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Introduction

In general quantum field theory, formulation of dynamics is one of the most
important yet most difficult problems. Experience with classical field
theories -~ e, g. Maxwell theory - indicatesthat relativistic wave equations
in one form or another are going to play an important role. This optimism
is further;’more supported by the analysis of models,e. g. Thirring model b

or g theory both in 2 space time dimensions, and of renormalized perturbation

theory.

As a step towards full quantum theory one might consider the so called
external field problems. There the quantum field is coupled to a classical
field given at the outset. No selfinteraction is included. The dynamical
equations are linear in the quantum field. Nothing is known rigorously in
what sense such theories are approximations of a full quantum field theory.

This is believed to be the case,.

It is well known that there is an uncountable set of dynamical equations which
lead in the limit of vanishing external field to a free field theory of given

mass and spin. Not all of them lead to a satisfactory field theory if an
external field is included. Those passing this test are called stable 2).
Problems and results in quantum field theory with external fields will be
reviewed, Since the talk addresses in particular the mathematicians in the
audience I will start with a fairly long historical introduction. For a very
clear review of mainly the mathematical aspects of the external field

3)

approximation we refer to recent work by A.S. Wightman
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I. On the History of Relativistic Wave Equations

4
In the very beginning of this century Einstein ) reproduced Planck's result
on the black body radiation in quantizing the electromagnetic field in a cavity

Starting from Maxwell's equations

3
ey 2 o+ A = v b =0 ==

o s o i

for the radiation field inside a cubic cavity with the boundary conditions:

Component of E parallel to the wall vanishes,

Component of B perpendicular to the wall vanishes.

In terms of the vector potential A (in the so called Coulomb gauge i.e.
Ay = o, div A = o) the equation of motions for the Fourier components of A

reads
éi-(k,"c,b‘\ * w"c*(h‘glmz- ¢, wr =W

( . natural

K is a vector of the reciprocal lattice = [km {-m.,n“v\,)
number, L length of the Cavity)}. « = 1,2 characterizes the internal degree
of freedom (the spin). For each point in the reciprocal lattice one gets a
classical harmonic oscillator. At this point Einstein introduced the quantum
assumption, setting the energy of each oscillator as a multiple of a minimal
quantum. In an updated version the discrete energy would be produced by

imposing on the Fourier components the commutation rules

LPte,t,x), gk, od 1 =08, 0 3, Pl )= §Ch b,

%

From a classical field theory Einstein produced through quantization a many

body theory for the photon gas.

. o} .
In 1926 Schrodinger ) wrote the equation for a nonrelativistic particle

DR = - |

O ZMACP * V? A Laplace operator
\y potential function (1)
m  mass of particle .
W Planck's constant

(geﬁ‘.,
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under the substitution

x —> % = Qx >‘x=tt,§_\e\2‘r-

Y &, For= @GN LY =V,
where G denotes a Galilean transformation. Therefore the set of (I.1) with V = o
is invariant under the transformation ——»rt}: . This transformation is unitary
with respect to the scalar product (c,¢g) = Sc\‘x V= WS
Due to the continuity equation r'§+ A 3 = g= \cy\z‘ .J =;~‘_;\ (55;‘5“\ t&-—%cj\ml@)
the density Qux) = '%““L”° naturally lends itself for a probability interpre-
tation for localization in a volume element RS at time t. In addition the limit
W— o reproduces Newton's equation of motion for a point particle of

mass m (Correspondance principle),

9

7)

Again in 1926 the Klein Gordon equation was introduced ‘.
2
&’bb",)wq;\'&\-zo R x@Rt', C{')(‘K\e;q: , (2)

To the dismay of physicists it was a partial differential equation of second

order in the time derivative. Two functions are required for the Cauchy

problem. It was not noticed that this was just a consequence of the fact

that the set of solutions of (2) carriesa reducible representation of the inho-

mogeneous Lorentzgroup or it's covering group LSLLI‘Q\\ one irreducible

part being characterized by a positive mass m and spin s=o, the other
by -m and s = o . The solutions of (2) with positive particle

energisare solutions of the first order equation
O = \JW\1° A .
the p's in the ,

(We call particle energies the zero components of \ plane wave solution e wep)

of the wave equation). Of course Im*-A is no longer a local operator in
the sense that the values of Jm*-a <« at x are no longer given by those
\2)

of ¥ and it s derivatives at x . The fact that the solutions of carry a
representation of +SL{2 &) which is not irreducible manifests jtself

once more. The density €wx) = ®w) I § y — TG Fey 1S not positive -
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definite,Together with 3 = .C—ygmdty - Gs-cgck:»\l}' it suffices a continuity equation
é le\‘ .b =0

However the Klein Gordon field has a well defined positive field energy

T

G 12_ \w} \cg\1+ \btc? o \ﬁmﬂl(&;\z\ (3)

leading to a usefull norm.

The situation is therefore quite similar to the one for the electromagnetic
field where one has again no density which allows for a probability interpre-
tation of localization but a positive energy density. However at that time

it was thought\r)c?lg"K1ein—(}ordon equation would have to give a one particle
theory of a relativistic mass point, an interpretation inconsistant with the

principles of relativistic equivalence of mass and energy as it became

clear only much later,

One might argue that just the positive energy solutions of (2) could be used
for a one particle theory the same wa;ﬁve considered only real solutions
of the Maxwell equations. This does not work for the following reason.
It is believed that the coupling of a particle or field to the electromagnetic
field Ay is given by the substitution . -— Dp = e +LAp

6)

in the equation of motion for the particle or field . In our case this leads

to

l@ereany I (R chel ot e
(t""' v . 3 . (4)

Consider a situation where AQ., has compact supp ort in space time and

the solution of (4) is of the positive energy type for & —» -, 1i.e.

suppq‘éc'\/f(c; is thefl:gurier‘ transformation of L_‘p).Then ®©w\ is given by
integration of (4) and will in general lead to a wave function S which for
L — «e ig not of the positive energy type anymore. This is the so called
Klein phenomenon which makes such a theory unstable in the sense of the

introduction. We will discuss problems of this type in chapter III.
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Dirac ', in his belief the origin of all troubles with the Klein-Gordon equation
would come from the second order structure, invented his famous first

order equation for a vector valued function Wexy € ©™

(B%BF*W\ \L\)Lx\ =0, (5)

It was considered a great success that this theory allows for a positive
density Qx\ = $¥xy Yy (star denoting complex conjugation and trans-

position) and a current }% = %y ¢y such that
th + div 8 = 0.,

-%(x\ was considered to be a probability of localization, an interpre-

tation which turnes out to be wrong . The field energy density
Flwy = é(‘*"‘ld’ SIS e

as well as the particle energy - energies which appear in plane wave

solutions - are indefinite. The Klein phenomenon holds again.

The Dirac equation still had it's striking success: It's nonrelativistic limit
turned out to be the previously known Pauli equation for an electron with
spin Yo and the correct magnetic moment - % . The energy spectrum
of the hydrogen atom was given correctly.

Summarizing, the situation at the end of the twenties looked rather hopeless
for relativistic theories. Neither the Klein-Gordon nor the Dirac wave
functions produced satisfactory probability distributions. Dirac's equation was
even so pathological as it did not even allow for a classical field interpre-

tation because of it's indefinitefield energy.

In 1930 came a real breakthrough when Dirac proposed the quantization of his
theory analogously to Einstein's quantization of the black body radiation,
however with the corresponding operators not commuting but rather

10)

anticommuting . This he proposed in order to account for Pauli's
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exclusion principle for electrons. It was an other great success as it turned
out that the anticommutation rules are necessary for a theory with support
of the energy momentum vector in the forward light cone V, and Einstein
causality 1 12).

In 1936 Fierz generalized the quantization procedure to free fields with
arbitrary spin. He used wave equationsgiven earlier by Dirac and demon-
strated the connection between spin and statistics. He already noted the
instability of these wave equations. In a latter paper by Fierz and Pauli 13)

a general method is given for the construcion of relativistic wave equations which

were hoped to be free from pathologies considered at that time. The technics

of constructing relativistic wave equations blossomedfor more then 30 years,

Yet in the beginning of the 40's relativistic wave equations had still another
surprise for physicists. This time so shocking that they were not ready to accept it

14)

&O\",
when it came up:-the first time . But finally, due to the convincing argu-
1
ments of Velo and Zwanziger 5) people got used to this sort of crazy
behaviour, What I am thinking of is the non-causal propagation for relativistic

waves(Chapter III).

L.et me finish this introduction with some remarks:

Most useful to the understanding of relativistic wave equations was Wigner's
analysis of unitary representation of iSL (2, C),because it allowed for a
mathematical concise notion of a fundamental particle: an irreducible uni-

tary representation of i SL (2,C) with m % o and finite spin.

Only recently some mathematicians returned to the problem of classical
relativistic field theories,in particular to the selfcoupled massive spin

16)

zero field .
QE=BY ~w'g = g g -c (6)

In 1961 Jirgens showed global existence for the Cauchy problem using
energy inequalities and in 1972 Morawetz and Srauss considered the asymptotes

to a solution < of (6),1i. e.
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K’E;:— A\ Cgt \-WC?'CSJ‘; = ¢
Lo (7)
Dy = B

£ =% [N
Lo V-l =0,
L A AR
where W -\ denotes the energy norm defined in (3). The mapping is one to one

and isometric in the E-norm. Energy inequalities have been most usefull in the

analysis of Maxwell's equations and the interaction of the radiation field with

a spin 1/2 field 17,
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1I. Quantized Fields, Reduction to ¢c-Number Problem

Following Flierz 4) we look first at the free fields leading through

quantization to a many body theory of particles and antiparticles of

mass m and spin s . One could as well argue the other way around and

start with a many body theory for particles and antiparticles, - the Fock-
space construction over the one particle states for particles and antiparticles -
and define a local field in terms of particle and antiparticle operators

satisfying a field equation.

We will use wave equations which differ slightly from those used by Fierz.
They are however equivalent as long as we do not introduce any interaction 18) 19).
Let izs,¢1 ({e.25]1) denote the linear space of tensors with 2s undotted

(2 s dotted indices), totally symmetric in the undotted (dotted) indices.

Let furthermore ¢ - (‘)i) be a 12w ¢]@® \:e,, ‘Ls] valued function of xe W7
(?(._\:7_.,‘0'] , X e \:.',\ 1s . The following equation is a straight forward

generalization of the Dirac equation

where we used the standard notation:
R- = z_ P“ G-r. ])t* - L Cko;\?p‘, ) (%U ‘. %u _ —g:;f.t. .. (;,35; i

P =y P8
L Pt &*  Pauli matrices, " = Y

DBy (B

b(%\ - &%)@n&

Tn addition we impose on the solution &  of (8) the condition

Q]-\-W\")#Qx):o‘ (9)
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Remarks:

1. (8) and (9) are consistent.

2. With <walso #Lx\)

%(AY" © 3 [ »
;o«\ = F (AAIR v | q_akfs‘;< \
-\ R LY /

o SeAd

= ‘f?_k/\\‘\ $ (N AR vy

is a solution for every A« SLC2.€) | A (A) denotes the

standard representation of SL (2, ) by proper orthochronous

Lorentzttransformations.

It is readily seen that every solution of (8) and (9) can be written in the form:

LY

| 7S s 3 e+ . oo
%‘(‘A\ = -——3 ___\_ > K\{gp,'r)Qgp,‘s")Q - 131\\,\'\ We) )

— +
where MLO\'=\)M27 .3’- and a, b are Fourier components. W and v are
matrices related to the above defined D's. They are most simply given in

terms of the so called boosts [p] ’

N

D, (rel) ‘\\
Wp,5) = —
N N . - y
\ Dix (Led" )

: S \

‘ D_‘- (\\ \,\ l z ) \‘\‘
W p sy =TT
v

L D |elTe) /

=Y
l:P.l = (lvw \\N\T\")\ (warp®) ¥ 'P’E‘l )

[VoIP RN

Dted) = Vol
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In analogy to the radiation field quantization changes the Fourier compo-
+ .
nents a and b into particle destruction and antiparticle creation operators

acting on the Hilbert space of states ‘;: whose vacuum state | 0> satisfies
(M_p_*s-)\q) = @ko.'t‘\(u') =9
In addition the commutation resp. anticommutation relations hold

- Rl 3 ~ n P —_ N
\ oo, sy, ot epy )]ﬁ_ = | pr.s* ), ey «.,9"?')1 T L WEYS P I ) C oy

T

\“‘x\q\,‘s‘\ , 6 WL 31‘ = \‘QQ\‘\’g‘ ) @ N 3 g ¢

The symmetry relation mentioned in remark 2 above reflects itself in
the quantized version as follows: There exists a unitary representation

W e, A) c,»{’ CSiLC2.A) in r*}‘ implementing the transformation <pcay —» ¥y,

W, M) don Wice, Ay = %2‘\/\\"' 4 (Ax v,

\\L is highly reducible, however on the two one-particle subspaces
generated by vectors *‘r\{)\cf') respectively '*’\ti)+\ ¢y, the representa-

tion is irreducible, characterized by mass m and spin s .

Remarks:
1, =« is an operator valued distribution.
2. Fey 1S 10(:a1;i. e. the only nontrivial commutator resp.

anticommutator | _dec £, '\”“’g\l LT O
if supp {( spacelike to supp g.
3. The spectrum of the energy momentum vector Pr* -generator of
translation -is in the forward light cone.
4. The identification of a and b+ with particle destruction and
antiparticle creation operatorsis the only one consistent with
the above remarks. (Theorem of spin and statistics) 1) 12)

!
. T is equal to the FockISpace constructed over the one-particle

state spaces for particles and antiparticles.
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Starting from a free field satisfying (8) and (9) we can of course

construct plenty of other local fields which act on ".’}TJ such that
{o>» is cyclic.

With <>y alsoe.g.

R\

Wiy = K-_, 2e)Y ( ( gp acts on the first index of ¢ .)
" )

is a local field and it satisfies a similar wave equation as ¢

In particular let us construct a free field as follows: Consider the vector
valued function

< (%\ )@kv’l"\ \\
)

W (p,s) = tk\ o
¢ (P Y%"“) " e

&

where ki:\%"\ resp. k%)@w.\

Analogously one defines

act on the first n-\ indices of w(p )

T o.sy. By construction,the field

3/ R '_:.:3 .

\ 2 L PR A, ! W
Fonn = G‘B A 7 I Wperopm€ e Tper B gy e )
J 'ZM‘\\ b S Sl

. )
\A“q\.s) A Y any

~ \

W9 =

i , Yeasy -

2%} /

[T <psd

\ e Qs /

is local and satisfies a first order wave equation,
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So much for free fields. They are extraordinary nice because they are local

quantum fields and at the same time obey relativistic wave equations.

Let us now consider a wave equation for a quantized field ¢wxy coupled

to an external electromagnetic field, Specifically we look for a field ¢(x) acting

onthe Fockfspace (t];,\ of a free field <., and a generalized Dirac

equation of the form

(A Copme A ) 7 ) e =c (1)

We shall also require the existence of an antihermitionizing matrix g such that

% \ -
'Sr cm - ’)tlsf\ ‘W( ' s

4
v

For the Dirac equation “( = ¥~ Then (11) implies

+ S
4‘/ XY (;!s'\kék-Q Ac.\\ —M] T
for the operator &t .5 = <§-f\mv't? . The importance of 4 is based on the fact

that the current,

%ﬁ\;\\s ¥ Yo /‘Sh \:gx\’

which is only formally defined has vanishing divergence.
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For the discussion of wave equations with external fields,it is particularly
convenient to consider linear partial differential equations of first order
The wave equations of free fields (8) (9) used previously can easily be
rewritten in this form introducing of course more components than in the

higher order formulation (remark 6).

In order to make (11) a sensible equation for an operator-valued distri-
bution & ««y, the external field Ae,\\;s\ has to be sufficiently regular.
We will assume more than necessary and suppose ”'\t* is a real valued
tesﬁ“unction of compact support in space-time,

We will assume <wxy to be essentially a free field for x* negative and sufficient-
ly large. By this we mean that in this region, %« has a set of trivial com-
ponents identically vanishing and a complementary set idential to a free field.

The redundant components have been introduced by Fierz and Pauli 13) in

order to make the theory stable. We will come back to this point. If %)

is a solution of (11) and satisfies the conditions mentioned above it is a

solution of the Cauchy problem with data at X" s - =

More general couplings could of course be considered but they do not lead
to any new phenomenon. For an exhaustive discussion they have all to be

analyzed. This has only been carried through for a few simple wave equa-

20)

tions

Let Sgw-y3) be the retarded fundamental solution of the free wave

equation

/";&LB»« wm ) D my) = o s -‘%3

Sagp Datay €NV,

Then the Cauchy problem for &\ can be rewritten:

‘#‘-u(\ = %-’M Ry =% ?u‘f\/ e s ——j| “\7) \k‘- &Y, e( =’/At\/—\r_'
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Qe\‘\'\gi‘
Of course this equationas well as every wave equation for a quantum field,

has to be considered as a relation between distributions, i.e.
FEY = Pacg) g"”" vy Sy T -y Ry (12)

Notice that we have identified with the field having possibly more
hat
components than the free field we started with. They coincide however as far

as the nontrivial components are concerned.

21
Introducing with Capri ) the operator on the test function space

(Tlf )KA\ = (j&‘»\\ . E-(‘“\I (;b(\C;‘)\: Cy = %) “U&)) (13)
A A

one can rewrite (12) as follows
Fu ) = <+ (T,
Analogously one gets

Fea gy = F (Tal),

where <., is supposed to be a free field defined in 5  which might
have a vacuum or not. Obviously the discussion of the problem mentioned

above is now reduced to the discussion of the operators 1, and 1,
In particular the existence c{ T‘;—' as an operator mapping the whole test-
functions space into itself is necessary for the existence of < . Formally

the relation between & , and 4., is given by (see also (27) )

c\::ﬁut(q) = &, T‘;‘\.TA"; ) (14)
—— - —f . R .
The operator la and V4 are intimately linked to the fundamental
solutions of the "interacting wave equation for functions.Let Saix,y, AY

be the fundamental solution of (11)
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L..L"\or;f‘/‘\r)rm) %R kx,y,/\\ = CKA“\])
~

ey \‘52 XL,y LAY < l Cx,v) \ XCee gy g ¢ S )

We will say something on the existence of fundamental solution later
(Chapter III).

Then one gets
(T;JW;)U\\ = %\‘ﬁ) = SQ"\/ Sq) 5R(v,ﬂ,A) %m)) (19)

and analogously

KT,:? Yo = ?\M -0 \"\, (e S G, AY Kok

Using the above relations one shows that existence and uniqueness of the
Cauchy problem with data at x*= -« for the operator-valued distribution

4-(ay 1s equivalent to the analogue c-number problem.

By a straight forward computation,one gets for the commutator resp.

anticommutator of ¢4 the expression

y—

\__%"Us\ 5 4:&3)»} = %“%K,"/ s AY ~ S;A“‘:‘I) A= gkx-‘Ii A).
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II1. Fundamental Solutions

Fundamental solutions <, resp. <a of relativistic wave equations

are important for quantum field theory with external fields as it was ex-
plained in the last chapter. Here we wish to comment on the existence and
uniqueness problem of S, vexp Sa in some particular examples.

A systematic approach does not exist presently because - among other

reasons - there is no systematic approach to the problem of constructing free
relativistic wave equations 22).

For some relativistic wave equations the question of existence of a fundamen-
tal solution can easily be answered negatively. For these the system of partial
differential equations turns out to be inconsistent in the presence of an exter-
nal field, A typical example of such an algebraically unstable equation is the

13)

Dirac equation for spin ¥.. . Consider a function of << RT with values

in the 12 dimensional linear space of tensors T = [cg:r \ P nd g G Dicce sspinv,

MGe , Y™ Dirac m“\ﬂc@_g}. G 'Y shall be a solution of

(\fr&:}‘*ﬂ-w\\ Ty =

i/\(cg,‘_k WY =,

Minimal coupling ‘Op = Du =l v A leads to the equation

\b%‘g-rw\\?vu\\ =%

D‘*?‘\' QY = o

Combination of the two equations yields:

Dp(giz’v "W‘)C?P\Lx\ = hv ):D:‘;b.; l (?‘* [ T “'rr*v h’h?e“‘ "'C‘. (19)
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where we used the abreviation C_»v = LN, - A for the field strength.

However (19) is,in general incompatible with (17) and (18).

Another example of algebraic instability arises from the wave equation

L S S S (20)

for functions of xe Y with values in T, (20) is constructed such as to

imply (16) and (17) . If we introduce in (20) minimal coupling o Ve SGYN
where At isasusual a tes?function with compact support in space-time,

we can state the Cauchy problem at x.=-+ ., However it will in general not

be true that "¢ wy-c for = sufficiently large, hence Gt )

There are many more examples of spin equations exhibiting algebraic

instability 23)

. The mechanism which produces this algebraic instability is
the large number of equations (20) for a function with values in a vector
space of only afew dimensions (12) . Introducing functions with values in
higher dimensional spaces,and using systems of equations of the type (11) -
at least for have integer spin- and quadratic coefficient matrices, Fierz

and Pauli were able to avoid algebraic inconsistency.

-y
Wave equations of a second class are algebraically stable but develop some
subtle problems if one wants to construct fundamental solutions. The simplest
example which can be carried through and shows the problem of noncausality

is the spin one field with external symmetric tensor coupling PRVES

24)

in 2 space-time dimensions s

ot‘ ?f"‘? rym@Py v -T.,K,CQQ - O
(21)
et Y TWM Gy =s,  Cy o P q Minkowski metric.

Fundamental sdutions can be constructed and their support analyzed. It
turns out that the support is in general not the light cone but rather a

bigger or smaller cone depending on Trw‘ . This is the noncausality
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- . 15) . :
phenomenon of Velo and Zwanziger Their result was such a surprise
because through (16) the corresponding quantum theory is now nonlocal. The
external field approximation was not believed to be in conflict with the prin-

ciple of locality.

Notice that the noncausality phenomenon comes in through a piece of the

partial differential operator not belonging to the principal part.

A second example of the class with subtle instabilities is the Fierz-Pauli

25)

. For the construction of fundamental solutions we

26) 27
use an algebraic relation which is most usefull in other contexts too. ) ).

equation for spin 3/2

It avoids the difficulties coming from the singularity of A which is part
of the origin of subtle instabilities. In the formulation of Rarita and

Schwinger the wave equation reads
L) = (Fra g - (0, e D G - ¥ P peG? e G = (22)

Multiplying the partial differential operator L from the right with d'yields’
CL’F‘V - Lt‘k‘-‘- %Bﬁxvr—s‘:ﬂk\é\bvnb“X\’\'f i“L'D&b?
(23)
AT w e P . .\f N
\\'\.\)ko“'&l_d\ v = \Er-w\)a"‘\,"“\ W\ﬂg\ﬁs’ &DY'{M%())LA':Z/;M’-~

+
The operator M1 is still not of a very simple type, but it falls into a class
of non stricly hyperbolic differential operator considered by Leray and

22

Ohya ) as long as the external field strength is not too big 29). The crucial
point to be checked is the determinant operator

2 2 2 = o N . .

Jet MT = (kv Y é‘l"" (P}»“tw rgvps PRI 3(0 > Ve = "‘g(m .
(A4

It has to be a product of strictly hyperbolic operators. This is obviously correct
if the field strength is sufficiently small. Having now constructed a fundamen-
tal solution %‘;{ for M} which is by the way not a distribution but rather

a hyperdistribution (functional on a Gevrey test function space) one can use

the algebraic relation (23) to write down a fundamental solution for 1.,
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. .7 N ~
e N %n S KLC‘.)‘I\HV W yy BNy = <\"\’A —r) A

is given by that of S ° and will in general not be in the

The support of S R

R
forward light cone V,
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Iv. Quantum Mechanics

We now return to the Yang-Feldman equation (12)

foen = 4‘-m CRY = (u\, Sy Ry F o (25)

J )
for the quantized fields <, & , and & ). In the previous chapter we looked

us
at the fundamental solutions which allows.to solve the above equation

%"b\\ = %’\.M\-K‘ — Xd\\\, iﬂbﬁlu)\/ ,A\ /XQ\I) cs\ ‘;"\&Y‘) . (26)

It leads also to an expression for & in terms of & = (14)

3 - ¢ .
ok SRy = <¥’mu\ - 34#7 e Ky, A /}(L.’\ gk_.\v\w‘ +

Tt g‘i‘r‘l A —yY Repyeb Gy T (27)

- AV L N T
[ A2 e Ay Sa e, RV K ey ol

Consider now the algebra CEILV\ of the free field, i.e. the bounded
functions of the free field &, acting in ‘?;M , the Fockspace of o)

with vacuum \¢ >, . Suppose that with every testffunction ‘; of %,

\uq -\ xd.‘f\l Qt‘ﬂ Dal 1,50 %u\\ N \d\\, \‘(1\ S,\\y -w\ '9(“\ A

Y %dqck‘z gq\ SA Y=Y Xy SSalvy, gy A) Ay

o

is a tesf]‘function, there (27) induces a mapping of the field algebra ((‘

into itself. The physically most interesting question is the existence and

uniqueness of the S-matrix S 30)

< t Y
%\"’50« = \\;'7(&&

<b0u£“\ ‘C' 7k =
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For several cases the problem can be solved. A closed expression for

\¢”.uk Can be given in terms of the fundamental solutions %\L\x,,~,A),3]') 32) 33).

27)

For others only existence is known . We will summarize the result in a

table,

It is perhaps interesting to note that the expression for =D S for the cases

which have been carried through - is identical to the expression which one
\

34
gets from renormalized perturbation theory " if w<eci S \o», is properly

defined.

an
In this framework the S-matrix is constructed up to arbitrary phase. The phase

35)

has to be fixed if one wants the S-matrix to be causal in the sense of Bogoliubov
This problem is very much related to the one mentioned previously: the
definition of a conserved current. This is traditionally done (in quantum

tyy,
electrodynamics) introducing a charge renormalization.

Wave equation s=0,Klein-Gordon  s=1/2 s=1 s=3/2
with minimal coupling or Petian Duffin Dirac Fierz-Pauli
Kemmer
Question 27/35)
Existence and unique- yes in b yes in ¥' yesin ¥’ / yes, as
ness of fundamental hyperd'ts:)t)ri—
solution bution
. 15)217) n015)29)

Causality yes yes yes 34)
Existence and unique-
ness of S up to a .phase 27)32) ? 2
a) for external fields 3)27)30) yes
b) for arbitrary fields yes yes, unique-  ? ?

ness for

electric fields

3)27)32)

only
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On the other hand SR resp. 5, are solutions of the Yang-Feldman

A
equation (12)

u(h"f)"‘ \(3\2 %""LK“E\/X\.ZT $ka,7;A).
~ ~

SR&;(,Y )A\ . ‘_".)R
A ~
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