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MULTI-SCALED DIFFUSION-APPROXIMATION.
APPLICATIONS TO WAVE PROPAGATION
IN RANDOM MEDIA

JOSSELIN GARNIER

ABSTRACT. In this paper a multi-scaled diffusion-approximation theo-
rem is proved so as to unify various applications in wave propagation in
random media: transmission of optical modes through random planar
waveguides; time delay in scattering for the linear wave equation; decay
of the transmission coefficient for large lengths with fixed output and
phase difference in weakly nonlinear random media.

1. INTRODUCTION

Wave propagation in random media has become an extensively studied
subject. In one-dimensional linear media with random inhomogeneities, lo-
calization occurs, which means in particular that the transmitted intensity
decays exponentially as a function of the size of the medium. This problem
has been analyzed in detail by Carmona et al. (1990).

In our paper, we consider wave reflection and transmission from a one-
dimensional random slab. Several quantities characterize the reflected wave;
here we focus on the reflection coefficient, the phase difference and the
time delay. The analysis puts into evidence the usual scales (see Knapp
et al. (1989) and Papanicolaou (1988)): length of the slab, wavelength,
amplitude and correlation radius of the random perturbations. We study
the asymptotic behavior of the scattered wave in the framework introduced
by Papanicolaou based on the separation of these scales. The fluctuations
of the random coefficients are on a small scale so that we actually deal
with diffusion-approximation problems. However we consider here situa-
tions where many scaled quantities play a role, so that we need to prove,
then to use general multi-scaled diffusion-approximation theorems. Indeed,
the study of planar waveguides depends on the above quantities, but also
on the thickness of the core. The time delay depends not only on the high
carrier frequency of the wave packet, but also on its bandwidth. Finally the
amplitude of the nonlinear term is an essential requirement for the study
of the behavior of the transmittivity for the nonlinear wave equation. The
action of nonlinearity seems to be opposite to that of disorder. Nonlinearity
may change the dependence of the transmission coeflicient on the length,
that still tends to zero as the size of the medium increases, but following a

URL address of the journal: http://www.emath.fr/ps/

Received by the journal March 18, 1996. Revised January 23, 1997. Accepted for
publication February 14, 1997.

© Société de Mathématiques Appliquées et Industrielles. Typeset by I4TEX.



184 JOSSELIN GARNIER

power law (see Desvillard et al. (1986) and Knapp et al. (1989)) instead of
the exponential behavior observed in the linear case.

The organization of the paper is as follows: The first section is devoted to
the transmission of optical modes through a random metallic planar wave-
guide. In Section 3 we refine some results of Faris et al. (1994) concerning
the time delay in scattering for the linear wave equation with a random
index of refraction. The last sections deal with the random nonlinear wave
equation. In Section 4 we study the nonlinear fixed output problem, i.e. the
transmission problem with a fixed outgoing intensity, which is simpler than
the fixed input problem, since there are unique values of input intensity and
transmittivity for a given output intensity. In Section 5 we deal with the
phase difference of the reflected wave. Finally the appendix is devoted to the
statements and the proofs of multi-scaled diffusion-approximation theorems.

2. PROPAGATION IN METALLIC PLANAR WAVEGUIDES

In this section we study propagation of optical modes in dielectric films
with thicknesses comparable to the wavelength. The main idea of a wave-
guide is to guide a beam of light by employing a variation of the index of
refraction in the transverse direction so as to cause the light to travel along
a well-defined channel. The dependence of the index of refraction on the
transverse direction may be continuous or discontinuous (we shall consider
a particular case of the discontinuous situation), but the essential element
is that the index of refraction is maximal in the channel along which one
whishes to guide the light.

We shall consider the basic problem of TE (transversal electric) mode
propagation in slab dielectric waveguides (see Collins (1960)). Indeed the
basic features of the behavior of dielectric waveguide can be extracted from
a planar model in which no variation exists in one direction (say y). Channel
waveguides with axis z, in which the waveguide dimensions are finite in both
the z and y directions, approach the behavior of a planar waveguide when
one dimension is much larger than the other (see Groell (1968)). Even when
this is not the case, most of the phenomena of interest are only modified in
a simply quantitative way when going from a planar waveguide to a channel
waveguide. This fact combined with the great mathematical simplification
of the one-dimensional case has led us to consider here planar waveguides.

We assume that the slab waveguide has thickness 2a and is located in the
region z € [—a, al. Its axisis z and the slab is infinite in the y-direction. The
slab is switched between two metallic slabs for z > a and for z < —a. We
shall restrict ourselves to the y-independent case and consider waves which
depend only on z and z.

We begin by studying the properties of guided modes in a perfect wave-
guide, whose core has a homogeneous index of refraction equal to ng. A
mode of a dielectric waveguide is a monochromatic wave E(t,r) = E(r)e™™!
solution of the wave equation

AE(r) + kin®(r)E(r) = 0, (2.1)
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MULTI-SCALED DIFFUSION-APPROXIMATION 185

where kg = w/cis the vacuum wavenumber. The solution satisfies continuity
conditions of the tangential components of the field at the dielectric inter-
faces. Limiting ourselves to waves with phase front normal to the waveguide
axis z, we have E(r) = E(z)e’~.
We are looking for TE modes E = (0, £, 0) with field component £, =
E(z)e'?*. The scalar field F satisfies
°E
dx?
where k is the homogeneous wavenumber k& = ngkg. In the metallic slabs
x > a and & < —a the electric field is zero. Because of the need to match
Ey, at © = —a and = = a the field £ solution of (2.2) satisfies the boundary
conditions F(—a,z) = E(a,z) = 0. There exists solutions only for some

values of 3. Thus the metallic planar waveguide can only support a finite
number of confined TE modes, F;(z,z) = R;(z)e'?, where

cos (‘ﬂ) , if 7 is odd,

+ (kQ - ﬁQ)E =0, (2'2)

2a

Rj(z) = ) (]ﬂ'x) o (2.3)
sin | = |, if j is even,
2a
and f3; satisfies the dispersion relation
252
2, ) g2
B3+ TP R k*. (2.4)
There exists N guided modes, where N is the integer that satisfies
2ak 2ak
o< (2.5)
7 7

We shall assume that a monochromatic guided wave is incoming from the
left through a perfect waveguide and has the form (2 < 0):

N
Ein(xv Z) = ZRj(x)EJ(Z)7 E](Z) = Bjoeiﬁjz7 (2'6)

where (3; is the positive solution of (2.4) and Bj is the decomposition of the
incident wave F, on the j-th mode. This wave is scattered by a perturbed
waveguide occupying the interval [0, L¢], so that the total field is consti-
tuted of the sum of the incident wave (2.6) and the reflected wave in the
region & < 0, and of the transmitted wave in the region z > L%, where the
waveguide is unperturbed. We shall consider here that the wavelength of
the incident wave and the thickness of the waveguide 2a are of order 1. We
assume that the medium inside the waveguide is affected by small random
inhomogeneities for z € [0, L°], so that its index of refraction admits the
representation:

n2(z)=nd (1 —|—€m(§)) , 2.7)

where ¢ is a small parameter which characterizes the amplitude of the ran-
dom inhomogeneities. The random coefficient m which describes the in-
homogeneities is assumed to be an ergodic Markov process. More exactly,
we consider that the process m has a unique invariant probability, under
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186 JOSSELIN GARNIER

which it is ergodic and that it satisfies the Fredholm alternative. As a con-
sequence, its infinitesimal generator admits an inverse on the subspace of
functions centered under the invariant probability of m. In our paper we
think at Markov processes on a compact space satisfying the Doeblin condi-
tion, however some Markov diffusion processes studied by Bouc et al. (1984)
are suitable. We refer in particular to Kesten et al. (1979), Kushner (1984)
and Papanicolaou et al. (1976) for sharp conditions. Throughout the pa-
per expectations will be taken under the invariant probability of m and we
denote:

a.(k) = /000 cos(2ks)E[m(0)m(s)]ds. (2.8)

Three cases appear. If —1 < r < 0 (resp. » = 0, r > 0), the correlation
radius of the inhomogeneities is much larger (resp. of the same order, much
shorter) than the wavelength. The first case corresponds to a very high
frequency regime, and the third one to a low frequency regime. The case
r < —1 does not provide us with any asymptotic regime.

We shall consider a perturbed slab waveguide of length L® = L/e2*"
located in the region z € [0, L¢]. It will appear in the following that this is the
judicious scale to put into evidence a macroscopic effect of the perturbations.
We shall see that the fluctuations of the index of refraction induce a coupling
between forward and backward modes when r > 0 and only affect the phases
of the modes when r < 0. We can now state our main result:

ProrosiTioN 2.1. The transmitted wave has the following form, for z >
L)%t

al L L L
Etr(xvz) = ZRj(w)EJ(Z7 82_|_7,)7 E](Zv 82_|_7») = B](ﬁ)elﬁjzv (29)
=1
1. If =1 < r < 0, then the processes (Bj(L/€2+r))L>O, j=1,... N
converge weakly to Bjoei¢J(L) as e — 0, -
k2
T, if =1 <1 <0,

sy=1 "%
2—5‘/0 m(z)dz, if r = —1,
J

where w is a standard Brownian motion independent of j and 0% =
a.(0).

2. If r > 0, then the processes (|Bj(L/€2+r)|2)L>O, j=
weakly to independent Markov processes I; whose generators are

(2.10)

1,..., N converge

1 ) 0
1 1 -1 2.11
’C] /\j 7 ( 81]‘ +( ])81]2) ) ( )
4 .
FaelBi) 2,
h 25 (2.12)
where — = 4 .
A Faol0) s g
252

ESAIM: P&S, May 1997, VoL. 1, pp. 183-206



MULTI-SCALED DIFFUSION-APPROXIMATION 187

In particular, the transmitted intensities decay exponentially with the
length of the random waveguide:

.1 1

Lh_}mOO 7 InE[Z;(L)] = o (2.13)
In the very high frequency regime, the perturbations only affect the phases
of the optical modes by adding random phases on every mode. In the other
regimes, we can observe an exponential localization of the modes, but the
striking point is that each mode has its own localization length. The smaller
the effective wavenumber /3 is, the less the corresponding mode can penetrate

in the random waveguide.

Proof. Inside the perturbed slab we expand the total field F in the form
N
E(e,2)= Y Ri@)Eiz), Ej() = Aj(2)e™™" 4 Bi(2)e™7, (2.14)
=1

where A; and B; are respectively backward (going to the right) and forward
(going tot the left) optical modes. F satisfies the boundary conditions at
the dielectric interfaces + = —a and @ = a and the evolution equation (2.1)
which writes:

N
Y Rj(2)W5(z, A, By) = 0, (2.15)
7=1
e d?A —13,z dzB 13,z . dA; —13,z dB; 13,z
(e Aj By) = e e - 21 (d— ” ‘d—Zeﬁj)
—I_k‘zgm(gir) (A]‘e_iﬁﬂz _I_ B]elﬁjz) X

Integrating (2.15) with respect to Rj(z)dxz, we can deduce from the orthog-
onality of the family (R;);=1,.. n that

Ve(z,A;, B;) =0, forevery j=1,...,N. (2.16)

The orthogonality of the modes is of great importance. It will insure that
there exists only coupling between forward and backward modes, and not
between j and j' modes.

Let us study the equation (2.16). If the couple (flj, B]) is a solution, then
the couple (A;, B;) defined by A;(2) = A;(2) + f(2)e!?*, B;j(z) = B;(z) —
f(2)e™% is another solution of (2.16), whatever f is. Choosing f(z) =

ﬁ %e‘wﬂz + %ewﬂz), we come to the conclusion that (A;, B;) satisfies
both (2.16) and the relation
dA; _; dB;
o _Zﬁjz ' Zﬁ]z = . 2.1
s + e 0 (2.17)

We actually do not look for every solution of (2.16) since we aim at studying
E; defined in (2.14). So we can restrict ourselves to (A;, B;) which satisfies
both (2.16) and (2.17). Finally, injecting (2.17) in (2.16), the normalized
processes A5, BZ, j=1,..., N given by

z z

Aj(2) = A7)y Bi(2) = Bi(57), (2.18)
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o) e

are solutions of

2p
ik? z -1 —e' T

PZ = . 2.20

5 (2) Qﬁjgl-l—rm(g?-l—?r) 6_2»% . (2.20)

There is no wave entering the perturbed slab at z = L (in the normalized
scale) and the incident wave at z = 0 has the form (2.6), so A% and B}
satisfy the boundary conditions

AS(L)=0, Bi(0)=B

We aim at proving an asymptotic theorem for B;(L) as £ goes to 0. Instead
of working with A7 and Bf, we shall use the propagator Y7, i.e. the matrix

which satisfies:
(5)-mn (). e

The matrix Y is solution of the linear differential equation:

o (2.21)

d)/}s & =24 =24
W(Z) = Pi(2)Y[(2), Y[(0)= 4 (2.23)
If (a%,0%) is a solution of (2.19) with the initial conditions
as(0) =1, b5(0) =0, (2.24)

then it can be readily checked that (b5, a5") is another solution of (2.19)

linearly independent of (a%, %), so we can write

o (46 )
=50 +0) 229

( Be,(zL) ) = Y7(L) ( Ag(o) ) (2.26)

_bj(L)*BJO ?( ): J0 . (227)
T e

J

From

we can deduce that

A%(0) =

a

Since the matrix P; has trace zero, the determinant of the matrix Y7 is

constant, i.e. |a%(z)]* —[b3(2)]* = 1, so that we get the energy conservation
relation:

[AS(0)]7 + | BS (L)? = | Bj|*, (2.28)
which means that the intensity of each incident mode has split into a trans-
mitted intensity |Bf(L)|* and a reflected intensity [A%(0)]?.

So we have transformed the boundary value problem (2.19), (2.21) into
an initial value problem (2.19), (2.24). In order to be allowed to apply the
diffusion-approximation theorems, we have to take care to consider sepa-

rately the real and imaginary parts of each coefficient a5 and b5, so that we
actually deal with a system with 4V linear differential equations. Denoting
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MULTI-SCALED DIFFUSION-APPROXIMATION 189

i1 = Re(a?)7 Xijpe = Im(a?)7 Xijrs = Re(bj) and Xijpa = Im(b?)7
j =1,...,N, the R*"-valued process X° satisfies the linear differential
equation

dXE(Z) 1 z z R
dz = el+r (m(€2+2,,)7 €2+,,) X (2)7 (2.29)
with the initial conditions ij+j,(0) =1if j =1, XZH]"(O) —0if j' =
2,3,4, where

, 0 1 sin(28;h)  cos(2p;h)
B k*m -1 0 —cos(28;h) sin(20;h)
F(m, h) = @?7:12—@ sin(26;h) —cos(25;h) 0 ' —1]
cos(283;h)  sin(2p;h) 1 0

Then we transform £'*” — ¢, so that the system writes now as an usual
diffusion-approximation problem. The application of Theorem 2-7 Papani-
colaou et al. (1976) (resp. Theorem 2-8 Papanicolaou et al. (1976)) provides
us with the desired result for the case r = 0 (resp. r > 0). The case r < 0
can be deduced from Theorem 6.2 in the appendix. U

3. TIME DELAY

We aim at studying the time delay of a wave packet scattered by a one-
dimensional random medium. The time delay is the difference between times
spent by the wave packet in the perturbed region and in the homogeneous
space. For instance, a positive time delay means that the wave packet has
spent more time in the scattering region than the one it would have spent
in homogeneous space.

We consider a wave packet reflected by a one-dimensional random medium
located in the region [0, L]. The wave packet is assumed to satisfy the linear
wave equation:

n**(z) °E _ O*FE

= q
2 ot? dx?’ (3-1)
where the index of refraction n° admits the representation
& & & L
n*(x) = nd (1 +m(x)), m(z) = em(g—z) (3.2)

m is an ergodic Markov process, which describes the perturbations of the
index of refraction. Their amplitude is of order € and their correlation radius
is of order £2, which is small compared to the length L of the slab.

We consider the matched medium boundary condition. It is assumed that
a wave packet is incident on the random slab [0, L] from a homogeneous
medium with index ng occupying z < 0:

o0
ui(t, z) = / eilkz=ckt/no) . (Je)dk, (3.3)
0
where 1; is the spectrum of the incident wave packet. The boundary condi-
tion at x = L is for termination of the random slab by a uniform medium.
We will have total reflection for large length L because the wave cannot
penetrate to infinite depth. Indeed the reflection coefficient converges expo-
nentially fast to 1 which follows from Furstenberg’s theorem (see Carmona
(1985)). So it is convenient to analyze the problem with a totally reflecting
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190 JOSSELIN GARNIER

termination at z = L, so that the number of degrees of freedom is reduced
by one. Thus the wave packet is scattered and the reflected wave has the
following form for large ¢:

(L 2) = / RE (k)i (Rr=ekt/n0) (1), (3.4)
0

where R®(k) is the reflection coefficient associated to the homogeneous wave-
number k. Because of the reflecting boundary condition, the modulus of
R (k) is equal to 1 so that R*(k) = ¢! (M)+i%(*)  The phase 6y (k) = 2kL+7
is related to the homogeneous part of the index of refraction. If the slab
[0, L] were occupied by a homogeneous medium, the reflected wave would
be exactly:

Upo(t, ) = / eil=ho=cht/no) io(R) i (k) dk. (3.5)
0

The phase 6°(k) characterizes the influence of the fluctuations of the index

of refraction onto the reflected wave. In particular the time delay is given

by

g

T¢(u;) = /OOO 7 (k) |4 ? () de, (3.6)

c

where 7°(k) := 22 (k). A rigorous proof may be derived from Jauch et al.
(1972), but we can heuristically put into evidence (3.6) (cf Faris et al.
(1994)). Assume that ; is concentrated near some wavenumber k.. By
expanding R°(k) about k. in (3.4), we find that the reflected wave is, up to
a multiplicative constant:

ui(t, $) ~ / ei(—kx—ck(t—noTE(kc)/c)/nO)eiﬁo(k)di(k)dk‘ (37)
0

By such a way we can understand why ng7°(k.)/c represents the time delay
at frequency k..

Faris et al. (1994) studied the one-dimensional distribution of 7°(k) for
some k and considered the limit case ¢ — 0, and then & — oco. We first
prove that we can deal with simultaneous limits when k is of order £72, i.e.
when the wavelength and the correlation radius of the perturbations are of
the same order.

PROPOSITION 3.1. The process (75(k/e?, L)) >0 converges in distribution
in C°([0, 00),R) to the inhomogeneous Markov process (T(L))r>o0 whose in-

finitesimal generator is:

2 0%
or?’
where a.(k) has been defined by (2.8). In particular 7(L) is a centered

process, whose variance is:

Ly = %ac(k)kZ(T +21) (3.8)

8 2 1 2
27 ac(k)k*L 2 2
E[r(L)?] = TSP (e WL _ 1 — (k)KL — 5 (ae(k)k?L) ) . (3.9)
Its distribution can be represented as follows:
9 ac(k)k2L .
Ly=X()-2L, X(L)= ———— WaT 33 q
") =X (D) =2k X(1) = s [ e )
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MULTI-SCALED DIFFUSION-APPROXIMATION 191

where w s a standard Brownian motion.

Proof. Following Papanicolaou (1988), we find that the phase 6% satisfies:
de°
dr

Differentiating with respect to the wavenumber yields the equation which
governs the evolution of 7¢:
dre
dr

=k* (1 —cos(0° 4+ 2k°L)) m*(L), 6°(0)=0

= (1 —cos(0° +2k°L))m* (L) + k° sin(6° + 2k°L) (75 + 2L) m®(L).

Introducing the different scales in the evolution equation, the process (6, 7)
satisfies, up to negligible terms of order ¢:

dec  k . 2kL L i
TT —g(l—COS(O —I——))m(g—z)7 6=(0) ==,

dre k. (.. 2kL\ . L ey
o7 = o sin (0 + —) (T —|—2L)m(€—2)7 7°(0) = 0.

The application of Theorem 2-7 Papanicolaou et al. (1976) completes the
proof. O

The above analysis leads to the asymptotic distribution of 7¢(k) for a
fixed wavenumber. However it is necessary to find the joint distribution of
7°(k) for several wavenumbers k in order to study the behavior of the time
delay 7 (u;) for an incident wave packet u;. For instance the estimation of
the p-th moment of 7 (u;) requires the computation of the joint distribution
of the p-uplet (7°(k1),...,7%(k,)), since

12 (k1) -

B[ (u;)"] = "0 / E[re (ky) .. .75 (k,)])d; A2 (k) dky . . dEy.

cP

We now state the main result of this section about the convergence of the
time delay. We assume that an incident wave (3.3) with a high carrier
frequency k./e? and a bandwidth of order €272 is incoming from the right.

PRrROPOSITION 3.2. Let us assume that the Fourier transform of the incident

wave df has the form
- ek — k.,
ug (k) = (752 ) , (3.11)

where 1& is a continuous function with compact support.

o If0 < a < 2, then the time delay (1°(u$)(L))r>0 converges weakly to
the process (. -

o Ifa=2,then (I'*(u)(L))r>0 converges weakly to a centered and con-
tinuous process with variance:

2 ael O‘C(kc)kgL
2 _ng 8e 4 €
BT (L)] = 2 o (k) 2k4L (/ W dk) L—0>oo (oec(kc)kgL) '
(3.12)

ESAIM: P&S, May 1997, VoL. 1, pp. 183-206



192 JOSSELIN GARNIER

o Ifa> 2, then ("7 *T¢(uf)(L))r>0 converges weakly to a centered and
continuous process with variance:

B2 (1) = 185 T ( 1o |dk) b0 () 3

? a.(k

Proof. We assume that the support of 1@ is contained in (=N, N). We denote
by 75(L, h) the process 75(L, k%) |je— (k. zap)se>- From the expression (3.6)
of the time delay, if we prove that 7°(L, h) converges weakly as a process in
C°([0,00), L*(—=N, N)), then it will follow that T(u$) converges weakly in
([0, o0 ).

STEP 1. CONVERGENCE OF THE FINITE-DIMENSIONAL DISTRIBUTIONS
oF 7°. First we deal with the two-dimensional distributions of the pro-
cess 7. We aim at finding the asymptotic joint distribution of the couple
(i (L), 75(L)) >0, where 77 = 7°(L, kf) and ki are wavenumbers given by
ki = (ke + €h;)/e*. If we denote O(k,L) [g=rs by 6 then we find that
(65(L),05(L), 77 (L), 75 (L)) >0 satisfies:

P Lt (o (i 2 B i) s =0,
WP (1o (5 L ) D) 0 =0,
B (o BE L B (i 2nmB), ) =0
((?Lg:kc—l-gahgsin(O;_I_Ql;;L_l_Qg/ﬁ )( aL)m (€£2)7 7£(0) = 0.

o If 0 < a < 2, then we get by applying Theorem 6.1 in the appendix
in the case A = 2k., By = 1 and B; = 0, j > 2 that the process (7}, 75)
converges to (71, 73), where 7y and 73 are independent Markov process with
the same generator Ly, given by (3.8).

e If @ = 0, then by the standard Theorem 2-7 Papanicolaou et al. (1976)
the process (77, 75) converges to (71, 72), where 7y and 7y are independent
Markov process with generators L 45, and Ly, 4p, respectively.

o If @ > 2, then (7, 75) converges to (7, 7), where 7 is a Markov process
with generator L.

o lf a =2, then (07(L),05(L), (L), 75(L)) >0 converges in distribution in
C°([0,00), R*) to the Markov process (8;(L),82(L), 71(L), 72(L)) >0 whose
infinitesimal generator is (h = hg — hq): -

L= a.(0)k (i + i)2

90, ' 96,
1kk28222002hL82
(k) (ao2+ao2+ cos(fz = 01 + )30102)
L atbok (12022 4 (ry 4202 L
204c e)fe \ \T1 or? 72 T
2
+2(my +2L) (T2 4+ 2L) cos(8; — 61 + 2h1L) 0 )
87’17’2

ESAIM: P&S, May 1997, VoL. 1, pp. 183-206



MULTI-SCALED DIFFUSION-APPROXIMATION 193

Papanicolaou (1988) proved the convergence of the couple (87(L), 05(L))r.>0,
and also that the process (62(L) — 01(L) 4+ 2hL mod 27)1>0 admits an in-
variant probability measure mj which satisfies:

2|h| e 2|h|z 22
(cos @), = W/o exp (— Oéc(kc)kg) = 4dz. (3.14)
By a straightforward generalization of the above results we can show that
the finite-dimensional distributions (7°(L, h1),...,7°(L, hy))L>0 converge
in C°([0, 00), R™). -

It remains to prove the tightness of (L, h) in C°([0,00), L%(—N, N)).
We will only deal with the most delicate case ¢ = 2. In fact we shall show
that 75(L,h) is tight in D([0,00), L?(—N, N)) and we shall conclude by
checking that the weak limit is unique and belongs to C°([0, 00), L%(—N, N)).

We begin by stating some standard tightness criteria (see Metivier (1984)).

LEmMA 3.3. Let (F,d) be a metric space, and X° a process with paths in
D([0,00), F). If for every t in a dense subset of RT the family (X2(t))ze(0,1]
is tight in E and X° satisfies the Aldous property:

For any M > 0,1 >0, A >0, there exists 6 > 0 such that
[A] lim supsup sup P (||X5(T—|— 0) X)) > A) <n,

e—0 T 0<0<
where T is a stoppmg time and supy is the sup over all such T < M,

then the family (X°).g(o,1) is tight in D([0,c0), F).

LEMMA 3.4. Let H be a Hilbert space and H,, be an increasing sequence of
finite-dimensional spaces in H such that, for any h € H, lim, o 77, h = h.
Let Y¢ be a H-valued process.

Y= us tight if and only if for any n > 0 and A > 0, there exists p, and a
subspace H, \ such that

sup P(|Y®] > p,) <nand sup P(d(Y®, H,)) > A) <. (3.15)
£€(0,1] €€(0,1]

Here we will take H = L*(—N,N) and H, the set of all the simple
functions of the form

Nn—1
h(ty= > arligpsnptisny (k) k=-Nn,.. Nno1 € RPV,
k=—Nn
If g € C°([- N, N],R), we denote by 7, (g) the simple function in H,, defined
by g(123).
STEP 2. (7°(L,h))re(—n,Ny I8 TIGHT IN L*(—N,N) FOR EVERY L. By

Lemma 3.4 it is sufficient to check that (75(L, h))xe(—n,n) fulfills (3.15). The
following criteria (3.16, 3.17) insures that (7°(L, )) e(-n,n) fulfills (3.15):

lim lim sup E sup |7¢(L, k) — (L, k)|*| =0, (3.16)
=0 -0 |[h—h!|<8,|h|<N, | |<N
limsup sup E[|7°(L,R)|*] < cc. (3.17)
=0 [B|<N
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If g € C°([-N, N],R) and SUP|s_ur|<1/n [9(2) —g(2")| < &, then we obviously

get that |g — 7, (g) ||L2(_N7N) < V2N§, which implies d(g, H,) < v2N3§.

First we check by the perturbed function method (see estimates (6.6) and
(6.7) in Section 6) that the second moment of 7°(L, k) is uniformly bounded
with respect to ¢ € (0,1], h € [-N,N] and L € [0, M]. Indeed, denoting
) =1,

B (D)) = B (1) - £ (L) )
" / ELCE f5(5) — Laf(7(5)] + / EL. f(r*(s))],

where L1 f(7) = a.(k)k*(r + 2L)* and the perturbed test functions f¢
are built according to the procedure described in the proof of Theorem
6.1. The functions satisfy in this particular case |f(7°(L)) — f°(L)| <
eKr (14 f(r5(L))) and |Lr f(75(L))— L (L) <eKp (1+ f(7°(L))). This
yields (3.17) from Gronwall’s inequality.

On the other hand, from the obvious estimate |7°(L,h) — 75(L,1")| <

|h = K| supyp < |8758(£’h)| and from Sobolev’s imbedding W12([-N, N]) —
C°([-N, N],R), we get that there exists a constant C'y such that

E| s (L) - (L)
|[h—h!|<8,|R|<N,|R/|<N
ate(L, h) *re(L,h)
< C 52 E 9 2 9 2
<Cy |:|H£V AL e T M

which yields (3.16) since the second moments of 8758(£,h) and 8275}(L§’h) are

uniformly bounded with respect to ¢ € (0,1], h € [-N,N] and L € [0, M]
(again by the perturbed test function method). So we have stated the tight-
ness of (7°(L, h))pe(—n,n) in L*(—N, N) for any L.

STEP 3. 7° 1S TIGHT IN D([0,00), L%(—N, N)). The following criteria
insures that the process 7¢ satisfies the Aldous property [A]if we take F =
L?(—N,N):

lim lim sup sup sup sup E [1 A|TH(T +6,h) — (T, h)|2] =0, (3.18)
8=0 =0 |h<N T 0<0<$§

where supy is taken over all the stopping times T such that T" < M. Using
Theorems I1I-3 and 4 Kushner (1984) and the estimates of the perturbed
test function (6.6) and (6.7), we easily establish that 7° satisfies (3.18).
Combining this result with Lemma 3.3 yields the tightness of 7° as a process
in D([07 00)7 Lz(_Nv N))

STEP 4. CONVERGENCE OF THE PROCESS T°(uf). Combining the results
of the steps 3 and 4 yields the convergence of 7° in D([0, o), L*(—=N, N)).
Besides the finite-dimensional distributions converge to the distributions of
continuous processes, so the weak limit of 7 belongs to C%[0, o), LA~ N, N)).
As a consequence the convergence of 7° holds in C°([0, 00), L*(—=N, N)).
It follows from the expression (3.6) of the time delay that 7°(uf) weakly
converges in C°([0, 00), R).

STEP 5. VARIANCE OF THE LIMIT PROCESS. We aim now at calculating
the asymptotic variance. We still focus on the non trivial case a = 2. First
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some calculations yield that:

1
lim —InE[r (L)mo(L)] = B(ke, h), (3.19)
L—oo L

where B(ke, h) = ac(ke)k? (cosd),, and (cos¢), s given by (3.14). Since
B(ke, h) is maximal when h = 0 and %(kc, h) |h=o+= —27, %(kc, h) |h=o-=
427, we have for any continuous function ¢ with compact support:

e _ 80(0)  skor L seheo)l
/ E[7172]¢(h)dh = W@ -I— L_0>OO (Ze ) .

Then it is easy to complete the proof of (3.12). O

— 00

4. TRANSMISSION THROUGH A ONE-DIMENSIONAL WEAKLY
NONLINEAR RANDOM MEDIUM

We consider a one-dimensional Helmholtz equation with a small random
perturbation and study the problem of the decay of the transmission coeffi-
cient for large lengths with fixed output. It is well known that in the linear
case we have exponential localization (Carmona (1985)), while with a strong
nonlinear term we have a polynomial behavior of the transmittivity (Knapp
et al. (1989)). Our main aim is to show that we still have an exponential
decay of the transmission coefficient with a weak nonlinear term for fixed
output.

We study the propagation of monochromatic waves through a finite, non-
linear, disordered slab [0, L]. The time harmonic scalar field U satisfies the
equation:

Upe + k&n®?(z, |UA)U = 0, (4.1)

where ko is the vacuum wavenumber, and n(z, |U]?) is the index of refraction
of the medium.

Outside the slab [0, L], space is free and the index of refraction is equal to
one. The model for the medium inside the slab is deduced from some optical
media, whose indices of refraction are affected by the intensity of light and
by random inhomogeneities. Therefore we shall take the index of refraction
to have the form:

n7 (o, U) = nd (L4 m (@) + 5UP) , mi(2) =em(),  (42)

where m is an ergodic Markov process which describes the linear random
perturbations of the index of refraction, 4 and a are positive real constants.
The small parameter € establishes ratios between the different scales. The
employed scalings correspond to standard situations in optics (see Knapp
et al. (1989)). We assume that the correlation radius of the perturbations
and the wavelength are of the same order and are small compared to the
size of the slab L. More exactly the correlation length and the wavelength
are assumed to be of order £? while L is of order one. We therefore consider
that the homogeneous wavenumber is k% = k/c%. We assume also that the
amplitude of the random perturbation is weak, of order . Knapp et al.
(1989) studied the decay of the transmission coefficient in the limit corre-
sponding to these scalings when the size of the nonlinearity is of order one,
i.e. the case ¢ = 0. In 1991 the same authors considered the case a = 2,
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where only a slight modification of the arguments that are used in the linear
case is needed. We shall consider a nonlinearity of order £* for some real
a > 0. Of course the most relevant case is a small a.

We assume that a plane wave of amplitude Uy is incoming from the right,
so that there are an incident wave from the right and a reflected wave for
x > L, and a transmitted wave for 2 < 0. Therefore the wave U may be
presented in the following form, outside the slab [0, L]:

{ U(z) = Up(em™** (==L 4 Rt (@=L)y " ¢ > [,

U(x) = UgTe ™", x <0, (43)

where R and T are respectively the reflection and transmission coefficients.
They depend on the length of the slab L and on the amplitude of the in-
coming wave Uy because of nonlinearity.

REMARK 4.1. We could have considered the nonlinear stationary Schrédin-
ger equation with a random potential:

e 4+ V()00 — a|p|*p = k. (4.4)

However the scalings we have just described have to be adapted.

We aim at analyzing the scattering problem which consists of the equation
(4.1) with the boundary conditions (4.3). We introduce the normalized field
w such that U(z) = Upu(z). If we introduce the intensity of the incoming
wave w = |Up|?, then the equation (4.1) can be rewritten as:

Uy 4+ K72 (14 m* () + " Fw|u*)u = 0. (4.5)

The term *yw governs the strength of the nonlinearity of the system. The
boundary value problem (4.5,4.3) can be replaced by an initial value prob-
lem parametrized by the output intensity wg = |T°]?w. Let us define the
R-valued functions ¢° and 6° by u(z) = |7°|¢%(x)e~"" (*), Injecting this ex-

pression into (4.5), separating the real and imaginary multiples of e~ we
find that 65 = k°/¢°% and ¢° satisfies:
{ q;‘ = p672 3 3 qs(o) = 17 (46)
pe =k (70 = (L4 m®(2)g" — =*v¢*®) , p°(0) =0,

where v = Jwg. The initial conditions of (4.6) are imposed by the boundary
condition at z = 0 in (4.3). Using the boundary condition at x = L, we get
that the square modulus of the transmission coefficient T° can be expressed
as:

2k62

T°13(L) = , 4.7
| | ( ) EE(L) _I_k52 _ %k627€aq64(l/> ( )

where F° is the energy given by:

BH(L) = 5o )+ VL), Vi) = (0 o+ ) (08)

In order to explicit the periodic structure of the fast varying components
of the processes ¢%, p® and E°, we introduce the action angle variables (see
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Knapp et al. (1989)). The action [ is defined as a function of the energy F
by

1 1
IF(F)y=— dg = — 2F —2Ve(q)dq' . 4.9
(E) Qﬂqu %fv (4")dq (4.9)
Indeed, if you fix the energy at some value F, then the motion described by
(4.8) is perlodlc with a period given by 7%(F) = f =94 W
else by 277 . The angle ¢ is defined as a function of F and ¢ by
8pd 27 / dq'
ol 72 (E) RE—2Ve(¢)
The transformation (F,¢) — (I, ¢) can be inverted to give the functions
FE#(I) and Q°(I, ¢). Now we define ¢ by x = t/¢2. In the scaled variable ¢,
the correlation radius of the perturbation and the wavelength are of order 1,
while the size of the slab is of order e72. So we study the random processes

I¢(t/*) and ¢°(t/c?) in the scaled variable ¢; they are solutions of the
differential equations:

a1
—)=- (—z)kzhs(fs s
e E 1

€ t 2pe(7e E
dt<€2>: (1) = (SRR (1%, ),

where he(I, ¢) = (1/2)Q*(I, ¢) and w*(I) = 27 /x°(F*(I)) are smooth func-

tions and hs is periodic Wlth respect to ¢.

(bE(E, (]) _ _ (4.10)

(4.11)

LEMMA 4.2. For any integer N, we can expand w® and h*®

N
WD) = aj (e 4 W Ty, (4.12)
7=0
ZH $)elt 4 eWHDaRe (1 4), (4.13)

where a; and H; are smooth Sfunctions, r® and R° are smooth functions
uniformly bounded with respect to I € K, ¢ € R and ¢ € (0,1] for any
compact subset K of R. The explicit forms of the first terms ag and Hy are:

1 I I I

Proof. We first look for explicit representations of the functions w® and h*.
Let us fix IV and denote by €5 < €5 < €] the roots of the polynomial Pg(z) =
—%5“723 —k?22+2Fz —k?. A straightforward study of Pg yields that e5 <
0 < €5 < 1< €. As a consequence, the roots of 2(F — V=(q)) = P5(¢*)/¢*
are \/% and \/e—i. Then it appears that the bounds of the periodic motion

described by (4.8) are /€5 and /€. From the definition (4.9) of I*, it
follows that:

2 cos ¢. (4.14)

dIc 1 s (E) 'da’
E)= _/ 799 (4.15)

dk VEE ([P
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We can recognize an elliptic integral, which can be rewritten (Abramowitz

et al. (1965)) as

& r (€ e —-1/2
o= (e Gm - amn) L wa)
where
ﬂngggww» (4.17)

and K is the complete elliptic integral:

/2 _1/2
K(p) = / (1 psin®s) ds. (4.18)
0

On the other hand, w*(7) is equal to 2E2(1), i.e. the inverse expression of
(4.15). Since F=(0) = k* + T'ye (indeed, if I = 0, then €] = €5 = 1 and
Ppe (o) (1) = 0), we get an explicit representation of £ in terms of the roots e?
by integrating w*(/). Finally we can recognize in the expression (4.10) of ¢°
an elliptic function of the third kind. Using the formulas given in Chapter
16, Abramowitz et al. (1965), the expression of h® may be explicited by
means of Jacobian elliptic functions:

w0 = 5 (=) - 6 - st 1),
(4.19)
where sn is the Jacobian sinus given by:
S =sn(A,r) < S=sinf , /\:/gL. (4.20)
0 V1—rsins

In order to get the expansions of w® and h®, we adopt the following strat-
egy. We first expand the roots € in powers of ¢*. Then we expand the
functions 4= (E), w(I), E°(I) and Q°(I, ¢) successively.

Let us first fix /. Then the roots ef, €5 and €5 of the polynomial Pf
can be expanded in powers of €. In particular the first order terms of the
expansions are:

i:éE+ﬂﬁ7Z O(="),
= S(E-VE =) + 0",
— +o),

f:%ﬁﬁﬁt?%&+0@%y

The notation O(<?) is a shorthand for an expression of the form: f;(E)e* +
fo(E)e* 4 ... where fi, fa, ... are smooth deterministic functions.
The function I — I°(F) is defined by (4.9) and its derivative by (4.16). It
admits therefore an asymptotic expansion whose first order term is:
dl¢
dFE

(4.21)

(E) = ﬂ +0(e). (4.22)
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By inverting we get the expansion (4.12) of w®. By integrating with respect
to I, we find that F*(I) = E(0) + 2kI 4+ O(c"). Since E*(0) = k* + O(=?),

we get:

B = K201+ 25y 4 0", (4.23)

k

The composition of the functions I +— E*(I) and E + e3(F) therefore
admits an expansion in powers of £%:

ey 27 [T ) .
es(F (I))_l—l—?—Q E+(k) + O(=%), (.24)

Finally, from the representation (4.19) of h° and the asymptotic expansions
of the Jacobian functions (Abramowitz et al. (1965)), we can establish the
expansion (4.13) of h®. O

From now on, we fix an integer N such that (1 + N)a > 2. We will
see that the expansions of w® and h® at this order are sufficient for our
purpose. We aim at studying the differential equations (4.11) satisfied by
the process (I°(t/e?), ¢°(t/*))s>0. Since the ¢-equation in (4. 11) has a fast
varying part w®(I), we introduce new variables 77(t),j = 0,..., N and a
new random process ¥°(t) defined by:

de ja—2 £ t £
%(t) = —e/"a;(1 (5_2))’ 7;(0) =0,

N (4.25)
6 (53) = 70+ Y70

75 (t) is the fast varying component of the angle ¢(¢/c?). Its behavior has
a characteristic time of order £? while the semi-fast varying components
Tf(t)J =1,..., N have characteristic times of order £277¢ respectively. We
can express the differential equations (4.11) with the scaled length ¢ and
these new variables:
N

dre 1k2tHIEEN6
T S AT (X0 3%

7=0 =0

N
+€<N“>“‘1k2m< 7) RS (F,QMZ#)

l

=0
di® - > e
dt = _Zgl —ja ) (Iv¢ ZTI)

(=0

—|—€(N+1)a_1k2 ( )Rs (167¢6+Z ) N—l—l)a 2 6([6)
(4.26)
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where Hy is given by (4.14). In particular, Hy is periodic with respect
to its second variable. Moreover we can notice that the last term will be
asymptotically negligible since (N + 1)a —2 > 0. In fact, that is the motive
for our choice of the integer N. By applying Theorem 6.1 in the appendix,
we get that (I°(¢/e?))i>0 converges weakly to a Markov process (I(t)):>o
whose generator is given by: -

L= QB 9 (I + (5)2) 0 (4.27)

2 9I\k 'k )OI
where o, (k) has been defined by (2.8). Coming back to the square modu-
lus of the transmission coefficient, we find that (|7¢|?(L/c?))r>0 converges
weakly to the process 7(L) = 1/(1 + I/k(L)). (T(L))r>o is a Markov

process with generator L7 given by:

1 7] 0*
Lr=za.(R)ET* | -+ (1= T) 5 | - 4.28
r = 5T (- 2+ 1= T (1.29
It is the same generator as in the linear case. Asymptotically, the square
modulus of the transmission coefficient has the same law in the linear case
and in the weak nonlinear case for the output problem. In particular,
e (k)k?

.1
Lh_}mOO T InE[T(L)] = i (4.29)

5. PHASE DIFFERENCE

We are now interested in the phase difference of the reflected wave in the
situation described in Section 4. We consider the one-dimensional Helmholtz
equation (4.1) where the index of refraction n® is described by (4.2). We
assume that a monochromatic plane wave with amplitude Up is incoming
from the right. If we consider a free boundary condition at x = 0, then the
incident wave is scattered into a reflected wave and a transmitted wave, so
that the wave has the form U(z) = Up(e=*(==L) 1 Ree (==L for 2 >
L. From the previous section, we know that the modulus of the reflection
coeflicient is exponentially close to 1 for large lengths L. As a consequence,
if we focus on the phase then it is convenient to analyze the problem with
a totally reflecting condition at the interface z = 0, so that R® = ",
1 is the phase difference of the reflected wave, that means the difference
between the phase angle of the reflected phase and the phase angle of the
incident wave at the interface z = L. If the medium is homogeneous inside
the slab [0, L] (i.e. mn = ng), then ¥ = 2k°L 4+ =. So the relative phase
difference due to the fluctuations of the index of refraction is ¥° — 2k°L — 7.
We aim at describing 4 in the limit case described in Section 4, where the
fluctuation of the linear component of the index of refraction is of the form
m®(x) = em(x/e?) and the homogeneous wavenumber is k° = k/c?. We can
now state the main result of this section.

ProprosiTION 5.1. The phase difference 1% has the following structure when
e —=0:

kL kL
(0= 2 T ) 4, (51)
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where ¢° converges weakly to a Brownian motion whose diffusive constant

is k? (oo (k) + 20.(0)), and v = F|Uo|?.

Proof. By standard arguments (see Papanicolaou (1988)), we can find the
equation which governs the evolution of the phase 6°(L) := (L) — 2k L /<?:

d6° oL  N\\[1 L. 23w oL
dL_k(l—l—cos(g—z—l—H))(gm(g—z)—l—gz_a(l—l—cos(g—z—l—O)))

If @ > 2, then it is obvious to check that the nonlinear term has no effect
on the phase. If a € (0,2], then we introduce the semi-fast varying phase
FwkL 5o that

g2—a 3

1) = (1) + o7 (1) + L

where £ and ¢° satisfy:

s 2k 2kL 35wk 3

S ((1—C05(—2+%+56(L)+¢6(L))) ——)7
€ €

dL ~— g2-a 2

do° kL 2L 33wkl .

=Bl (1o (B ey v o) ).

with the initial conditions £°(0) = 0 and ¢*(0) = 0. Then, applying Theorem
6.1 in the appendix, we get that the process (£°(L),¢"(L))r>0 converges

weakly to the Markov process (0, ¢(L))r,>0 whose infinitesimal generator L4
is given by:

k2 2
Lo =5 (o) + 20.00) 51
where a.(k) has been defined by (2.8). O

6. APPENDIX : MULTI-SCALED DIFFUSION-APPROXIMATION

In this appendix, we prove the multi-scaled diffusion-approximation the-
orems that are applied in this paper. General versions of these theorems
can be found in Garnier (1996). We consider first the following problem: we
aim at proving the weak convergence of the R%valued process X° defined
by the system:

e [ SURRUR AU ORI 1))

dt
N
F Y G 0, (0,10, 0, TR0 (6.)

LR (X1, 47 (0, B (), 75 (0), - TR(0)

X®(0) = =9cR%
dT;t ! B (Xe(t £(0 0, 7=1 N
%()_812_]@ ]( ()) ) Tj()— y J = Ly 1Y, (62)
t)y=—=A he(0) = 0.
=2 B0 =0

dz;

In the following we shall denote 7 = (71,...,7x5) and V = ( 0 ) .
7=1,....N

)

We assume that:
e ¢ and b are positive constants.
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e A is a constant different from 0 and B;(z) are smooth functions for all
j=1,...,N.

e ¢°(1) = q(t/?) where ¢ is a Markov, stationary, ergodic process with
generator ), satisfying the Fredholm alternative.

e I" and G are R%valued functions which are periodic with respect
to their third variables; they satisfy centering conditions: For any z, T,
(E[F(z,q(0),h,7)]), =0 and (E[G;(x,q(0),h,7)]), =0, where E[.] denotes
the expectation with respect to the invariant probability measure of ¢ and
(.)}, stands for an averaging over a period 7" in h.

Instead of technical sharp conditions, we assume that /" and (; are smooth
and have bounded partial derivatives in .
e R° is a function such that, for any compact subset K of R% we have:

sup  sup |R*(z,q,h,T)| < oo. (6.3)
56(071] l’e]{,q,hﬂ'

e N is an integer such that (N + 1)a > 1.
We introduce the infinitesimal generator £ defined by:

Chw) = [ duBIF @ g0).h 1) (Ploglu),hot Aur). ¥,
(6.4)

and claim that £ does not depend on 7.

THEOREM 6.1. The process (X°(t))i>0 given by (6.1) converges weakly in
CY([0,0),RY) to the diffusion Markov process X generated by L of (6.4).

This theorem is actually a multi-scaled version of Theorem 2-7 Papanico-
laou et al. (1976). We will use the perturbed test function method (Kushner
(1984)) to prove it.

Proof. (¢°(t), h*(t), 7°(t), X°(t))s>0 is a Markov process with generator £°:

1 9. L1 a1
L° = 8—2(Q+A%)+ZWBJ($)8—U+EF(xv%th)'v
j=1 (6.5)

N
1 b pe
+Z - 2 Ci(@ 6 b 7).Vt e R (2, ¢, R, 7).V
p=

According to Kushner (1984) (see Chapter 11l Theorems 2 and 4), the most
important fact to establish is:

For any bounded, C* function [, we can find a family of functions f¢
such that, for any compact subset K of R%:

e e—0
sup | f*(2,q,h,7) — f(z)] =50, (6.6)
re€K,q,h,T
sup |Lf(x,q,h,T)— Lf(2)] =%0. (6.7)
re€K,q,h,T

Let f be a bounded, C* function. We define f¢ by:

N
e g hr)=f)+ > ™ fipi(a, g by 7) + e fvgal(e, g, by 7).

7=0
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f¢ is a correction of f, whose corrective terms f; will be chosen such that
(6.6) and (6.7) will be satisfied. If we apply the generator L% to f° then we
find:

cope =1 QQ+A M+FVO

‘|‘Z€1 —ja (ZB f]-l—l ’L—I_G Vf—|—(Q—|—A8)f]+1)

((Q_I_A )fN-l—Z‘I’val) (ga/\b/\((N-I—l)a—l))‘

Our first aim is to get £° f° without any divergent term. The second one will
be to get an expression with a O(1) term independent of ¢, h, 7. Therefore
we define the functions f; as follows:

fieg b= (@t AL

) (Bl g b, 7)),

does not have an inverse. However, denoting h = h mod T, the

J
(Q+ A%)

Markov (¢°, k%) satisfies the Fredholm alternative. Therefore (Q—I—A%) has

an inverse on the subspace of periodic functions which are centered under
the invariant probability P @ Mg 7y of (g, h). Thus the previous expression
is well-defined since (E[F(z,¢(0),h, 7).V f(z)]), = 0. An explicit expression
of fi is:

filz,q, h,7)= /000 dul, [F(z,q(u), h+ Au, 7).V f(2)].

For j=1,...,N, we define by induction f;i;:
J
ah)

J
(Z Bi(x)%fj-l—l—i ($7 q, h7 T) + G] ($, q, h7 T)Vf($)) .
=1 ¢

fj-l—l(xv(Jvth) (Q—I_A

The function between parentheses is centered. Indeed, on the one hand &
is centered by assumption, and on the other hand we can show that f; is

centered by induction with respect to j, since the operators (Q + A@h)

J
and —— do not modify the centering.

Flnally we adopt for fay2 the following expression:

Igalesa,hor) = ~(@+ A

(F($, q, h7 T).Vf1($, q, h7 T) - <E[F($7 (](0)7 h7 T)'Vfl ($7 (](0)7 h7 T)]>h)
which is well-defined because of the centering of the integrated term.
Adopting this definition for f*, we have:

£6f6($, q, h, 7_) — ,Cf($) + O(ga/\b/\((N+1)a—1))7
where £ is given by (6.4). Thus f* satisfies (6.6) and (6.7).
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Finally, G; and the semi-fast varying phases 7; “(t),7=1,..., N disappear
in the dlffusmn limit. They are negligible Compared to F and the fast varying
phase At/? respectively. O

The above result deals with a diffusion-approximation problem with fast
and semi-fast varying phases. We are now concerned in proving a diffusion-
approximation result where an ultra-fast varying phase competes with a
random process. This result is needed in Section 2. We consider the fol-
lowing problem: we aim at proving the weak convergence of the R%valued
process X< defined by the system:

Zz7w=%nx%m¢v»w@» X*(0) = a0 € R, (6.8)
(Z (0) = @C’ ¢°(0) = 0.

We assume that:

e ¢ and (' are positive constants.

o ¢°(t) = q(t/<?) where ¢ is a Markov, stationary, ergodic process with
generator ), satisfying the Fredholm alternative.

e Fis a smooth R%valued function which is periodic with respect to its
third variable and satisfies (E[F'(z,¢(0), ¢)]), = 0, where E[.] denotes the
expectation with respect to the invariant probability measure of ¢ and <>¢
stands for an averaging over a period in ¢.

THEOREM 6.2. The process (X°(t))i>0 given by (6.8) converges weakly in
C°([0,00), R?) to the diffusion Markov process X generated by the infinites-
imal generator L given by:

ch) = [ auE (P a(0).), 5 ((Fleau), ), VI@)] - (69

An infinite-dimensional version of this theorem is also available in Bailly

(1996).

Proof. (¢°(t), $°(t), X°(t))s>0 is a Markov process with generator £ given
by:

. C 0 1
L 52"‘08(;5—'_ —Q + F(ac q,9).V. (6.10)

We still use the perturbed test function method to prove this theorem. We
denote by M an integer that satisfies Mc¢ > 1. Let f be a bounded, C*
function. We define f¢ by:

M
fs(wv q, ¢) = f($) —I_gfl,O(xv Q) + Zgl—l—jcfl,j(xv q, ¢)
J=1

‘|'€2f2,0(907 q) + €2+Cf2,1(907 q,0).
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Applying the generator L° to f*, we get:
£ f&€ 1 8f 2
cf o= E(QHM%Q+F@44WVﬂ@+C lﬁ

dh
M- o/,
+ ; e (C 5 ($7q7¢)‘|‘Qf17j(x,q,¢))
J
+ (C 6]:351 (x,4,9) +Qf20(2,¢) + F(2,q,6).V fio(z, q))
_I_O( AN Mc— 1))

Defining
h o(w q)=-Q7 (Fz,q,.)), V()
fii(@,q,0) = —i d¢ ( (x,q,8") = (F(x,q, )>¢) Nf(@)+ ez, q).

the O(%) term in ,Csfs becomes 0, whatever ¢; ; is. Choosing now ¢ ; as:

custes) = (& [0 (Pt = (Fla.,) T70))

¢
we get that f;; is periodic with mean 0. Defining by induction

fl,j+1($7q7¢) _i d¢ Qfl,](x (]7¢) +Cl,j+1($7q)7

0
where

Cl,j—l—l(xv Q) = <% /0 d¢/Qf1,j($7 q, ¢/)>¢ 3

all the terms of order

be

are equal to 0. Finally, we take fyo and fy; to

1
el=jec

foola,q) = -Q*
(G%m%wwvﬁM%w—EUF@q()» N Frole,q(0)])

foi(z,q,0) = —l d¢ ( (z,9,¢") — (F(a.q, )>¢) Vfro(@, q),

which are Well—deﬁned because of the Fredholm alternative and of the cen-
tering conditions. As a consequence f¢ satisfies the condition (6.6), and

Lo (@,q,8) = Lf(2) + O D),
where Lf = E {<F( :q(0),.))y -V f10(2, q(O))} is given by (6.9) so that f*
fulfills (6.7). O

REMARK 6.3. In this appendix we could have presented only one theorem
by considering a more general situation where we would have taken into
account all the terms that we dealt with successively in Theorems 6.1 and
6.2. However, for the sake of simplicity in the notations, we preferred to
break our presentation into two parts.
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