorating measure Q.

But working with the distance p,(P*, P!) is not so easy. To simplify this, DzHA-
PARIDZE and VALKEILA [1] have introduced divergence processes of order p.

Definition 2.2. The predictable increasing process kP = (k7, Fy);>0 with k§ = 0 and

y 14
PP — (14 ?/_)1/;; *Vy

P __
B =1+

where vy, i is the compensator of the jump-measure of (V, V) with respect to (F,Q), is
called the divergence process of order p,p > 1, of the measures P, P.

Note that, like the Hellinger process of order a,0 < a < 1, the divergence process of
order p > 1 is defined and is unique only on the set I' = {(w,t) : V- - V,= > 0} U [0].
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[e o] o0
Example 4 : In the situation of example 1 when P = H i, P= H fi; we have that
=1 =1
a version of the divergence process is given by :

U]

= EPZ(/“’ ﬁt)

]

Example 5 : In the situation of example 2 where P and P correspond to Poisson
processes with intensities A, > 0 and A; > 0 we have

kP = / “IAp _ JWpppgs,
0

O
Remark 2 : One can see that k! =0forallt>0and p > 1 in example 3 because V
and V have no jump.

3. Skorohod space D(R*,C),.(R™))

We consider the space D(R*, Cy,.(R™)) of the right-continuous functions z = (24(0)):>0,6erm
with left-hand limits and with values in the space C),.(R™) of the continuous functions
endowed with the locally uniform distance :

= 1 maxjg|i<e |z(0) — y(0)|
dloc z,y) Z [leli<

22t 1+ maxyeyce [2(6) — y(0)]

where || - || in the Euclidean norm in R™. We consider also the subspace Dy of the space
D(R*,C),c(R™)) which contains the functions z = (2:(6))i0,6erm of D(R*, Cl(R™))
such that for each N >0

'yiv(z) = sup sup z(0)
1/N<t<N ||6]|12L

tend to zero as L — oo.

Lemma 3.1. The function z = (2,(0))i>06erm belongs to D(R*,Cj,.(R™)) iff
a) for each 0 € R™, 2(0) = (2:(8))i>0 belongs to D(R*, R)
b) for each £ >0 and N >0

le(z) = sup sup Izt(o) - zt(el)l
0Lt<N l6-¢'[I<h [l <8 lle'lI<¢e

tends to zero as h — 0.

Proof : We set K; = {||0]] < ¢} and we denote by 2/ = (z(0))oci<npek, the re—
strictions of z to D([0, N[,C(K,)). First we note that z € D(R*,Cj,.(R™)) iff 2° €
D([0, N[,C(K,)) for each £ > 1 and N > 0.

Suppose that the conditions a) and b) are satisfied. We have to show that the modulus
of continuity w>™ (%) associated with D([0, N[, C(K¢)) tends to zero as h — 0. We recall
that
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LN — 1
wy” (2) = ipf max ol max |2(0) — zv ()| (1)

where inf is taken over all subdivisions T, = {0 =ty < t; <13 < -+ < tp41 = N} of the
interval [0, N[ where t;4; —¢; > hfor 0 <7 <n—1.

For that we cover the set K, by a finite number N,, = N;, (¢) of balls of radius h;
with centers at 8;,1 < j < N,,, 8; € K,. Since for each t',t" € [0, N[ we have

sup |z¢(0) — 2m(0)] < sup |2p(0;) — z(0;)| + 2& (z)
liel|<¢ 1<5< Ny,

we obtain that there exists h,0 < b < min(hy, h3) such that

wf() < e wll(2(6)) + 264N (2) )

where z(6;) = (2:(0;))e>0 and wf) (+) is the modulus of continuity in D([0, N[, R) defined
like in (1) with omiting max.
[4

Taking hlirn lim lirr%) we have that w;™V () — 0 as h — 0, hence, z € D([0, N[, C(K,)).

2—=0 h—

If z € D([0, N[,C(K,)) for each £ > 1, wi™(z) —» 0 as h— 0, hence, wl (2()) — 0 as
h — 0 for each 6 € K, and each £ > 1, and we have the condition a).

Suppose that the condition b) is not satisfied. Then there are sequences {t,}, {6,}
and {60,}, 0 <t, < N,||0,]] £4,]|0.]| < ¢ such that |8, — 0’ ]| =0 as n — co and

|26, (6n) — 20(6,)] /2 0 (3)

We can suppose further that ¢, — ¢y and either ¢,, > ¢, or t,, < t, for all n.
If ¢, > tg we have

|26 (0n) — 20, (6,)] < 2 P |260(0) = 216 (0)] + |21 (0n) — 26 (67)] (4)

and the left-hand side tends to zero by the uniform right-continuity of z and by the
continuity of z,(-) with respect to 8, which contradicts (3).

If t, < to we have the analog of (4) with 2z, replaced by z,_. Since z;,,_(-) is also
continuous in 6 we have a contradiction. =

In [16] we obtained the following criterion for weak convergence in D(R,., Cloc(R™)).

Theorem 3.2. (see [16], p. 281) Suppose that the finite dimensional distributions of Z™
weakly converge to the ones of Z and that for every e >0 and N > 0
a) '}irrb sup P*(w) (Z™(8)) > ¢) =0, VO € R™,
—Y n21

b) Ty sup P (k0N (Z") > €) =0, V> 1.
—vY n>1
Then there is weak convergence
77 A7) g
in the Skorohod space D(R*,C},.(R™)) with respect to P*. If in addition
hm sup P"(AN(Z") > €) =0, Ve>0, VN >0,

0 n>1

then Z™ and Z belong to Dy.
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4. 'Weak convergence of the likelihood ratio processes

Suppose that we are given a sequence of general statistical parametric models £" =
{(Q™, F™, IF™),(P§)sco} and let £ = {(Q, F, IF), (P;)¢crm} be a limiting statistical model
with locally equivalent measures which generated by a process with independent incre-
ments.

We denote by Z™(0) = (27'(0))i>0 and Z(8) = (2:(0)):>0 the cadlag versions of the
likelihood ratio processes of Pgt, P} and Py, Py respectively.

We denote by £™*(0) and h*(8) the Hellinger processes of order a = (ayp, ay, . .., ;) of
the measures Pj., Py.,..., Py and Py, Py, ..., Py, respectively, 0 = (60,0,,...,0;) with
0;€0,0< 1<k

We denote also by H;*(6) and HZ(8) the Hellinger integrals of order « of the restric-
tions of the measures Pg, Py.,..., Py and Py, Py, ..., Py, to the o-algebras F* and F,
respectively.

In the following theorem we recall the conditions for finite dimensional convergence of
Z™ to Z obtained by JAcOD [5]. We set

k
Ar = {a=(ag,a1,...,0r) : 0<0; < 1,02 <k, Eai =1}
1=0
Theorem 4.1. Let for each k > 1, o € A and 8 € ©F the following conditions be
satisfied : B
1) Hy**(0) — Hg (),
_ Lepy
2) hm%(6) — h2(6),
as n— oo in the Skorohod space D(R*, R) with respect to each measure Pj, 0 <1 < k.
Then we have weak convergence

(2%(80), ™)., 2°(60) T8 (2(60), 2(6),.... 2(60))

in D(R*, R¥*1) with respect to any fized probability measure P, 6* € ©.

Proof : From JAcoD [5], Theorem 4.32, p. 61, we have the result with respect to Fy.
We show that the measures (P;*) are contiguous with respect to (P; ") for each §* € ©.
For this we note that c
z70%) 258 z(6)
in the Skorohod space D(R*, R). We can suppose that t is a point of the continuity of
Z(6*) (if not we take any point of the continuity of Z(6*) greater than t). So,

L(2}(07)|Fg") — L(2(07) | Fo)-

Since the limit model is locally equivalent we have Egz,(6*) = 1, which implies the conti-
guity (Pp*) < (Py™) (see JACOD, SHIRYAYEV [6], lemma 1.10, p. 252).
Since this theorem is true for P we have

(Z"(6"), Z™(60), ..., Z"(8)) LED (7067, 2(80), ... 2(6:))

for each k > 1 and 6; € ©, 0 < i < k. Then from the extension of LE CAM’S lemma (see
JACOD, SHIRYAYEV [6], Theorem 3.3, p. 564) we have the result with respect to Pg.. O

7
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Remark 3 : If h*(8) is continuous with respect to ¢ for each o € A; and 8 € OF we
can replace 2) by

PRI (F) —% he(F), Vi > 0.

In fact, h*(0) is a deterministic increasing function (see JACOD [4], Theorem 5.25, p. 21)
and by the result of Mc LEISH [13], lemma 1, for each t > 0

— - P}
sup [k}*(8) — h2(8)] — 0.
0<s<t
a
Remark 4 : If the model £ is continuous Gaussian we obtain from JAcOD [5], The-
orem 5.3, p. 64, that for 2’) is necessary and sufficient that

2"\ (9, 6") T2, B2 (0,0), ¥9,6'€ O, Vi>0,

forthreevaluesofaonly:a=-§-,a=aw1th0<a<—anda—1—a a

We denote by Z™ = (2}(0))i>0,6erm and Z = (24(0))i>0,6erm the likelihood ratio pro-
cesses of £" and £ (the first one is extended from © to R™ if necessary, in a way which
preserws the modulus of continuity, see [15]). To obtain a criterion for weak convergence
in D(R*,C),.(R™)) we verify the conditions of Theorem 3.2. Using essentially the same
proof as in [16], Theorem I1.3.1, p. 292, we can obtain the following result.

Theorem 4.2. Suppose that the conditions of Theorem /.1 are satisfied. Assume that
there erist constants p > 1,0 <y < 1,8 >m,r > 0,¢ > 0 such that for everyt > 0

P(Pyt, Pt
1) sup sup fi__"l

<cl’ < co.
n21 et fen<s 16" — 0|l

Then there are processes Z™ and Z with paths in D(R*, Cloe(B™)) such that Zn(0) =
Z™(0),Z(8) = Z(8) for each § € R™ (PT - a.5. and Py - a. s.) and

,,L:.
7 %) 5. (5)

If in addition we have for each t > 0 that

(8-m)/B
] dy =0

2) hrn sup | y [sup H{(6,0)

L=oo n> 1812y
then Z* and Z have paths in D, (P - a.s. and Py - a.s.).

Remark 5 : The condition 1) provides smoothness of the trajectories of Z™ with
respect to 6 and gives the possibility to estimate the modulus of continuity nhN. The
condition 2) provides the convergence of v} (Z™) and 7Y (Z) to zero as L — oo. O

Proof :  Using the proof of Theorem I1.3.1 in [16] we obtain the result with respect to
Py



142

From the proof of Thearem 4.1 we know that (P,:") < (Py") for each t > 0. Using the
Skorohod representation theorem we can show that
7o gy L8 (5 5gn
(Zn,Zn(g )) - (Z,Z(0 ))
in D(R*,Cjyo(R™*1)), where ZM0%) = (37(07))i>0, Z(6*) = (%:(67))s>0- Then using the
proof of Theorem 3.3 of JACOD, SHIRYAYEV [6] we obtain the extention of the third LE
CaAM’s lemma for our case also and, hence, (5).

In the same manner as in [16] we show that Z" and Z have their paths in Dy (P} -
a.s. and Py - a.s.). O

In the following theorem we express the condtions 1) and 2) in terms of the Hellinger
processes and the divergence processes. We denote by k™P(8',8) the divergence process
of order p and by hA™'/2(¢', ) the Hellinger process of order 7 of the measures Pj;, Py. By
&(-) we denote the Doleans exponential function.

Theorem 4.3. Suppose that the conditions of Theorem 4.1 are satisfied. Assume that
there exist constants p > 2,8 > m,r > 0,c > 0 such that for each t > 0

p2( Py, Py°)
1) sup sup L———-"— <cLl" < o0,
n o elicLiensc 10— 6|17

EpkiP(0',6)
2) sup sup 21t <l < oo,
o peisienss (16" =011

Ep[hy (', 0))p/?
3) sup sup <el™ < oo,
n o len<Liense 116" —0|f

00 28
4) lim sup/ y™ ! { sup ETE(—h™'%(8, 0))t} dy = 0.
Lo nt JL lleli>y

Then the conclusions of Theorem 4.2 hold.

Proof : From the conditions 1), 2), 3) of this theorem and from the following inequality
of DZHAPARIDZE, VALKEILA [1] :

PPyt PR < pB(Py®, Pr°) + e, Eg Ry *(8', 0))P% + ¢, Ep ki (6',6)

where ¢, > 0 is some constant, we obtain the condition 1) of Theorem 4.2.
From the condition 4) of this theorem and from the inequality of Kabanov (see JACOD,
SHIRYAYEV [6], p. 278) we get

FR40,0) < {BGE(-h"(0,0)). 1/
which gives condition 2) of Theorem 4.2. O

Remark 6 : If the model £ is generated by a processes with independent increments,
the processes k™ and h™ have deterministic versions (see JACOD [4]). Hence, we can

9
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omit E} in conditions 2), 3), 4) of Theorem 4.3. If the initial filtrations F§ and Fy are
trivial, we can omit condition 1). m

Consider now the important particular case of a Gaussian continuous limit model. Let
& be the model generated by the m-dimensional process X = (X;)i>o such that

dXt = Gdt + d'l]t, Xo = 0,

where 5 = (7):>0 is an m-dimensional continuous a.s. Gaussian process with independent
increments and with a covariance matrix C;. It i1s well known that in this case

1
z(0) = eXP{Teﬂt - 51‘0&9} (6)

and as in example 3 we get
h(0,6') = -;-a(l — a)T(0 - 8)Cy(6 — 0).

Suppose that the probability measures P} in £" have the following structure :
= [T we’
J=1

where ,ug'j are probability measures. Then from examples 1, 4 and Theorem 4.3 we have
the following result.

Corollary 4.4. Suppose that for each t > 0, 6,60 € O, a=3 a=a with0 < a < 3
anda=1—a asn— oo

[n]
1) A1 = B3, 157)) — 50(1 - o) (0 - 0)C(0 - 0),

j=1

[
> oo u5”)

2) sup sup =1 <ecl” < oo,

n21 flogcienss [0 — 6]}

[nt] p/2
[E pa(1g’ aﬂo' }
3) sup sup

w21 foistionse (10— 0P

<cl’ < oo,

- m

[nt] 2B
4) Jim sup A T ym {SUP [T Y (p5" g )} dy =0,

n21 11>y j=1

where B>m, ¢c20,r>0andp>2. Then the conclusions of Theorem 4.2 hold with
(Zt(O))t>0 geRm™ deﬁned by (6)

10
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Suppose that £€" is a model generated by a Poisson process starting from zero with
intensities A}(6) > 0. Then from Theorem 4.3 and examples 2, 5 we can obtain the
following :

Corollary 4.5. Suppose that for eacht > 0,0,0' € ©,a =1, a=a with0 <a < % and
a=1~aasn— o0

1) Jo{eX3(6) + (1 — a)A(6") — (A3 (6))(A3(6)'~*}ds — 30(1—a)T(0 - 6)C,(6 - 0),

&y | (@))7 — (A(0)7) ds

2) su su <ecl < oo,
) "1 A< 10 —o11? N
/2
{(/An(8) — \/An(6))2ds]”
8)sup  sup UO(\/ ) \/ ) ] <ecl” < oo,
n21 |IGlI<LeI<E 16—

: &
4) hm sup | y { sup exp {—/0 (\//\?(0) - \/A;‘(O))zds}} dy =0,

L=oo n21 ll6li>y
where 3 > m, ¢ > 0,7 > 0 and p > 2. Then the conclusions of Theorem 4.2 hold with

Z = (zt(e))tzoygeRm defined by (6).
Suppose that £" is a model generated by the processes X™ = (X[');>¢ satisfing
dX} = a}(X,0)dt +dW;, Xo = 0,

where a™(X, ) are non-anticipating functionals with fj(a?(X,6))%dz < oo for each
t>0,X € 2,06 € 0, W = (W,);»0 is the Wiener process. Then from example 3 and
remark 2 we get the following :

Corollary 4.6. Suppose that for eacht > 0 and 6,6’ € © we have
1) fi(an(X,0) — a(X,0)2ds —» (0 — 8)C.(0 — 8),

By [fiaz(X,6) — a3(X, 0)ds]””

2) su su <cl” < oo,
) WS <L 1o -]}
o t ;ﬁm
3) Iim sup [ y™* { sup Ey exp {—/ (a%(X,0) — a;'(X,O))st}} dy=0
L—conz1 /L oll>y 0

where p > 2, > m, ¢ >0, r > 0. Then the conclusions of Theorem {.2 hold with
Z = (z:(0))e>0,0crm defined by (6).

Consider now the case of Poisson limit model. Let the model £ be of the form
2(0) = exp{ON; — (¢’ — 1)t} (7)

where N = (N,),»0 is a Poisson process with intensity 1.
Suppose that the probability measures Py in £" have the following structure : Py =

H pe” where pg” ' are probability measures.
1=1
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Corollary 4.7. Suppose that foreach k> 1, a € A, ; € O, 0<i <k andt>0
[nt] S . k k
1) AL = Hug?  ug?s -y 157)} ={D_ ciexp(8) — exp(D_ eubi)}t
1=1 i=0 =0

as n— 00. Suppose also the conditions 2), 3), 4) of corollary 4.4. Then the conclusions
of Theorem 4.2 hold with Z = (2:(0))s>09erm defined by (7).
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