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LAPLACE ASYMPTOTICS FOR

GENERALIZED K�P�P� EQUATION

JEAN�PHILIPPE ROUQUES

Abstract� Consider a one dimensional non linear reaction�di�usion

equation �KPP equation� with non�homogeneous second order term�
discontinuous initial condition and small parameter� For points ahead

of the Freidlin�KPP front� the solution tends to �� and we obtain sharp
asymptotics �i�e� non logarithmic�� Our study follows the work of Ben
Arous and Rouault who solved this problem in the homogeneous case�

Our proof is probabilistic� and is based on the Feynman�Kac formula

and the large deviation principle satis	ed by the related di�usions�

We use the Laplace method on Wiener space� The main di
culties
come from the non�linearity and the possibility for the endpoint of

the optimal path to lie on the boundary of the support of the initial
condition�

�� Introduction

The purpose of this paper is to obtain precise �i�e� non logarithmic� asymp�
totics of u��T� x� for certain values of �T� x�� where u��T� x� is the solution
of generalized KPP equation
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u���� x� � 
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where c is a non�negative C� function such that there exists k � � satisfying

c�x� � k �
 	 jxj�� jc��x�j � k �
 	 x��� �
���

� is C�� with bounded derivatives� such that there exists M � m � �
satisfying

m � ��x� �M� �
���

r is a one�to�one C� increasing function from �� 
� to �� 
��

Our study follows the work of Ben Arous and Rouault �
���� who solved
this problem when � � 
 and r�u� � u�
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The Feynman�Kac formula gives an equivalent form of �
�
�� that is

u��T� x� � E
fX�
T � �g exp




��

Z T

�

c�X�
s�
� r�u��T � s�X�

s��� ds �
���

where X� is the di�usion solution of the stochastic di�erential equation
X�
t � x	�

R t
� ��X

�
s�dWs� According to the large deviation principle satis�ed

by the laws of �X������ the limit of �
� lnEf�X�� exp ���F �X��� exists for

many continuous functionals f and F � By adapting this technique� Freidlin
�
��� and 
���� derived the asymptotics of ln u��T� x� �the di�culty coming
from the u� in the expectation of �
����� He proved the existence of a non�
positive function V ��T� x� such that

i� if V ��T� x�� �� then �� ln u��T� x�� V ��T� x�
ii� if �T� x� is in the interior of fV � � �g� then u��T� x�� 
�

This makes clear the propagation of a wave front� �t� x� is ahead �resp�
behind� of the front if u��t� x�� � �resp� u��t� x�� 
��

In order to get precise asymptotics of Ef�X�� exp ���F �X���� one can
use the Laplace method on Wiener space �see Doss �
����� Azencott �
����
�
�� Ben Arous �
����� under the standard hypothesis� the maximum of
F � I on f	 j f�	� �� �g � where I is the action functional of �X������ is
attained at a unique path 
� and this maximum is non�degenerate� When f
is not continuous at 
� new techniques are required �see Azencott �
������
We will use them since the initial condition 
������ is discontinuous at ��

However� precise asymptotics of u��t� x� cannot be obtained by using
directly Laplace method because of the presence of u� in the expectation of
�
���� presence related to the non�linearity of �
�
�� Nevertheless� u��t� x�
approaches � with exponential speed ahead of the front� Thus� if the path
s� X�

T�s��� stays ahead of the front� we can neglect most of its contribu�
tion� i�e� for all t � T and � � ��

exp� 

��

Z t

�

c�X�
s����r�u

��T � s�X�
s����� ds � O�exp� �

��
��

More precisely� only exp� 

��

Z T

T � �a
c�X�

s����r�u
��T � s�X�

s����� ds con�

tributes �a ���� 
� T ��a and T de�ne a boundary layer� see Ben Arous and
Rouault �
������

But what happens for other �� Under the Laplace method usual hy�
pothesis� only paths X���� close to the optimal path 
 really contribute�
So� if we want to approximate the case where the paths s � X�

T�s��� stay
ahead of the front� we will assume that 
 stays� in reversed time� ahead of
the front �i�e� �s � �� T  V ��T � s� 
s� � ��� This hypothesis is close
to condition �N� of Freidlin �see Freidlin �
��� p� ����� and Freidlin �
����
where one can �nd several examples where this condition is satis�ed�� A
recent result of Barles and Souganidis �
���� concerning the asymptotics of
�� ln

�

�u��t� x�� behind the front might enable us to carry the proof to the

end without this hypothesis�
In section �� we state our main results� give connections with branching

di�usions and summarize the proof� which starts in section � where we
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carry out the Laplace method� We prove in section � that only a boundary
layer can contribute� In section �� we construct di�usion bridges using the
Skorokhod integral� In section �� we study the contribution of the non�linear
part and end the proof in section ��

�� Results

Let T � ���		 and x � R� Hx stands for the Cameron�Martin space

f	 � �� T �� R j 	� � x� 	 absolutely continuous�

Z T

�

�	�
s ds �	g�

If f is a continuous function on �� T �� we let kfk � sup��t�T jf�t�j�
If f is continuous on a� b�� we let kfkba � supa�t�b jf�t�j�
o�
�� O��� � � � and positive constants denoted �cst� are all universal� i�e� may
only depend on �� c� r� T and x�

���� The linear problem

We introduce the linear problem related to �
�
����
��
�tv

� �
��

�
���x� ��xxv

� 	
c�x�

��
v�

v���� x� � 
fx � �g
���
�

Precise asymptotics of v� will help computing the ones of u� since u� � v�

�consequence of the maximum principle or of the Feynman�Kac formula��
Let

F �	� �

Z T

�

c�	s� ds�

According to the Feynman�Kac formula�

v��T� x� � E
fX�
T � �g exp �

�� F �X��� �����

The laws of �X�
s �s�T satisfy a large deviation principle with action functional

I�	� �



�

Z T

�

�	�
sS�	s� ds if 	 � Hx

� 		 otherwise�

where S � ���� Therefore� lim
���

�� ln v��T� x� � V �T� x�� where

V �T� x� � supfF �	�� I�	� j 	 � Hx� 	T � �g�

We will obtain asymptotics of v��T� x� under the Laplace method usual
hypothesis�

�H
� the maximum in V �T� x� is attained at a unique path 
�
�H�� 
 is a non�degenerate maximum�
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Let R � F � I � For 	 � Hx and h � H��

R��	��h �

Z T

�

c��	s� 	



�
�	�
sS

��	s� 	 �	sS�	s��hsds� �	TS�	T �hT � �����

Therefore� �H
� yields�

c��
� 	



�
�
�S��
� 	 �
S�
� � � �Euler equation�

� �
T 
 �

T �
T � � �complementary slackness�

R��
��h � � �
TS�
T �hT for h � H�� �����

The case 
T � � can be reduced to a problem without constraint and the
result is known �see Azencott �
�����
� and Ben Arous �
������ We will
hence study the case 
T � ��

Remark ���� ����� has a geometrical interpretation� since R attains its
maximum on E � f	 j 	T � �g on the boundary of E� its gradient at 

and the outwardly normal of E in 
 are positively linked�

We will now focus on the meaning of �H��� We have�

R���
��h� �

Z T

�

c���
s� 	



�
�
�
sS

���
s� 	 �
sS
��
s��h

�
sds� �
TS

����h�T � hh� hi

where h � i is the scalar product de�ned on H� by hh� hi �
Z T

�

�h�sS�
s�ds�

We will say that 
 is a non�degenerate maximum if there exists  � �
such that

R���
��h� � � hh� hi for all h � H�� �����

Introduce now A� the self�adjoint Hilbert�Schmidt operator on H� de�ned
by

hAh� hi �
Z T

�

c���
s� 	



�
�
�
sS

���
s� 	 �
sS
��
s��h

�
sds� �
TS

����h�T � �����

Since A is self�adjoint and compact� there exists a basis �fn�n�� of eigenvec�
tors of A� orthonormal with respect to h � i� De�ne �n�n�� the correspond�
ing eigenvalues� � being the largest one� Condition ����� is thus equivalent
to

� � 
� �����

We now de�ne a gaussian process and its corresponding bridge by

g��t� �

Z t

�

��
s� dWs� g���t� � g��t��
R t
�
���
s� dsR T

�
���
s� ds

g��T � t � T� �����

By extending de�nition ����� to continuous functions h on �� T �� we de�ne

K�h� �



�
hAh� hi for all h � C�� T �� �����
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Finally� let p � � �
T�������

Theorem ���� Assume �H��� �H�� �i�e� ����� or ���	��� 
T � � and
� �
T � �� Then

v��T� x� � A� � 	 o���� exp ��� V �T� x��

where A� � p�����

Z T

�

���
s�ds�
� �

� E expK�g����

Remarks ���� i� If 
T � �� by directly using the Laplace method� we get

v��T� x� � E expK�g�� 	 o�
�� exp ��� V �T� x���

ii� If 
T � � and � �
T � �� it is easy to get �see section ��

v��T� x� � E
fg��T � � �g expK�g�� 	 o�
�� exp ��� V �T� x���

The previous constants are �nite� as a consequence of

Lemma ���� There exists � � � such that� for all � � ��

Eexp �
 	 ��K�g��� �	 and Eexp �
 	 ��K�g���� �	�

Proof� We adapt here a computation of Ben Arous �
����� The equality

hAh� hi �
�X
n��

nhh� fni� can be extended by density to continuous martin�

gales h such that h��� � � if we let hh� fni �
R T
�
�fn�s�S�
s�dhs� Moreover�

Ehg�� fnihg�� fmi� �
Z T

�

�fn�s�S�
s���
s� �fm�s�S�
s���
s� ds � hfn� fmi�

Hence� hg�� fni are independent� gaussian� centered� reduced� Since A is
de�ned by restriction to H� of a continuous quadratic form on C�� T �� A is
a trace class operatorH� �see Kuo �
���� th� ��� p����� i�e�

P�
n�� jnj �	�

Hence� for �
 	 ��� � 
� we have

Eexp �
 	 ��K�g��� �
Y
n

Eexp

 	 �

�
nhg�� fni��

�
Y
n


� �
 	 ��n�
� �

�

�
�
detI � �
 	 ��A�

�� �

� �	�

A similar computation with the restriction of A to fh � H��h�T � � �g
yields E exp�
 	 ��K�g��� �	�

tu
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���� The nonlinear problem

Let

V ��T� x� � supf inf
��t�T

Z t

�

c�	s�� 

�
�	�
sS�	s�� ds j 	 � Hx� 	T � �g�

Our �rst hypothesis is

�H�� i� The maximum in V ��T� x� is attained at a unique path 
�
ii� V ��s� 
T�s� � � for all s � ��� T ��
iii� V ��T� x� � V �T� x��

ii� means that the optimal path 
 runs always ahead of the front� ii� and
iii� are satis�ed under condition �N� of Freidlin�

�H�� is equivalent to V ��T� x� � � and the set of �	� t� realizing the equality
in V ��T� x� is a singleton of the form �
� T �� This was proved by Ben Arous
and Rouault �
���� in the case � � 
� and it can be extended easily�
�H�� yields x � �� 
T � �� � �
T 
 �� and c���� �

�
�
�
TS��� � ��

We need more than this last inequality to analyse the boundary layer�
i�e�

�H�� � �
T �
p
�c���������

�H�� means that 
� in reversed time� moves quickly away from the front�

Since �H�� implies V �T� x� � R�
�� we can select� as a non�degeneracy
hypothesis for the nonlinear problem� that of the linear problem �H���

Finally� let

g�y� � E exp�c���
Z ��

�

r��u�s�� �
T s 	 y 	 ����Ws��ds where���
��
�t�u �




�
����� ��xx�u	 c����u�
� r��u��

�u��� x� � 
fx � �g

Theorem ���� Under hypothesis �H��� �H
� and �H���

u��T� x� � A� �	 o���� exp ��� V ��T� x��

where A� �

Z �

��

g�y� exp py dy ���

Z T

�

���
s�ds�
� �

� E exp K�g����

Remarks ���� i� If � � 
� we can weaken the hypothesis on r� r is a
one�to�one increasing continuous function from �� 
� to �� 
�� C� on ��� 
��
lim
u��

ur��u� � � and

� � � �
Z �

�

r�u�

u���
du � 		� ���
��

ii� By using transformations x� x�a or x� �x	a� we get similar results
with initial condition f�x� � 
fx � ag or f�x� � 
fx 
 ag�
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We can also treat the case f�x� � � if x 
 �� f�x� ���� 
� if x � � and
f smooth�

Let k � inffn 
 
 j f �n	��� �� �g� We have

u��T� x� � A� �
k�� 	 o��k���� exp ��� V ��T� x��

where A� �
f �k	���

k�

Z �

��

ykg�y� exppy dy ���

Z T

�

���
s�ds�
� �

� E exp K�g����

iii� Let us prove that g�y� � � for all y� and therefore A� � ��

Let � � �p�c���������� �
T � We have a�s�

�s� 
 � �s 
 s� � �
T s 	 y 	 ����Ws 
 �s�

Since �u�s� �� is non increasing �Kolmogorov� Petrovskii and Piscunov�
������
we get a�s�

�s 
 s� �u�s�� �
T s	 y 	 ����Ws� � �u�s� �s��

Since � �
p
�c��������� we have �see Freidlin �
������

lim
s���

ln �u�s� �s�

s
� �


�

� ��

�����
� �c�����

Therefore�

Z ��

�

r��u�s�� �
T s 	 y 	 ����Ws��ds �	 a�s� and g�y� � ��

���� Connection with branching diffusions

Let  be a non�negative function on R� Consider the following branching
di�usion�
i� a particle starts from x � R� and executes a small di�usion

dX�
s � ���X�

s�dWs

ii� its lifetime � is given by

P �� � t� t	 dt j X�
t � y� � 
 t� � ����y�dt	 o�dt�

iii� when it dies� it is replaced by a random number of descendants N
iv� each descendant� starting from where its parent died� repeats i�� ii�� iii��
All di�usions� lifetimes and number of descendants are independent of one
another�

Let N�
t be the number of particles in ��	� �� at time t�

Then� Px�N
�
t �� �� is the solution of���

��
�tu

� �
��

�
���x� ��xxu

� 	
c�x�

��
f�u��

u���� x� � 
fx � �g
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where c�x� � �EN � 
��x� and f�u� � �EN � 
���
�

� u � E�
� u�N

�
�

Assume P �N � �� � � and EN � 
� Then f is a KPP type non�linearity�
i�e�

f��� � f�
� � �� f�u� � � for u � ��� 

f � C��� 
�� f ��u� � f ���� for u � ��� 
��

De�ne r such that f�u� � u�
 � r�u��� Then r is increasing continuous
one�to�one from �� 
� to �� 
�� C� on ��� 
�� and lim

u��
ur��u� � ��

The additional hypothesis made on r can be expressed in terms of N �
� r is C� on �� 
� if and only if E�N�� �	 �easy check��
� ���
�� holds if and only if E�N�logN����� � 	 �see Athreya and Ney
�
���� p� ����

In the homogeneous case �� and c constant�� Chauvin and Rouault
�
���� th�
� obtained asymptotics of Px�N

�
t �� �� for �t� x� in the sub�critical

area �i�e� ahead of the front� under the weaker condition E�N logN� �	�
We can translate our results into branching di�usions language� since

ExN
�
t is solution of linear equation ���
�� we get� under hypothesis of th�

��
 and ���� asymptotics for ExN
�
T and Px�N

�
T �� ��� For instance� ExN

�
T j

N�
T �� �� goes to a �nite limit� This means that� when ��	� �� is visited at

time T �a rare event�� the average number of particles in this area is �nite�

���� Summary of the proof

Starting with ����� and �
���� we implement the Laplace method �section ��
which consists in localizing around 
� applying the Girsanov formula� then
performing a stochastic Taylor expansion of the di�usion Z�

t � �
R t
� ��
s 	

Z�
s �dWs of the form Z� � �g� 	 ��g� 	 remainder �g� is gaussian�� We get

v��T� x� � v�� exp �
�� V �T� x�� and u��T� x�� u�� exp �

�� V ��T� x�� where

v�� � E
fZ�
T � �� kZ�k � �g exp p ����g��T � 	 g��T �� 	K�g���

u�� � E
fZ�
T � �� kZ�k � �g
exp p ����g��T � 	 g��T �� 	K�g��� ���F���� T� 
	 Z���

F��t� t
�� 	� �

Z t�

t

c�	s�r�u
��T � s� 	s�� ds�

For v��� we now use the following strategy�

i� We prove v�� � E �
��g�� g�� 	 o��� for some  �

� �lemma ��
��
ii� We construct a process ! independent of g��T � such that g� and g� can
be expressed in terms of ! and g��T � �lemma ��
��
iii� Therefore v�� � E �

��!� g��T �� 	 o��� for some  �
�� We condition on !

and prove that the gaussian integral ���E �
���� g��T �� goes to a non zero

�nite limit �for �xed ��� This implies v�� � cst � �section ��
��

Concerning the nonlinear problem� we prove in section � that we can
neglect F���� T � �a� 
	 Z�� for a ���� 
� i�e� u�� � u�� 	 o��� where

u�� � E
fZ�
T � �� kZ�k � �g ���

�

exp p ����g��T � 	 g��T �� 	K�g��� ���F��T � �a� T� 
	 Z����
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For u��� the strategy is close to that used for v
�
��

i� We condition on ��Z�
s � s � T � �d� Z�

T � for d ���� a�
From F��T � �a� T� 
	Z�� arises a functional of Z� conditioned on its �nal
position Z�

T studied in section ��
ii� We prove u�� � E �

��g�� g�� 	 o��� for some  �
� �lemma �����

iii� We construct a process !� independent of �g��T � �d�� g��T �� such that
g� and g� can be expressed in terms of !� and �g��T � �d�� g��T �� �lemma
�����
iv� Therefore u�� � E �


�!�� g��T��d�� g��T ��	o��� for some  �

� We condi�

tion on !� and prove that the gaussian double integral �
��E �


��� g��T��d��
g��T �� goes to a non zero �nite limit �for �xed ��� This implies u

�
� � cst �

�section �����

�� The Laplace method

Let � � �� By �H
�� �
��� and large deviation arguments� there exists � � �
such that

v��T� x� � E
fX�
T � �� kX�� 
k � �g exp

F �X��

��
�	Oexp

�V �T� x�� ��

��
��

Then� we apply the Girsanov formula and get �see Azencott �
�����
� pp�
��������

v��T� x� � E
fZ�
T � �� kZ�k � �g exp ���F �
	 Z��� G�Z��� ���
�

	Oexp ��� �V �T� x�� ���

Z�
t � �

Z t

�

��
s 	 Z�
s �dWs

G�Z�� �

Z T

�

�
s S�
s 	 Z�
s �dZ

�
s 	




�
�
s ds��

Z� is known to have the following stochastic Taylor expansion �see Azencott
�
�����
� p� ��
�

Z� � � g� 	 �� g� 	 ��"� where �����

g��t� �

Z t

�

���s�dWs� g��t� �

Z t

�

���s�g��s�dWs� and �i�s� � ��i	�
s��

The remainder "� is such that� � c�� c� � � �� 
 � � � �r 
 c� �
��

P �kZ�k � � � � k"�k 
 r� � exp�c�r ���� �����

����� yields� for �xed � � � and � � c� �
���

sup
�� �����

E
fkZ�k � �g exp � � k"�k � cst��� �� c�� c���
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Remark ���� Azencott inequalities can sometimes be improved since their
left�hand side members are non�decreasing function of ��

Thus� the previous inequality becomes� �� � � ������ � �
sup

��������	

E
fkZ�k � �g exp � � k"�k �	 �����

Let Z
�
� �g� 	 ��g�� By composition of Taylor expansions� we get

F �
	 Z��� G�Z�� � F �
� 	 F ��
��Z
�
	
��

�
F ���
��g�� �G� 	 ��#� �����

where G��

Z T

�

�
sS�
s� 	 S ��
s��Z
�
s 	

��

�
S ���
s��g

�
��s��dZ

�
s 	




�
�
sds��

The remainder ��#� satis�es �see Azencott �
�����
� p� ��
 and remark
��
�

�� � � ������ � � sup
��������	

E
fkZ�k � �g exp ��j#�j �	 �����

�� � � �c���� � � �r 
 c���� P �kZ�k � � � j#�j 
 r� � exp� r���

c����
������

We transform ����� by using ����� and ����� �which is still meaningful when
h is a continuous martingale on �� T � such that h��� � ��� We get

F �
	 Z���G�Z�� � V �T� x� 	 R��
��Z
�
	 ��K�g�� 	 ��#�� �����

We can extend the identity R��
��h � phT by density to continuous martin�
gales h such that h��� � �� Hence� according to ���
� and �����

v��T� x� � exp
V �T� x�

���
�E
fZ�

T � �� kZ�k � �g exp
pZ

�

T

��
	K�g�� 	 �#��

	Oexp ��� �V �T� x�� ����

Let v�� � E
fZ�
T � �� kZ�k � �g exp pZ

�

T �
�� 	K�g����

Lemma ���� If � is small enough� then

v��T� x� � v�� 	 o�v��� 	 o���� exp ��� V �T� x� ��

Proof � Let b ���� 
�
It is enough to prove w�

� � o��� and w�
� � o�v��� 	 o��� where

w�
� � E
fj#�j 
 �b��� Z�

T � �� kZ�k � �g exp
pZ

�
T

��
	K�g���exp��#��� 
�

w�
� � E
fj#�j � �b��� Z�

T � �� kZ�k � �g exp
pZ

�

T

��
	K�g���exp��#��� 
�

Lemma ���� ������ ����� and H�older inequality yield� �� ���� � ������ � �
sup

��������	

E
fkZ�k � �g exp �
 	 ���p�"�T 	K�g�� 	 �j#�j� �	� �����
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�see remark ��
�� which implies the very useful result

sup
��������	

E
fkZ�k � �g exp �
 	 ���p�"�T 	K�g��� �	� ���
��

����� and ����� yield� for � � � � ���
�
�
� and �b�� 
 c�����

jw�
�j � E
f�j#�j 
 �b� kZ�k � �g exp�p�"

�
T 	K�g�� 	 �j#�j�

� O�P �j#�j 
 �b��� kZ�k � ���������	��

� � O�exp�cst � �

�
�b��	��

Let w�
� � E
f�j#�j � �b� Z�

T � �� kZ�k � �g exppZ
�
T �

�� 	K�g�� 	 �#���

Then� according to ����� and �����

jw�
�j � w�

��exp �
b � 
� and v�� � w�

� � O�exp�cst � �

�
�b��	��

and therefore w�
� � o�v��� 	 o����

tu
Let us now deal with the nonlinear problem� Let

u�� � E
fZ�
T � �� kZ�k � �g exp

p $Z�
T

��
	K�g��� 


��
F���� T� 
	Z

���� ���

�

Lemma ���� If � is small enough� then

u��T� x� � u�� 	 o�u��� 	 o���� exp ��� V ��T� x���

Proof � If �H
� holds� the proof for the localization is the same� If not� the
large deviation argument is not su�cient any more� Ben Arous and Rouault
�
���� appendix �� proved that we can neglect the contribution of the other
maxima if � � 
� This proof can be extended easily�

The other computations carried out for v��T� x� are still valid for
u��T� x��

tu

�� The boundary layer

This section concerns the nonlinear problem� Let a � ��� 
� and T ��� �
T��a� Ben Arous and Rouault �
���� proved that� when � � 
 and r�u� � u�
�H�ii� and �H�� allow us to neglect F���� T ���� 
	Z�� in ���

�� The proof
can be extended easily� We will not deal with it in detail� Let f��� �
sup
jyj�	

jf�y�j for any function f �

Lemma ���� Let � � �� Then�

����
p
��c���� 	 ��s � y � �����M�� � u��s� y� � � exp��s ����

Proof � We apply the strong Markov property in �
��� with � � inffu � s j
jX�

uj � �g� tu
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Lemma ���� For � small enough� u�� � u�� 	 o��� where

u�� � E
fZ�
T � �� kZ�k � �g exppZ

�
T �

��	K�g��� ���F��T ���� T� 
	Z
����

���
�

Proof � For � � �� let us de�ne the event

G�
�
����

p
��c���� 	 ���T � s� � 
s 	 Z�

s �
�����

M
� �s � T � �� T ����

�
�

�H�� yields the existence of �� �� � such that� for � small enough�

P �
�
% nG� � fkX�k � �g� � O�exp�cst �a����

Thus� it is su�cient to �nd an upper bound for

w� � E
G� fkX�k � �g
fZ�
T � �� kZ�k � �g


� exp����F���� T ���� 
	 Z��� exppZ
�

T �
�� 	K�g����

According to lemma ��
� on G�

F��T � �� T ���� 
	 Z�� � c���

Z �

�a
r�� exp��s���� ds

� ��c������

Z � exp������a

� exp������

r�u�

u
du

�
	

cst ��c������ exp������a if r is C� on �� 
�
cst ��c������ exp�������a if ���
�� holds�

���
�

�H�ii� yields� on fkX�k � �g and for s � �� T � ���

u��s� 
s 	 Z�
s � � exp�cst ���

F���� T � �� 
	 Z�� � cst r�exp�cst ����

�
	

cst exp�cst ��� if r is C� on �� 
�
cst �
 if ���
�� holds�

�����

Actually� the fact that r is non�decreasing and ���
�� imply�

r�exp����� � O��
� for all � � �� Therefore� according to ���
� and ������
F���� T ���� 
	 Z�� � o����� and

w� � o��� E
fkZ�k � �g exp
��p�"�T 	K�g��

�
�

We conclude by using ���
��� tu
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�� Construction of diffusion bridges

To understand the asymptotics of v�� and u
�
�� Ben Arous and Rouault ��
����

pp� ���� ���� introduced the brownian bridge
W � �

�
Ws � s T��WT

�
��s�T

� and used independence between W � and

WT � In this section� we construct &bridges� associated to the non gaussian
di�usion �g�� g���

For �� � � � �� de�ne E��� � �� to be the set of continuous processes
X such that

�r 
 � P �kXk 
 r� �  exp��r��
Let E � ��� � � � � E��� � �� and Y � �g��T ��
Lemma ���� Construction of a single bridge !
There exists a process ! � fG��� G��� G��g� independent of Y � whose com�
ponents are in E � and there exist G�� and G�� in C

��� T � such that G�� � g��
and

g� � G�� 	 G��Y� g� � G�� 	G��Y 	G��Y
��

Proof � Let at � ��
Z T

�

��
��s�ds�

��

Z t

�

���s�ds and fWt � Wt � atY for

t � �� T �� The gaussian process fW is independent of Y �

Then� de�ne

Z t

�

XsdfWs �

Z t

�

XsdWs�Y
Z t

�

Xsdas forX a continuous

and adapted process of L��%� �� T ��� We have�

g� � G�� 	G��Y� G����� �

Z �

�

���s�dfWs� G����� �

Z �

�

���s�das

g���� �

Z �

�

���s�G���s� 	 G���s�Y �dWs�

Since G�� and G��Y are not adapted to the �ltration of W � we cannot
develop this previous expression of g� by linearity� So we use the Sko�
rokhod integral which extends It'o integral and accepts non�adapted inte�

grands�

Z t

�

Xs�Ws stands for the Skorokhod integral of X � dom �� De�ne

�fWs in the natural way� We have�

g���� �

Z �

�

���s�G���s��Ws 	

Z �

�

���s�G���s�Y �Ws

�

Z �

�

���s�G���s��fWs 	 Y

Z �

�

���s�G���s�das

	

Z �

�

Y ���s�G���s��fWs 	 Y �

Z �

�

���s�G���s�das�

We know that �see for instance Nualart and Pardoux �
������Z t

�

Y ���s�G���s��Ws �

Y

Z t

�

���s�G���s�dWs �
Z t

�

���s�G���s�DsY ds

���
�
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where Ds stands for the Malliavin derivative� Since DsY � ����s�� we get

g� � G��Y
� 	G��Y 	G��� G����� �

Z �

�

���s�G���s�das

G����� �

Z �

�

���s�G���s��fWs 	

Z �

�

���s����s�G���s�ds

G����� �

Z �

�

���s�G���s�das 	

Z �

�

���s�G���s��fWs�

Let Hm be the mth Wiener chaos�

Lemma ���� Let X � �X�� � � � � Xn� be a continuous Rn�valued process�

Assume
i� �X�fW� and Y are independent
ii� �i � f
� � � � � ng �s � �� T � X i

s � H� �H��

Then� �

Z �

�

Xs�fWs� fW � and Y are independent�

Lemma ���� is proved below� Lemma ��� with X � �� yields indepen�
dence between �G���fW � and Y � Then� with X � ���� ��G��� ��G���� it
yields that �G��� G��� G��� and Y are independent�

It remains to prove that G��� G�� and G�� belong to E � For G�� and
G��� it is a consequence of the stability of E under sum� product� Riemann
and It'o integration �see Azencott �
�����
� p� ����� For G��� we just need
to prove

R �
� ���s�G���s��Ws � E � The space E is not stable under Skorokhod

integration� but identity G�� � g��Y G�� and ���
� allow us to conclude� tu
Proof of lemma ���� Let us prove that

Ef�

Z t

�

Xs�fWs� fWt�h�Y � � Ef�

Z t

�

Xs�fWs� fWt� Eh�Y �

for t � �� T � and f� h bounded continuous functions �we only deal with
one�dimensional marginals not to overload the notations��

Let (p � � � t��p � � � � � tp�p � t be a sequence of partitions of �� t�
whose meshes go to �� and let

Xp �

p��X
k��

Xk�p
tk�p� tk���p
� Xk�p � �tk���p � tk�p�

��

Z tk���p

tk�p
Xu du�

We have �see Nualart and Pardoux �
����� prop� ��� and remark p� ����

Z t

�

Xp�s��Ws ��
Z t

�

Xs�Ws in L��%��

Therefore� there exists a subsequence of (p such that this convergence holds
a�s� It yields

Zp ��

Z t

�

Xp�s� �fWs ��
Z t

�

Xs�fWs a�s�
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By dominated convergence� it is enough to prove that Zp is independent of
Y �

Since the Malliavin derivative and Riemann integral commute�

Zp �

p��X
k��

Xk�p�fWtk���p
�fWtk�p��

Z tk���p

tk�p
Ds

$Xk�pds

�

p��X
k��

Xk�p�fWtk���p
�fWtk�p�

� �tk���p � tk�p�
��

Z
tk�p� tk���p�

�
DsXu du ds�

But X i
u � H� �H� yields that DsXu is deterministic� Therefore� Zp can be

expressed in terms of �X�fW� which is independent of Y � tu
Let V� � �Y�� Y � � ��g��T �������g��T �� where T ���� � T � �d and

d ���� a�
Lemma ���� Construction of a double bridge !�� There exists a process
!� � fG�

ijk� � � j 	 k � i � �g� independent of V�� such that

i� gi �
X

��j�k�i

G�
ijkY

j
� Y

k� i � 
� �

ii� If j 	 k � i� G�
ijk is a deterministic C� function on �� T ��

iii� ��� � � � � �� � � � � � j 	 k � i � � G�
ijk � E��� � ���

Proof � De�ne fW �� a gaussian process independent of V��

fW �
t � Wt � b��t�Y� � a��t�Y� � � t � T

a�t � �
ft 
 T ����g�
Z T

T ����
��
��s�ds�

��

Z t

T ����
���s�ds

b�t � a�t � �
Z T ����

�

��
��s�ds�

��

Z inf�t�T ���		

�

���s�ds�

Then� let dfW �
s � dWs � Y�db

��s� � Y da��s�� The proof is now similar to
that of lemma ��
� The only new point is to prove that the processes G�

ijk

belong to the same E��� � �� for all �� If j 	 k � i� it is clear because G�
ijk

is deterministic and uniformly bounded in �� If j 	 k � i� it comes from
Azencott results �see Azencott �
�����
� p� ����� tu

Exact expressions of G�
ijk do not matter� except for

G�
������ �

Z �

�

���s�dW
�
s � �����

�� The non�linear part contribution
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���� Results

Let � ���� 
� a and g��y� z� given by

E
fkZ�kTT ��	�����gexp�



��
F��T ���� T� 
	 Z�� jZ�

T ���	 � �z� Z�
T � ��y��

���
�
In this section� we prove g��y� z�� g�y�� thus understanding the contribu�
tion of u� in the expectation of ���

�� The key result is lemma ��
 that
establishes the convergence of u����t� ��x��

If � � 
� the equality between the laws of a brownian motion knowing
its �nal position and the related bridge makes the computation more simple
�see Ben Arous and Rouault 
����� Our method is based upon the following
classical result �see Fitzsimmons� Pitman and Yor �
������

Let �Xt�t�T be a real Markov process with transition density ps�t�x� y��
and �Ft�t�T be its natural �ltration� Let x � R� t � T and Z a r�v�
Ft�measurable� Then� for almost every y � R�

ExZ j XT � y� p��T �x� y� � ExZ pt�T �Xt� y��� �����

In order to use ����� and make u����t� ��x� appear� let Y �
s � ���Z�

T���s�
We have

g��y� z� � E
B�
exp�I� j Y �

�d�� � ���z� �����

Y �
t � y 	

Z t

�

��
T���s 	 ��Y �
s �dWs

B� � fkY �k�a��

� � �����g

I� �

Z �a��

�

c�
T���s 	 ��Y �
s �r�u

����s� 
T���s 	 ��Y �
s �� ds�

We will prove that� if z��� is not too large� the conditioning on Y �

�d�� � z���

does not alter the asymptotics� Actually� &tying up� a di�usion Y at time
t on point yt � R does not alter E �Ys� s � t��� when t and t� go to 		�
provided that t� � o�t� and that yt is not too large� Let

g��y� � E
B�
exp�I��� �����

Proposition ���� Assume ��� � d � a � 
� Then
i� For all y� g��y�� g�y��
ii� Assume z � O������ where � ���� 
	 a

� � d� Then� g��y� z�� g��y�� ��
We need� in section �� the following result on the modulus of continuity of
g��y� z��

Proposition ���� Assume r � C��� 
� �case � non constant��
Assume ��� � d � a � 
� Let � � � small enough� and b � �� Then

i� If jy � y�j � �b and jyj� jy�j � ��	 � then g��y�� g��y�� � o�
��

ii� If moreover jz�z�j � �d�	 and jzj� jz�j � �
�

�
d�	 � then g��y� z��g��y�� z�� �

o�
��

Remark ���� We state propositions ��
�i and ����i to show that the condi�
tioning has no in)uence and to make the proofs easier to read�
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���� Proof of proposition ����i�

Lemma ���� Let t� � �� Then u
����t� ��x�� �u�t� x� uniformly for t ���� t�

and for x such that ��x� ��
Proof � Since r � C���� 
� and limu�� ur

��u� � �� there exists a continuous

function � on �� 
�� such that ��u� v� �
ur�u�� vr�v�

u� v
if u �� v�

Let h��t� x� � u����t� ��x�� �u�t� x�� Then h���� x� � � and

�th
� �

�����

�
��xxh

� 	 �� 	 ��h
�

���t� x� �



�

�
�����x�� �����

�
��xxu

����t� ��x� 	
�
c���x�� c���

�
�u�
� r��u��

���t� x� � c���x�
� ���u��t� x�� �u�t� x����

Therefore� the Feynman�Kac formula yields

h��t� x� � E

Z t

�

���t� s� x	 ����Ws� exp
�Z s

�

���t� u� x	 ����Wu�du
�
ds�

�����
�
��� implies j���t� x�j � k sup������ j
� �j �
 	 ��jxj��

Appendix ��
 implies� �C � � j��xxu����t� ��x�j � C �
p
t	t�x�	t

�

� ��
�
���� �
��� and the previous two bounds allow us to end the proof by

applying to ����� a joint dominated convergence in � and s� tu
We come back to the proof of proposition ��
�i�
De�ne R� such that Y �

s � y 	 ����Ws 	 �R�
s� Then dR�

s � A�
sdWs

where

A�
s � ���

�
��
T���s 	 ��Y �

s �� ����
�
� O����� on B� and if s � ����

Therefore P �kR�k���

� 
 �� � B�� � exp�cst ������� �
Since � � 
� a � �

� � there exists � ���� 	 �� 
� Hence�

g��y� � E
fkR�k���

� � ��g � B�
exp�I�� 	 o�
��

Let L � c���

Z ��

�

r��u�s�� �
T s 	 y 	 ����Ws�� ds�

Since P �fkR�k���

� � ��g �B��� 
� proposition ��
�i is implied by

E
fkR�k���

� � ��g �B�
exp��I��� exp��L��� ��

By dominated convergence� it is enough to prove


fkR�k���

� � ��g � B�
�I� � L�� � a�s� �����

Remark ���� � stands for the general term of a sequence going to �� thus
avoiding non�countability problems� Th� ��
 and ��� can easily be reduced
to this case�
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Therefore� we can assume � � fkR�k���

� � ��g �B� for all ��
For �xed s and � � s���

jY �
s ���� y � ����Ws���j � ����

Hence� by lemma ���� c�
T���s 	 ��Y �
s ���� r�u

����s� 
T���s 	 ��Y �
s �����

goes to c���r��u�s�� �
T s	 y 	 ����Ws����� for all s�
����� will be deduced� provided that we have a dominated convergence

in s� Let

%� � f� j �� � � �s���� �� �s 
 s���� jY �
s ���j � � sg�

����� implies P �%�� � 
� Hence we assume � � %��
By lemma ��
� for all � � ��

$����
p
��$c���� 	 �� s � x � $�����M����� � �u��s� x� � � exp��s� �����

�H�� yields the existence of � � � such that � �
T � $����
p
��$c���� 	 �� 	 ��

For s � �� �a��� and � small enough� je��s��
T���s 	 �
T j � 	
� �

� � %� implies� �s���� �� �s 
 s���� jY �
s ���j � 	

� s�
Hence� according to ������ for s���� � s � �a�� and � small enough�

$����
p
��$c���� 	 �� s � 
T���s�

�� 	 Y �
s ��� � $�����M�����

u����s� 
T���s 	 ��Y �
s ���� � � exp��s

r�u����s� 
T���s�
�� 	 ��Y �

s ����� � r�� exp��s�

and r � C��� 
� or ���
�� yields dominated convergence in s�

���� Proof of proposition ����i�

We can de�ne on the same sample space �see remark ��
�� the di�usions

Y �
t � y	

Z t

�

��
T���s	�
�Y �

s �dWs� Y
��
t � y�	

Z t

�

��
T���s	�
�Y

��
s �dWs�

De�ne B�� and I
�
� from Y

�� as B� and I� were de�ned from Y � �see �������
Since jyj � ��	 � ����� yields

P �%nB��� P �%nB��� � � exp�
������ 	 j��	 j��

��a��M�
� exp�cst �����a

g��y�� g��y�� � E
B�
exp��I��� 
B�� exp��I

�
���

� E
B� �B�� exp��I��� exp��I
�
��� 	 o�
��

Lemma ���� Let � ���� inf�b� �a��� 
�� Then

P �fkY � � Y ��k�a��

� 
 �
g �B� � B��� � o�
��
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Proof � Let Xt � y	����Wt� X �
t � y�	����Wt and �� � ��� inf�b� �a���
��

We get

P �fkY � � Y ��k�a��

� 
 �
g �B� � B��� � P �fkY � �Xk�a��

� 
 �

�g �B��

	 P �fkY �� �X �k�a��

� 
 �

�g � B����

We have Y �
t �Xt �

Z t

�

A�
sdWs where A

�
s � ��
T���s	�

�Y �
s ������ � O��a�

on B� and if s � �a��� Hence� ����� yields

P �fkY � �Xk�a��

� 
 �

�g � B�� � exp�cst ����
���a�

tu
Let D� � fkY � � Y ��k�a��

� � �
g �B� �B��� Lemma ��� yields
jg��y�� g��y��j � E
D�

jI� � I ��j	 o�
��

On the event D� and if s � �a��� then 
T���s 	 ��Y �
s and 
T���s 	 ��Y

��
s

stay in a compact K� Let k� � supK jcj and k� � supK jc�j� We get

D�

jI� � I ��j � k� �
a�����


	 k�

Z �a��

�

jr�u����s� 
T���s 	 ��Y �
s ���r�u����s� 
T���s 	 ��Y

��
s ��j ds�

Therefore jg��y�� g��y��j � k�l
���� �a��� 	 o�
� where l��a�� a�� �

E
D�

Z a�

a�

jr�u����s� 
T���s 	 ��Y �
s ��� r�u����s� 
T���s 	 ��Y

��
s ��j ds�

Lemma ���� If � � �� � �� � ��� � � � a� then l������ � ����� � o�
��
where o�
� depends only on �� and ��� not on y� y��
Proof � According to �H��� there exists � � � such that

l � � �
T � ����
p
��c���� 	 ��� � � ��

Let V �
� � f
T���s ��� 	 Y �

s � �����M������ for all s � ���� � ���� �g
and V �

� � f����
p
��c���� 	 ��s � 
T���s �

��	Y �
s � for all s � ���� � ���� �g�

����� yields that� for � small enough�

P �%nV �
� � � P ��s � ���� � ���� � Y �

s � cst ���� � exp�cst ����


P �%nV �
� � � P ��s � ���� � ���� � Y �

s � �l s� � exp�cst ������� �

Let C� �

Z ����

����
r�u����s� 
T���s 	 ��Y �

s ��ds� Therefore� lemma ��
 implies

EC� � E

V �
� � V �

�
C� 	 o�
� �

Z ����

����
r�� exp��s� ds	 o�
� � o�
��
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The same computation for Y
�� ends the proof of lemma ���� tu

Now� let � ���� ���� By iterating lemma ���� we get l����� � �a��� �
o�
��

It remains to prove l���� ���� � o�
�� Let � � ����� �� �����
����� yields

P �kY �k���� 
 ��� � � exp�cst ������ � �����

De�ne k��a�� a�� by replacing D� by

fkY �k���� � ��� �g� fkY ��k���� � ��� �g� fkY �� Y ��k���� � �
g �B� �B��
in the de�nition of l��a�� a��� ����� yields l

���� ���� � k���� ���� 	 o�
��
Appendix ��
 and r � C��� 
� imply

sup
�� � s � ���

j�xr�u����s� ��x��j � O����� 	O������jxj��

Therefore�

k���� �����k���� ���	k���� � ���� � O����	O
�
�
������	�������� �

�
�o�
��

���� Proof of proposition ����ii

Together with ������ we will use an explicit formula for q�� the transition
density of Y �� Let

��x� � ����x�� �t � ���
T���t

G�t� x� �

Z x

�

du

���t 	 u�
� L�t� �� be the inverse function of G�t� ��

C�t� x� � �tG�t� L�t� x��� 

�
����t 	 L�t� x��

� ��t���t	 L�t� x���� � ���t�
���� 


�
����t 	 L�t� x��

D�t� x� � �

�
�xC�t� x�� 


�
C��t� x��

Z x

�

�tC�t� u�du

H�t� x� �

Z G�t�x	

�

C�t� u�du

�

Z x

�

�
��t���t	 v��� � ���t�

���� 

�
����t 	 v�

� dv

���t 	 v�

Vu�a� b� � �
� u�a	 ub

J�s� t� x� y� �

Eexp�t � s�

Z �

�

D
�
Vu�s� t�� Vu�G�s� x�� G�t� y��	

p
t � s Bu

�
du�

where B is a standard brownian bridge de�ned on another probability space
%� and E� � �� refers to %� �as well as P�� � �� later on��
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Lemma ��	�

q�s�t�x� y� �

p

���t� s�

J�s� t� x� y�

���t 	 y�

exp��G�t� y�� G�s� x���

��t� s�
	H�t� y��H�s� x���

Proof � Straightforward extension of lemma 
 p� ���� Dacunha�Castelle and
Florens�Zmirou �
����� tu

We will need the following bounds�

Lemma ��
�

i� �C� � � � t� x jH�t� x�j � C� �
� �
 	 x��

ii� �C� � � � t� x D�t� x� � C� �
� �
 	 jxj�

iii� � � � �C��� � � j� x�j � � ��t� � �d  jD�t�� x��j � C��� �
��

Proof � i� We have k� �k� � O����� k���k� � O��
�� and k��k� � 	�
Hence

jH�t� x�j � cst ��jxj	 cstj
Z x

�

���t 	 v�� ���t��dvj � cst �� �
 	 x���

ii� Straightforward�

iii� Let �� �
��T�

���	
���	 � Easy computations yield the successive results�

��L�t�� x�� � O���� ���t� � p��t� 	 O���d�� L�t�� x�� � ����x�
 	O��d��

C�t�� x�� � ���
�x� 	 O���d�� �xC�t�� x�� � ���

� 	O����d�

�tC�t�� x�� � cst �
x� 	 O�����d�� D�t�� x�� � O�����

tu
According to ������ ����� and lemma ���� we have

g��y� z�� g��y� � E
B�
exp��I��J� exp�G� 	H��� 
� �����

G� �
���d

�

�
G��d��� z�����G��� y�

��
� �
� �a�d���

�
G����d� z�����G��a��� Y �

�a���
��
�

H� � H��� y��H��a��� Y �
�a���

J� �
J��
J��

J�� � J��a��� �d��� Y �

�a�� � z�
���

J�� � J��� �d��� y� z����

As we expected� J� exp�G� 	H��� 
 a�s�� and more precisely�

Lemma ����� For � � � small enough� de�ne X� � �
�

�
���a�		 jY �

�a�� j�
i� X� � � a�s� and E expX�

� � 


ii� jG�j	 jH�j � ���
 	X�
� � a�s� where �� � ��
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iii� J�� � 
 a�s� and J�� � 
�
The proof of this lemma is postponed to the end of the section�
In order to get a dominated convergence� we introduce

B� � B� � fjY �

�a�� j � ���g

as well as g��y� and g��y� z� de�ned from g��y� and g��y� z� by replacing B�

by B��
It can be proved easily that g��y�� g��y�� ��
Let us prove that g��y� z�� g��y� z�� �� According to lemma ����ii�

J�� � Eexp cst �d
Z �

�

�
 	 jzj��� 	 jY �

�a�� j	 �d����jBu j�du� a�s�

� expcst �d�� 	 �d�a�����	X��Eexp kBk�� � a�s�

�notice that a�s� refers to the arguments of J�� � Y
�

�a�� and X���

Together with lemma ����ii and iii� it yields� for � small enough�

� � g��y� z�� g��y� z� � �J�� ���E
fjY �

�a�� j 
 ���gJ
�
� exp ���
 	X�

� ��

� exp cst �d��E
fjY �

�a��j 
 ���g exp ���
 	X�
� �

where �� � �� Moreover� P �jY �

�a�� j 
 ���� � exp�cst ��a� Hence�

� � g��y� z�� g��y� z� � exp�cst �d�� � cst ��a�E�exp���X
�
� ��

�

�

and we can conclude by using lemma ����i and a � 
� d�
It remains to prove that g��y� z��g��y�� ��We introduced B� because


fjY �

�a�� j � ���gJ
�
� � cst ���
��

�actually� lemma ����iii below is still valid when z � O�������� Therefore

jg��y� z��g��y�j � jg��y� z��E

B�

J� exp��I��j	jg��y��E
B�
J� exp��I��j�

The second term is smaller than E
fjY �

�a��j � ���gjJ�� 
j which goes to �
according to ���
���

By ���
���the �rst term is smaller than cst Ej exp�G� 	H��� 
j which
goes to � by lemma ����i and ����ii�
Proof of lemma ���� i� The �rst part is a consequence of ������

The second part holds since �expX�
� ���� is uniformly integrable� Actu�

ally

E exp �X�
� �

Z ��

�

P �exp �X�
� 
 y�dy � 
 	

Z ��

�

P �X� 

r
r

�
� exp rdr

� 
	
Z �

�

exp rdr	

Z ��

�

exp�r � cst
r

�	
�dr � cst for � small enough�
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ii� Lemma ����i and jG�t� x�j � m��jxj yield

jH��a��� Y � � �a���j � C� �
��
 	 �a���	X�

� �

����djG�j � �a�dz����


� �a�d
	 cst jz���j	 cst	 cst �Y �

�a���
� 	 cst jz���Y �

�a�� j

jG�j � cst �a��d����� 	 o�
� 	 �
�

�
�a��d�		����X� 	 �a��d�	X�

� ��

iii� In this proof� we restrict ourselves to the event f�Y �
�a�� � �g �it has

probability 
� see lemma ����i�� There exists c such that d � �c � 
 � d�
De�ne

eJ�� � E
fkB k�� � ��cg exp��
d�� � �a���Z �

�

DVu��
a��� �d���� Vu�G��

a��� Y �

�a���� G��
d���

z

�
��	

p
�d����a��Bu �du��

Lemma ����ii yields that jJ� � eJ�j is smaller than
E
fkB k�� 
 ��cg expC� �

d 
 	m���Y �

�a�� 	 z���� 	 �
�

�
d��kBk�� ��

� exp cst �d��
E
fkB k�� 
 ��cg exp kBk

�
� �

� exp�cst �d�� � cst ���c� � o�
��

We now prove that eJ�� � 
 a�s��
There exists  � � such that� a�s� on fkBk�� � ��cg�

� jVu�G��a��� Y �
�a���� G��d��� z�����	

p
�d�� � �a��Bu j � cst 	 �

�

�
d�c � �

Since ��Vu��
a��� �d��� � �d� lemma ����iii yields

j eJ�� � P�kBk�� � ��c�j � exp�C����
d�� 
�

which yields eJ�� � 
 a�s�� We prove J�� � 
 in the same way�

���� Proof of proposition ����ii�

We will need the following results

Lemma ����� De�ne X� � �
�

�
���a�		 jY �

�a�� j as in lemma ���� Then

i� �expX�
� ���� is bounded in Lq� for all q 
 


ii� G� 	H� � ���
 	X�
� � where �� � �

iii� J�� � cst on fjY �

�a�� j � ���g
iv� J�� 
 �

� for � small enough

v� J�� � cst expX� for � small enough�

All these results remain valid if we replace X�� G�� � � � by X
�
�� G

�
�� � � ��
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Proof � i� and ii� The proofs are similar to that of lemmas ����i and ����ii�
The fact that y is not �xed but satis�es only jyj � ��	 does not alter the
result� iii� There exists k� � � such that� on fjY �

�a�� j � ���g� we have

jVu�G��a��� Y �

�a�� � G��
d��� z�����j � k� �

���

According to lemma ����ii and iii� on fjY �

�a�� j � ���g� we have

J�� � P�kBk�� � ��d��� expC��k� 	 
� �
d

	 E
fkB k�� 
 ��d��g expC��
d�
 	 cst ��� 	 �d����kBk����

� O�
 	 exp�cst �d�� � cst ��d�� � O�
��

iv� We use lemma ����iii to �nd a lower bound for D�
Since jyj� jz���j � ���� on fkBk�� � ��d��g�

jVu�G��� y�� G��d��� z����� 	 �d����
Bu j � �m�� 	 
�����

Therefore� J�� 
 P�kBk�� � ��
�

�
d� exp�C��m

�� 	 
� �d� 
 


�
�

v� By lemma ����ii�

J�� � expC��
d�
 	 cst Y �

�a�� 	 cst jzj���� � cst expX��

tu
We now prove prop� ����ii�� ie g��y� z�� g��y�� z�� � o�
��
As B�� I�� G�� H�� J�� J

�
� and J

�
� where de�ned from Y � and z� we de�ne

B��� I
�
� � � � from Y

�� and z� �see proof of prop� ����i�� Then�

g��y� z�� g��y�� z�� � ���

�

E
B�
J� exp��I� 	 G� 	H��� 
B��J

�
� exp��I �� 	 G�� 	H �

����

We de�ne k��y� y�� z� z�� by replacing B� and B�� by B��B�� in the right�hand
side member of ���

�� Then�

jg��y� z��g��y�� z���k��y� y�� z� z��j� P �%nB���E
B�
J�
� exp ��G�	H���

�

�

	 P �%nB��E
B��
J�
�� exp ��G

�
�	H

�
���

�

� �

����� yields P �% n B��� � o�
� and P �% n B�� � o�
�� Lemma ����i� ii� iv
and v� yield that E
B�

K�
� exp ��G�	H�� and E
B��

K
��
� exp ��G

�
�	H

�
�� are

bounded� Therefore� g��y� z�� g��y�� z�� � k��y� y�� z� z�� 	 o�
��
We now �x � in ��� inf�b� �a���
� and de�ne g��y� y�� z� z�� by replacing

B� and B
�
� by B

��
� in ���

�� where

B��� � fkY ��Y ��k�a��

� � �
g�fjY �

�a�� j � ���g�fjY ��

�a�� j � ���g�B��B���
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Lemma ��� yields P �B� �B�� � �% nB��� �� � o�
�� and the same computation
as before thus implies k��y� y�� z� z�� � g��y� y�� z� z�� 	 o�
��

It is therefore enough to prove that g��y� y�� z� z�� � o�
�� Since

a� � � � an � a�� � � �a
�
n �

nX
j��

�

j��Y
i��

a�i��aj � a�j��
nY

i�j��

ai�� lemma ����iii and iv

yield jg��y� y�� z� z��j � cst �g�� 	 g�� 	 g�� 	 g�
� where

g�� � E
B���
jI� � I ��j exp�G� 	H��� g�� � E
B���

j expG� � expG��j expH�

g�� � E
B���
j expH� � expH �

�j expG��� g�
 � E
B���
jJ� � J ��j exp�G�� 	H �

���

We conclude by proving that� for i � 
 to �� g�i � o�
��

i�
� We change slightly the proof of E
D�
jI� � I ��j � o�
� �proof of prop�

����i� by using lemma ����i and ii�

i��� j�a� b�� � �a� � b���j � � sup�jaj� ja�j� jbj� jb�j��ja� a�j	 jb� b�j� yields

G��d��� z����� G��� y���� G��d��� z������ G��� y���� � O��
�

�
d����

In the same way� on B��� �

G��d��� z�����G��a��� Y �

�a����
� � G��d��� z������ G��a��� Y

��

�a����
�

� O��d�	����

Therefore 
B���
jG� �G��j � �


�

where �� � �� Hence

g�� � E
B���
j exp�G�� �G��� 
j exp�G� 	H��� � cst �exp �


� � 
��

i��� Since

jH�t� x��H�t� x��j � kCk�jG�t� x�� G�t� x��j � m��kCk�jx� x�j�

we have 
B���
jH� �H �

�j � O��
� and thus g�� � O
�
exp�cst �
� � 
��

i��� Inequality jD�t� x��D�t� x��j � cst ��jx� x�j yields

jJ�� � J
��
� j � J�� exp�cst �

d

Z �

�

A�
udu� � 
� where A�

u equals

jVu�G��a��� Y �

�a���� G��
d��� z������ Vu�G��

a��� Y
��

�a���� G��
d��� z������j�

Let k��� � exp�cst ��d�	���� 
� Then


B���
A�
u � m����
 	 �d�	��� 
B���

jJ�� � J
��
� j � k���J�� �

Similarly� jJ�� � J
��
� j � k���J�� and g

�

 � cst k���E exp�G�� 	H �

�� � o�
��
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	� End of the proof

���� The linear problem

By lemma ��
� we have to study

v�� � E
fZ�
T � �� kZ�k � �g exp pZ

�
T �

�� 	K�g����

Let � � � small enough� Lemma ��
 yields the existence of Q �
�Q�� Q�� K�� K�� independent of Y � �g��T � and Q�� K� � R such that

Z
�
T � �JQ� �Y � where JQ� �y� � �y 	 ��Q� 	Q�y 	 Q�y

��

K�g�� � K� 	K�Y 	K�Y
� and K� � K�g���

P �%nD�Q� � O�exp���cst�

where D��A�� � � � � An� � fjAij � ��� � i � 
� � � � � ng�
Lemma ���� We have v�� � v�� 	 o��� where

v�� � E
fD��Y�Q�� ����� � Z
�
T � �g expp�

��Z
�

T 	K�g����

Proof � Let D� � D��Y�Q� k"�k� and

v�� � E
fD�� Z
�
T � �g expp�

��Z
�

T 	K�g���

v�� � E
fD�� Z
�
T � �g expp�

��Z
�

T 	K�g����

Azencott ��
�����
�� p� ���� proved that there exists C � � such that

�r 
 C � P �kZ�k � �� k"�k 
 r� � exp�C��r���� ���
�

���
� and P �kZ�k 
 �� � O�exp���cst� yield P �%nD�� � O�exp���cst��
Therefore� ���
�� implies v�� � v�� 	 O�exp���cst�� Moreover

jv�� � v��j � E

D�
j
fZ�

T � �g � 
fZ�
T � �gj expp�

��Z
�

T 	K�g���

� E
fD�� jZ�
T j � ����g expp�

��� 	K�g���

� cst E
fD��Y�Q�� jJQ� �Y �j � ����g exp�K� 	K�Y 	K�Y
���

Let � �

Z T

�

��
��s�ds and K� � K� � 


��
� This last expression equals

E
D�QH
�
��Q� expK��

where

H�
��Q� �


p
���

Z ���

����

fjJQ� �y�j � ����g expK�y 	K�y

��dy�
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We need the following lemma whose proof is straightforward�

Lemma ���� On D�Q� the function JQ� is one�to�one from ���� � ��� � to
an interval IQ� which contains �
� 
�� Its inverse function *Q� satis�es

�u � IQ� j*Q� �u� 	 uj � � ����� and jd*
Q
�

du
�u� 	 
j � � ����� �

Therefore� on D�Q� we have

H�
��Q� � � 
p

���

Z
IQ�

fjuj � ����gexpK�*

Q
� �u� 	K�*

Q
� �u�

��d*Q� �u��

Therefore� 
D�QH
�
��Q� � O������ and v�� � v�� 	 o���� Finally�the presence

of exp p���Z
�

T and ���
�� yield v
�
� � v�� 	 O�exp���cst�� tu

Since Q and Y are independent� we have v�� � E
D�QH
�
��Q� expK�g

�
��

where

p
���H�

��Q��

Z ���

����

f����� �JQ� �y� ��g exp

pJQ� �y�

�
	K�y 	K�y

��dy

��
Z
IQ� � ����� � ��

exp
pu

�
	K�*

Q
� �u� 	K�*

Q
� �u�

��d*Q� �u�

���
Z �

����
exp pv 	K�*

Q
� ��v� 	K�*

Q
� ��v�

��
d*Q�
du

��v�dv�

Finally� joint dominated convergence in � and v ends the proof of th� ��
�

v��
�
�� 
p

���

Z �

��

exp pv dv E expK�g����

���� The nonlinear problem

In this section� the proofs of the lemmas are postponed to the end�
By lemmas ��� and ���� we have to study

u�� � E
fZ�
T � �� kZ�k � �g expp���Z

�
T 	K�g��� ���F��T ���� T� 
	Z

����

In order to apply prop� ��
 and ���� we �rst condition with respect to
��Z�

s � s � T ����� Z�
T � where T

���� � T��d and d ������ a� Let � � ��� 
�a
and

u�� � E
fZ�
T � �� kZ�k � ����g expp�

��Z
�
T 	K�g���g

�����Z�
T � �

��Z�
T ���	��

The conditionning yields

Lemma ���� u�� � u�� 	 o����
According to the strategy described in section ���� we introduce the

following functional of g� and g�

u�
 � E
fD��V�� Q��� ����� � Z
�
T � �� jZ

�
T ���	j � ���d����g

expp���Z
�

T 	K�g���g
�����Z

�

T � �
��Z

�

T ���	��
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where the r�v� Q� is de�ned as follow�
By lemma ���� there exists Q� � fQ�

jk� R
�
jk� K

�
jk� � � j 	 k � 
g inde�

pendent of V� � �Y� Y�� � ��g��T ���g��T ������� and there exists
fQ�

jk� R
�
jk� K

�
jk� j 	 k � �g � R uniformly bounded in � such that�

Z
�
T � �MQ

� �Y� Y�� where MQ
� �y� z� � �y 	 �

X
��j�k��

Q�
jky

kzj

Z
�

T ���	 � �NQ
� �Y� Y�� where NQ

� �y� z� � �z 	 �
X

��j�k��

R�
jky

kzj

K�g�� �
X

��j�k��

K�
jkY

j
� Y

k where K�
�� � K�G�

����

P �%nD�Q�� � O�exp���cst��
We now have to study u�
 since

Lemma ���� u�� � u�
 	 o����
Since Q� and V� are independent� u

�

 � E
D�Q�

H�
��Q�� expK

�
�� where

H�
��Q�� � ��

ZZ
C�����


f����� �MQ
� �y� z� � �� jNQ

� �y� z�j � �d����g
exp�p���MQ

� �y� z� 	
X

��j�k��

K�
jky

kzj� g�����MQ
� �y� z�� N

Q
� �y� z��

exp�� z�

�I
T ���	
�

� �y � z��

�ITT ���	
� dy dz

C�r��f�y� z� j jyj� jzj � rg� �ts�

Z t

s

��
��u�du� �������

���
T ���	
� �TT ���	�

� �

� �

In order to compute this gaussian double integral� we use

Lemma ���� On D�Q�� �M
Q
� � N

Q
� � is a C

��di�eomorphism from a neigh�
borhood of C����� to a neighborhood of C�
�� Let #Q� � �*Q� � 

Q
� � be its

inverse function� Then� for all �u� v� � C�
��
Jac#Q� �u� v��
	 O���� and j*Q� �u� v� 	 uj	 j Q

� �u� v� 	 vj � O������

Let � �
q
�TT ���	� A change of variables yields �see lemma ����

H�
��Q�� � ��

ZZ

f����� � u � �� jvj � �d����g

exp�
pu

�
	
X

��j�k��

K�
jk*

Q
� �u� v�

k Q
� �u� v�

j� g��
u

�
� v�

exp�� 
Q
� �u� v�

�

��T
���	

�

� �*
Q
� �u� v�� Q

� �u� v��
�

��TT ���	
�jJac #Q� �u� v�j du dv

� �����
 	O�����

ZZ

f���� � u � �� jvj � ��

� �d����g
exp�pu	

X
��j�k��

K�
jk*

Q
� ��u� �v�

k Q
� ��u� �v�

j� g��u� �v�

exp�� 
Q
� ��u� �v�

�

��
T ���	
�

� �*
Q
� ��u� �v�� Q

� ��u� �v��
�

��TT ���	
� du dv�
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The following lemma will allow us to end the proof of theorem ����

Lemma ���� Let D�
� � D�kg�k � fjY � Y�j � �d����g� Then�

i� P �%nD�
�� � O�exp���cst� and 
D�

�
jK�

�� �K�g���j � O���� a�s�

ii� There exists �� � � such that �expK�
������� is uniformly integrable�

iii� ���
D�Q�
H�

��Q�� �� ������
�

�

Z �

��

g�u� exp pu du a�s�

iv� There exists M� � � such that for all �� ���
D�Q�
H�

��Q�� �M� a�s�

Therefore�

���u�
 � ���E
D�Q�
H�

��Q�� expK
�
��

� ���E
D�
� �D�Q�

H�
��Q�� expK

�
�� 	O�exp���cst�

� ������
�

�

Z �

��

g�u� exp pu du E expK�g��� 	 o�
��

Proof of lemma 	�
� ���
�� and ����� yield u�� � r�� 	 o��� where

r�� � E
A�
expp���Z

�

T 	K�g��� ���F��T ���� T� 
	 Z���

A� � fZ�
T � �� kZ�k � ����g�

Before conditioning with respect to G� � ��Z�
s � s � T ����� Z�

T �� we introduce

a G��measurable r�v� close to p���Z
�

T 	K�g��� Integration by part in �����
yields

K�g���

Z T

�

	��s�g
�
��s�ds	

Z T

�

	��s�g��s�dg��s�

with continuous 	� and 	�� Therefore� K�g�� � ��	�
�
� where �� �resp� �

�
��

corresponds to the integrals on �� T ����� �resp� T ����� T ��� Hence

p���Z
�
T 	K�g�� � p���Z�

T 	 �� 	 U� where U� � �p�"�T 	 ����

���
� yields that� for  � ��	� ��

P �kZ�k � ����� p�j"�T j 
 ��� � exp�cst � �

�
����	� �����

Besides� for � � � small enough� P �j���j 
 ���� is smaller than

P �j
Z T

T ���	

	��s�g
�
��s�dsj 
 ���	 P �j

Z T

T ���	

	��s�g��s����s�dWsj 
 ���

� P �kg�k 
 cst �
�

� �� d�� 	 P �kg�k 
 ��	�

	 P �j
Z T

T ���	

	��s�g��s����s�dWsj 
 ��� kg�k � ��	�

� exp�cst ���d 	 exp�cst ���	 	 exp�cst ����d��	 �����

� � � � 
�� and d � ����� ����� and ����� with  � ��� � yield

P �kZ�k � ����� jU�j 
 ���� � O�exp���cst�� �����

ESAIM� P�S� June ����� Vol��� pp� ��	
�	�



��� JEAN�PHILIPPE ROUQUES

����� and ����� with  � �� yield the existence of �� � � such that

P �kZ�k � ����� jU�j 
 ���	� � O�exp���	��� �����

����� imply that� for all q � R�
sup
����

E
fkZ�k � ����g exp qjU�j �	� �����

Let r�� � E
A�
expp���Z�

T 	 �� � ���F��T ���� T� 
	 Z���� Then�

jr�� � r��j � E
A�
expp���Z

�

T 	K�g���
�
exp jU�j � 
��

Therefore� ���
��� ����� and ����� imply r�� � r�� � o����
With the same techniques� if we replace in r�� the event A� by fZ�

T �
�� kZ�kT ���	� � ����� kZ�kTT ��	 � ����g� then the di�erence is o����

Finally� we condition on G�� the Markov property yields that r�� equals
E
fZ�

T � �� kZ�kT ���	� � ����gexpp�
��Z�

T	���g
�����Z�

T � �
��Z�

T ���	� 	 o����

We conclude by proving r�� � u�� 	 o��� �same techniques�� tu
Proof of lemma 	��� Let

S� � 
D��V�� Q�� k"�k� expK�g��
s�� � E
fkZ�k � ����� Z�

T � �gS� exp�p�
��Z

�
T �g

�����Z�
T � �

��Z�
T ���	�

s�� � E
fkZ�k � ����� $Z�
T � �gS� exp�p�

��Z
�
T �g

�����Z�
T � �

��Z�
T ���	��

���
�� and ���
� yield u�� � s�� 	O�exp���cst�� We have


D�k"�kj
fZ�
T � �g � 
fZ�

T � �gj exp p�
��Z

�

T � exp p����

js�� � s��j � cst E
fD�Y� jZ�

T j � ����g expK�g���

We divide this last expectation into two parts by introducing 
D�Q and


%nD�Q
�see section ��
�� The �rst part is o��� �see proof of lemma �����

and the second one is O�exp���cst�� Hence s�� � s�� 	 o����
Write s�� � s�� 	 s�
 where s

�
� �resp� s

�

� corresponds to 
f����� � Z

�
T g

�resp� 
f����� � Z
�
T g�� Then s

�

 � O�exp���cst�� Moreover� ����� yields

P �jZ�
T � Z�

T ���	j 
 ���d����� � exp�cst ���� � �����

Since fD�k"�k������ � Z
�

T � �g � fjZ�
T j � �����g� inequality ����� yields

s�� � E
fkZ�k � ���������� � Z
�

T � �� jZ�
T j � �����g


fjZ�
T ���	j � ����

d

�
�� � jZ�

T ���	j � ����d����g
S� exp�p�

��Z
�
T �g

�����Z�
T � �

��Z�
T ���	� 	 o����
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De�ne s�� by replacing g
�����Z�

T � �
��Z�

T ���	� by g
�����Z

�
T � �

��Z
�
T ���	� in the

previous expectation� According to proposition ����ii�

js�� � s��j � o�
� E
fZ�
T � �� kZ�k � ����g expp�

��Z
�
T 	K�g����

This last expectation is smaller than v�� if �
��� � �� Therefore� theorem ��


yields s�� � s�� 	 o���� Finally� easy computations imply s�� � u�
 	 o���� tu
Proof of lemma 	��� On D�Q�� for �y� z� � C������

�yM
Q
� �y� z� � �
 	O���� �zM

Q
� �y� z� � O����

�yN
Q
� �y� z� � O���� �zN

Q
� �y� z� � �
 	 O�����

Let LQ� � �MQ
� � N

Q
� �� Hence� Jac L

Q
� �y� z� � 
 	 O����� According to

the local inversion theorem� there exists V Q
� � open neighborhood of C������

such that LQ� is a C
��di�eomorphism from V Q

� to LQ� �V
Q
� �� We can choose

V Q
� simply connected� Thus LQ� �V

Q
� � is also simply connected� Consider a

closed path whose support is the boundary of C������ Its image by LQ� is
a closed path whose winding number with respect to ��� �� is not zero and
whose intersection with C�
� is empty �easy check�� Hence LQ� �V�� contains
C�
�� The rest of the proof is straightforward� tu
Proof of lemma 	���i� The �rst part is a consequence of ������ According
to ������ we have

G�
����t�� g���t� � �

�t�

�
T ���	
�

� �t�
�T�
�Y� � �t�

�T�
�Y � Y�� if t � T ����

� �
� �t�
�T�
�Y� � � �

t
�

�T�
�
�tT ���	

�TT ���	
��Y � Y�� if t 
 T �����

and kG�
��� � g��k � O��dkg�k	 jY � Y�j� � O����� on D�

��
���

� yields K�

�� �K�g��� � O
�k�G�

����
� � �g����k

�
� Therefore�


D�
�
jK�

�� �K�g���j � O
�
����kG�

��� 	 g��k�
�

and we conclude by using kG�
���k	 kg��k � O�kg�k�� tu

Proof of lemma 	���ii� Let � given by lemma ����
A conditioning on fK�

��� K
�
��� K

�
��g yields

E exp�
 	 ��K�g�� � E#� exp�
 	 ��K�
�� �	

#� � ��

ZZ
exp�
 	 ���

X
��j�k��

K�
jky

kzj� exp�� z�

��T
���	

�

� �y � z��

��TT ���	
� dy dz�

Since the deterministic K�
��� K

�
��� K

�
�� are bounded uniformly in ��X

j�k��

K�
jky

kzj 
 �cst �z� 	 jyzj	 y�� 
 �cst �z� 	 �y � z����
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It yields

#� 
 ��

ZZ
exp�
	���K��y	K��z� exp��cst z�� �y� z�� ��TT ���	�

���dydz�

If X is a one�dimensional gaussian centered r�v�� then E expX 
 
 for
all  � R� Hence� there exists m� � � such that inf� #� � m� a�s�� and
sup
�
E exp�
 	 ��K�

�� �	� tu
Proof of lemma 	���iii and 	���iv� Let � � �
� d�� 	 �� 
	 a��� d� Since
jvj � ��

� �d���� � we have �v � O������ and prop� ��
 yields g��u� �v�
tends to g�u�� Assume � � ��D�Q� �countable intersection� see remark
��
�� Assume ���� � u � �� 
 � jvj � ��

� �d���� � Lemma ��� yields

j
X

��j�k��

K�
jk*

Q
� ��u� �v�

k Q
� ��u� �v�

j j � ��

� �*
Q
� ��u� �v�� Q

� ��u� �v��
�

��TT ���	
� �


�
v�

�*Q� ��u� �v��  Q
� ��u� �v��

�

��TT ���	
�� 


�
v�

 Q
� ��u� �v�

�

��
T ���	
�

�� �

and we can conclude easily� tu


� Appendix

Appendix 	��� There exists C � � such that� for all �� t� x

j�xu����t� ��x�j � C �t���� 	 t���jxj	 t� ���
�

j��xxu����t� ��x�j � C �t���� 	 t�x� 	 t����� �����

Proof � A similar result is known if � and c are constant �see Uchiyama
�
������ and we use the same line of proof� Let f�u� � 
f��u��gu�
� r�u���

Let pt�x� y� be the transition density of di�usion dXs � ��Xs�dWs�
Then� the following problems 
 and � both have a unique solution� and they
coincide�

Problem 


�tu �



�
���x� ��xxu 	 c�x� f�u� if t � �

limt�� u�t� x� � 
fx � �g uniformly on every compact of R��
u � C�������		�R� �� 
��
Problem �

u�t� x� �

Z �

��

pt�x� y�dy	

Z t

�

ds

Z ��

��

pt�s�x� y�c�y�f�u�s� y��dy if t � �
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u��� x� � 
fx � �g
u � C����		�R� �� 
��
The proof of this equivalence is known if c is bounded �see Bramson �
�����
and it can be extended when c has� at most� a linear growth by using classical
arguments �Feynman�Kac formula� maximum principle � � ��� We get

u����t� ��x� �

Z �

��

p�t�x� y�dy	

Z t

�

ds

Z ��

��

p�t�s�x� y�c��
�y�f�u����s� ��y��dy

�����
where p� is the transition density of the di�usion dX�

s � ����X�
s �dWs�

Since k�k� � 	 and sup
����

k�x������k� � 	� Friedman+s estimates
yield �see Friedman�
������ �C�� C� � � ��� t� x� y

p�t�x� y� � C� ���t�
���� exp�C� �x� y����t���������

j�xp�t �x� y�j � C� ���t
������ exp�C� �x� y����t���������

j�yp�t �x� y�j � C� ���t
������ exp�C� �x� y����t����������

Then� we get ���
� by di�erentiating ����� and applying ������
����� cannot be derived by di�erentiating twice ����� �no dominated

convergence�� Let A� and �P �
s �s�� be the in�nitesimal generator and the

semi�group of X��

Let f�s �x� � c���x�f�u����s� ��x�� and w��t� x� �

Z t

�

P �
t�sf

�
s �x�ds�

Then� since A� and P �
t�s commute�

A�w��t� x� �

Z t

�

A�P �
t�sf

�
s �x�ds �

Z t

�

P �
t�sA

�f�s �x�ds

� �

�

Z t

�

ds

Z ��

��

�y p
�
t�s�x� y��

����y���y c��
�y�f�u����s� ��y���dy�

�last equality is a consequence of integration by part formula�� ���
�� �����
and ����� imply jA�w��t� x�j � O�
 	 t�x� 	 t����� It allows us to conclude
since � 
 m � �� tu
Appendix 	��� Consider a brownian martingale Zt � x	

Z t

�

AsdWs where

A satis�es jjAjj�� �M a�s� �M � R�� Then

�r � jxj P �jjZjjt� 
 r� � exp��r � x��

�tM�
	 exp��r 	 x��

�tM�
�����

lim sup
s���

jZsjp
�s log log s

� 
 	M�

�
a�s� �����

Proof � ����� is a classical consequence of Doob inequality� Concerning ������
we copy the proof of the law of iterated logarithm for the brownian motion
�see for instance Revuz and Yor �
��
��� tu
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