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I.- INTRODUCTION

This paper is concerned with certain convex or concave mappings
of linear operators on a Hilbert space into the reals. [f(A) is convex
if £(M + (1-0B) < A(A) + (1-)) £(B) for 0 <A <1 and f£(A) is
concave if -f(A) is convex] . These mappings involve the trace opera-
tion which plays a central role in quantum statistical mechanics, and it
is not surprising, therefore, that the mappings discussed here were moti~
vated by considerations of physics. In particular, Theorem 1 solves af-
firmatively a conjecture due to Wigner, Yanase and Dyson [1] about a
certain definition of information. In section IIl we use Theorem 1 to prove
other convexity theorems when the Hilbert space is finite dimensional. One
of those, Theorem 6, we extend to infinite dimensional spaces in section IV.
Theorem 6 has a physical application ; it is the basis for proving that
quantum mechanical entropy is stronély subadditive (cf. refs [2], (3]

and [4)) . The proof of that fact will be given in a subsequent paper

(5].

From the work of Krauss and Bendat and Sherman ([6 ] and the
references quoted therein)it is known that certain convex functions from
R to R extend to operator-valued convex functions. If f£(x) is such
a function then A "™ TrKf(A) (where Tr means trace) is certainly
convex when K > 0 and fixed. Simple examples are f(A) = AP and
£(A) = -aAP for A >0 and O < p €1 . However, Aw Trf(A) may be
convex even when f(A) 1is not convex as an operator-valued function.

A

Examples of this are f(A) = ¢° for A selfadjoint and f£(A) = AP

for 1 <p €2 and for A >0 (cf. Theorem 8).
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In this paper we shall be concerned with mappings more compli-
cated than those just mentioned. One example, Theorem 6, is

Am -Tr exp[L + InA] for A >0 and L selfadjoint.

Theorem 1 is our main theorem and Theorems 2,3,6 and 7 are
derived from it. Theorems 8 and 9 are a side issue and are independent
of and simpler than Theorem 1, In section V we remark briefly on the logical
connection of Theorems 1,2,3,6 and 7, namely that they can all be derived

simply from each other (at least for finite dimensional Hilbert spaces).
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II1.- THE MAIN THEOREM AND THE WIGNER-YANASE-DYSON PROBLEM.

We begin by proving our main Theorem 1 which constitutes the
basis for Theorems 2,3, 6 and 7 of the next section. Theorem 1 is also the
Wigner-Yanase-Dyson (WYD) conjecture [1] (actually, it is a bit stronger)
and at the end of this section we shall explain the WYD problem, We also
discuss another problem concerning the WYD definition of information

{ 1) and give a partial solution of it.

Theorem 1 will be proved directly for infinite dimensional

Hilbert spaces and our notation is the following :

(1) H is a separable Hilbert space with inner product (x,y) which

is linear in y and conjugate linear in x

(2) 8(H) is the set of bounded linear operators from H to H ;
8°(H) < B(H) are the bounded selfadjoint operators ; 8" () Cc B m) are
the positive operators (A € B'(1) = (x,ax) 20, Vx) ; @) c 8 m)

are the strictly positive operators (A € 9++(H) = (x,Ax) >0, Vx).

(3) If A€ 8 @) and z € ¢ , we can use the spectral repre-
sentation of A to define A® . zw A® is entire analytic and
AZ € B (H) for z 20

Y2¢ grmy.

(4 The Jq classes : If A € B(H) we form |A] = Y a)
A€S () chm) (q21) if “A"q = (1r @HYY <o, unere Tr
means trace. Jl(u) is the trace class and JZ (H) 1is the Hilbert-

Schmidt class. A € c}q(ﬂ) implies that A is compact and that
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A € Jlu{).lhuq = ( Z?;i qu)llq where the kj are the eigen-
values of ‘Al in decreasing order, including multiplicity. If

A € ﬁ+(H) but A ;! d 1(H), it is convenient to define Tr A = ® ,

(5) We recall that if A € RB(H) and if K is a linear operator
(not necessarily bounded) on a dense domain, D(K) , in H then AK
may have a bounded extension to all of H ., 1If so, it is unique and

its adjoint is a bounded extension of ktat .
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Theorem 1 : Let K be a linear operator (not necessarily bounded)
on H , let A,B € B"(H) and let A , 0 <A<l , be given. Form
the convex combination C = M + (1-1) B . Let p and r be given

/2

positive real numbers with p+r =s <1 , If M= Cp/2 K ¢t has

an extension to AZ(H) then

/2 /2

D) AP/Z KAF and Bp/z KB® have extensions to JZ(H) and

r/2 r/2

(2) x 1 AT/% gt AP ka2 & 1= 1 37/2 k't 8P kp™/?

str ¢t/ 2 gt P ke™? | ile.

A€ B+(H) » Tr Ar/Z Kt AP KAr/2 is concave,

Proof : (a) We recall the theorem (6] that the map A € 6" (1) a9

is concave on & (H) when 0 < q 1 . Thus, X A% <¢% and

Ker (4%) = Ker () D Ker (C) = Ker (c%) , and similarly for B . As
A,B and C are bounded, their kernels are clesed subspaces and

H = Ker (C) @ Ker (C)* . The above inequalities show that for 0 <q <1,
a(q) = aY/2 /2 and a(q)*= C.q/2 292 can be extended to bounded
operators on Ker(C)* because I Aq/2 Cmq/2 4 H < X'llz for ¥ 1in the
dense set DC = {vectors with support away from zero in the spectral
representation of C} . Similarly, we define PB(q) = Bq/Z C-q/2 . Also,

(g and 0.(;3 can be defined to be zero on Ker(C) and thus are defined
+

+

= Aq/2 = a(q) quz . Gonsequently,
+

on all of H . Clearly, ¢¥? a(q)

/2 02 2 ap) (P2 ke am) e o) wan) Te s m) L stnce
ME "2 n) . N;:: only is the first part of the theorem thus proved,
but we also see that if (Yi} and {cpi} are orthonormal bases for
Ker(C) and Rer(C)* respectively, we can compute traces in the basis

”1} + {cpi] snd all terms involving “'1} will vanish. Thus, Ker(C)
[ 4
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is an irrelevant subspace, and we shall henceforth assume that

H=Ker(C)* , i.e. C >0

(b) With the above definitions, part(2) is equivalent to the

following : A TA(p,r) + (1 =) TB(p,r) S.TrM*ﬁ for every M € JE(H),

where TA(p,r) = Tr or) Mi.a(pit alp) Ma(r)* and similarly for

™ (p,1).
(e Let z = x+ iy € €. and consider the operator valued func-
tion (z) = A%2 "M% o p /2 W X2 N2 iy2 | \3Y/2 Gy oo1YI2

Since Cly/2 is unitary and || Aly/zn <1, a(z) is uniformly bounded

t C-z/ZAz/Z

in S = {z| 0 sRe(z) 1}, 1f z = »iy , a(z) = . For

Y € DC , a(z) ¥ is an entire analytic function of 2z because C-zle

/2

is entire and A% is entire. Hence, by the boundedness of Q(z) and

a standard density argument, 0(z) ¥ ois regular on S (continuous on

S and analytic in the interior of S) for all ¥ €H . Since weak analyti-
city implies strong analyticity, we also have that a(z) 1is strongly
continuouson S and is norm analytic in the interior of § . Furthermore,
if A -+ A strongly and if B € =92(H) » then AB - AB in the

Jz (H) norm . (This is trivial if B is finite rank, but the finite

rank operators are dense in the Jz (H) norm). Hence, a(z,) Ma(Ezi*
is d, (H) regular on S X8 , which means that
TA(zl,zz) = Tr a(zz) M'*G(EI)'fa(zl) MG(Ez) ¥ is bounded and regular

on § XS .

(d) We now set z; ® 2z, 2, =8 -2z and consider

TA(z) = TA(z,s-z) as a regular function on f{z| 0 SRe(z) ss}, By

(b) we need to show that £(p) = A TA(p) + (1~} TB(p) S Tr ﬁt M . By



IIr -7 -

the maximum modulus principle for bounded regular functions on a strip,
l£(p) | < max {s%plf(ie)l , sup|f(s + 18)|} . We shall comsider only the
first case, p = 1i6 , in detgil because the second case, p = s+if , is
parallel. |£(iB)] < XlTA(iG)I + (l-k)lTB(19)| . Using the facts that for

A €BH) and B € Jz(H) , AB and BA € JZ(H) , and for

T

B,C€J,M) , Tr BC = Tr CB and |tr Bc] < % Tc B B+‘§TrCTC,

M ol-i9) M a(s—19)+

+

we have that 2|TA(19)‘ < Tr a(s-i6) M+ o(~10)
+o1re a(s+i ) MY oot a(18) M a(s+ib)
However, HG(-19)+ a(-18)]] $1 , so the first term is at most

Tr a(s-iB) Mﬁ-M a(s-ie)+ = Tr M G(s—ie)* a(s-18) M+

= Tr M C~i6/2a(sy als) 019/2 mt=1r a(s)+ as) Cie/2 M+>M Cnie/2 .

+ » .
Likewise, the second term is at most Tr G{s) a(s) C 18/2 M*.M 016/2,

If we add to these the corresponding two terms for lTB(ie)l we obtain

AT (8) [+ (1-0) [TB (1 0) | TeDats)racs)+(1-08Ys)Bs) TP | (2.1)

L10/2 ¥y o 1¥2 | o102 Ty (192 ¢ gy

where P = (C M'"MC . As we remarked

before, w4+ (1-2) B® <c® , whence

-s/2 s/2

als) Tats) + (-0 B(s) TBGs) = ¢™¥/2[® + -0 8%1¢™%? <2

Substituting this in (2,1) proves the theorem. Q.E.D.

REMARK : If CP/ZK has an extension to c91(H) then so does AP/ZK

and Bp/zK since HCP/ZKH 2 A;/z IMP/ZKH . In this case

rr ¢"F2 ktcPre™? = 1r c" ktcP k= T x TP K ¥ and similarly for

A &and B .,
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COROLLARY 1.1 : With p and r as in Theorem 1, the function from

8 (1) x 87(1) x BH) to the nonnegative reals defined by

(A,B,K) M F(A,B,K) = Tr AT/2 K+Bp ga™/2

(1) is jointly concave in (A,B)

(2) is convex in K

Proof : Consider the Hilbert space H' = H @H and define the follo-

wing operators in 8(H')

k : (x,y) =» (0,Kx)
k9 m &0

a: (x,y) ~ (Ax,By) , a € 8 (4")

Applying Theorem 1 to Tr ar/?' k+ap .k ar/2 proves the first part. The
second part follows from a Schwartz inequality type of argument since

F(A,B,K) 1is nonnegative and quadratic in K . Q.E.D.

COROLLARY 1,2 : With p and r as in Theoreml, p+ r =5 51

H

the functions from & (H) X B+(H) x B(H) to the nonnegative reals defined by

(A,B,K) 4 F_(A,B,K) = [Ir AT/2gT 3P gaT/23

(1) are jointly concave in (A,B) when 0 <q s 1/s
(2) are jointly convex in (A,B) when q <O

(3) are convex ip K when ¢ 21/2 ,
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Proof : The proof is a standard one for homogeneous concave (or convex
functions [7] . Let x = (xl,xz) € ]Rf_ = {{cl,xz)l X, 20, X, 20} and de-
fine f(x) = Fl(x1 A+ X, Al x; B + x, B', K) for an arbitrary ,

but henceforth fixed, choice of A , A' , B, B' ¢ 6+(H)

Parts (1) and (2) are equivalent to showing that for all such choices,
£(x)3 is concave (or convex). By Corollary 1,1 f£(x) is nonnegative,
concave and homogeneous of order s, i.e. f( ) = A% £(x) for ) = 0.
For each g 20 , define Ga= { xlf(x) 2q,Xx € Rf } . It is easily

seen from the properties of f£f(x) that Ga is a convex subset of

]Ri and Ga.=°‘1/s G1 for o >0 . Define
2
k(x) =sup{g20‘xEG“S} for x€]R+ . As xecf(x),k(x)

is everywhere defined. In fact,since £(x) = sup {a 2 O| x € Ga] s

£(x) = k(x)® . Obviously, k(x) is nonnegative and homogeneous of
order one and, since k(x) =sup { u>0 | x e Gy} when £(x) # 0,

it is easy to check that k(x) 1is & concave function. For a nonnegative
concave function, k(x) , k(x)P is concave when 0 < p sl and

k(x)? is convex when p <O . This proves parts (1) and (2). For part
K+ x

(3) we define f(x) = Fl(A,B, X K') , with K, K' € g(H) .

1 2
f(x) is nonnegative, convex and homogeneous of order 2, We define :

2 ,
Ga= {x‘f(x) sa,x €R } which is convex ; k(x) = inf{pzotxeG“z}.
Then k(x) 1is nonnegative, convex and homogeneous of order one and

f(x) = k(x)2 . For any nonnegative convex function, k(x), k(x)? is

convex when p 21 . Q.E.D.

The setting for the next corollary is the following :
Let H1 and H2 be two separable Hilbert spaces and le = Hl ®H2
their temsor product. 1f 4, € B+(H12) and A12 € Jl(le) we can

define Al € B+(Hl) by means of the partial trace, i.e,
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which means that for x,y € H1
(% 4y y) = )'..i‘(xio e AL,y ® e 1)

where {ei} is any orthonormal basis in H2

COROLLARY 1.3 : Let H2 be of dimension d, < ® , let K be a linear

2
. 1 +,.12
operator (not necessarily bounded) on H~ and let A, € BT
12 . 1
Alze JI(H)Wlth A1=Tr A12 .let p >0, r>0,p+r=3s5 <1,
NDefine L=XK @ 1 9 on H 12 . If Alp/2 K Alr/2 has an extension
to JZ(HI) then A12p/2 L Alzr/2 has an extension to Jz(le) and
l-s .1, r/2 + ,p r/2 12 /2 ¥ . p /2 .
d, Tr™ A K' Al KA z Tro Ay, L A, LA (2.2)
Proof : If G 1is the group of unitary transformations on H2 and if

dU 1is the normalized Haar measure on G then it is easy to see [3]

12
hand side of (2.2). By Theorem 1, A,

_ + -1 .
that 312 = IG U A U du = d2 A1 @ 'n2 . Let F(Alz) be the right
i F(AIZ) is concave so

F(B,,) =2 F(U*A U) dU . But F(U+A U) 1is independent of U
12 G 12 12

+

since (U"'A12 P =uvTa P v, v Lu=1 and 20 x U= ot
However, F(Blz) is the left hand side of (2.2) ., Q.E.D.

REMARKS : (i) Theorem 1 can be regarded as a special case of Corollary 1.3
as may be seen by taking H2 = ([:2 and A}, = $AQ® P® + g B ®Pb \

where p? and Pb are two orthogonal projections on H2 and

+ .1 ; .
A, B € @(H) .Then A = $A+ §B=C ,
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(1i) Similarly to Corollary 1.1, we can extead Corollary 1.3 to

o +,12 12
the following : Let A12’ 312 € g (BT , A12’ B12 € JL{H ) , and

1 _ 1
Al = Tr A12, B1 = Tr B12 . Then

l-s 1, /2 _%¥_p
d2 Tr Al K Bl K Al

r/2 12 r/2

=2Tr A /2',

k¥ . Pxa.t

12 12 12 (2.3)

(1ii) When d2 = @ , Corollary 1.3 makes no sense except when s = 1,

In that special case, the corollary is true when d2 = ® , The proof,
which we shall not give here, can be constructed in imitation of the

proof of Theorem 1 itself., The principal idea is to define

= q/2 -q/2 < 12 _AP/2 , ax/2 1
alq) = 4, (4 0,] €a8E"T) and M 1 K & € JIH).
(iv) If we let A, = Tllz in (2.3) and let K be a projection

. . , 1 ,
onto an arbitrary one dimensional subspace of H™ we obtain the operator

inequality (since A1 = d2 ﬂ.l)

for all B, € g @'?) and o <psl.,
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THE WIGNER - YANASE ~ DYSON CONJECTURE.

In quantum mechanics, a density matrix, p, on H satisfies
p € B+(H) s p € J&(H) and Tr p=1 . The entropy of p , as usually

defined, is
s(p) = ~-Tr plnp .

Wigner and Yanase [1] extended thisto the concept of the entropy of p
relative to a self adjoint "observable", K , and defined it as
S(p,K) = 3 Ir [pl/z, K]Z , where [A,B] = AB - BA . Dyson (cf.ref.[1])

proposed a generalization of this to
P 1-p
sp (psK) =8Tr [p ., K] [p ~,K)

for 0 <p <1 . [Actually, Wigner and Yanase defined ﬂ)(p,K) = —Sp(p,K)

which they termed skew information] .

It is well known and easy to prove that S(p) is concave in p ,
and the WYD conjecture is that Sp(p,l() is concave in p for each fixed
K . They were able to prove this only when p = 1/2 , In physical appli-
cations K may be unbounded, but it is always correct to assume that
pp K and K pp have unique extensions to Jl(H) for all p >0 .

Thus (cf. the remark after Theorem 1)

Sp(p,K) = -Tr p K2 + Tr pl-p K pp K.
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The first term is linear, and hence concave, and the second term is
concave by Theorem 1 . [Remark : Theorem 1 is stronger than necessary
because it allows K to be non-selfadjoint, i.e. Tr[pp,K+][pl°p,K1
is concave in p when K 1is non-selfadjoint., This generalization can
be derived from the selfadjoint case when p = % by a simple polari-
zation argument, but not when p # 1/2] ., Baumann and Jost [9,10] proved
the concavity for general p , but for a special class of p and H.
Wigner and Yanase properly regarded the concavity of
p+ Sp @,K) as a necessary requirement in order that Ip(p,K) be a
sensible definition of information. Another absolute requirement is the
subadditivity of Sp(p,K) . Subadditivity of the ordinary entropy ,
S(p) , means (in the terminology preceding Corollary 1.3 and with

p, = Trzplz) that
s(p,) s S(p) + 8(p,)
This inequality is well known,

For Sp(p,K) , Wigner and Yanase [1] take the following definition :

Let K1 (resp, Kz) be a selfadjoint operator on Hl (resp. HZ) and
12

define L = K1 1 g * il 1 ® K2 on H . The subadditivity condi-
tion is that

Sp(plz, L) = sp(p1 » K)o+ sp(p2 s K)o (2,4)
It is easy to see that (2,4) is true when P =P ® py . Wigner

and Yanase proved (2.4) when Py, 1s a projection onto a one dimen-

sional subspace of le and p = 1/2 , In the general case, (2.4)

becomes (with r = l-p)
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g

1 »p r 2
Tr pl Kl Py Kl + Tr pzp K2 pz 2

2-21% o, K @K1+ g P LT L (2.5)

We do not have a proof of this, but when Kl or K2 is zero, (2.5) is
simply Corollary 1.3, Because (2.5) is true in these three special

cases, there is reason to believe it is true generally.
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III.- SOME FINITE DIMENSIONAL THEOREMS.

In this section we confine our attention to finite dimensional
Hilbert spaces over the complex numbers, i.e. H = t" . Some of the re-
sults of this section will be generalized to the infinite dimensional case
in the next section by approximation arguments., If C ¢ B‘H-(H) then
C> ¢ N for some ¢ >0 . We remark that for A, B € DH(H) and

/ZKA1/2)+ 1/2KA1/2)> 0 for K# 0.

K eg@ , Tr AkTB g = r (8 (B
Theorem 2 : The function from aH-(H) x B(H) to the nonnegative reals

defined by
(A, K = Fa,0) = TrafxTaPg (3.1)

is jointly convex in (A,K) whenever p > O , r >0 andp+r <1 |,
i.e., for all » , 0 « X <1, ) F(A,K) + (1-)) F(B,L) > F(C,M) when

AB ¢ 6 (1) ; K,L ¢ BH) ;C=xA+ (1-)B ; M=K+ (1-)) L.

Proof : We can think of @(H) as a complex Hilbert space, V(H) of
dimension n2 with the inner product K,K' ¢ @(H) m» <K,K'D> = Tr K+K'.
The linear transformation of V(H) -+ V(H) defined by Kp gK g ,

with gq,B € BH(H) is Hermitian and positive definite because

<X, akK@>0 when K#0 . Thus, Km F(A,K) , Kwm F(B,K) and

K » F(C,K) are positive definite quadratic forms on V(H), Furthermore,
we can define VZ(H) = V(H) @ V(H) with inner product

CK,L), (R',LYD = Tr K K' + Tr L' L' . Clearly D=)F(A,K)+(1-))F(A,L)
and N=F(C,\ K + (1-A)L) are both positive quadratic forms on Vz(“) and

D 1s definite, With A and B fixed, we form the variational quotient N/D
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and maximize it with respect to (K,L) € VZ(H) . Using the fact that
Tr AB = 0 for all A € B(H) implies B =0 , we find the eigenvalue

equations

r

YyATP K AT CPIAKR+ (1-pL]c™F =M € BH)

r r

(3.2)

il

yB P LB cCPIAk+ (1-ML] ¢

W
=

and the problem is to show that the eigenvalue y <1 . If Yy # 0, the

equation y AP K A" = M has the unique solution K = yrlAp M AT,

-1
Likewise, L = Y 8P M BY and AK+ (1-)) L = c® M Cr. Thus, finding
Y # O solutions to (3.2) is equivalent to finding an M € 8(H) such

that M# 0 and A AP M A" + (1-1) BP M B = YcP M c¥ . However, if

+

we multiply this equation on the left by M and take the trace, we

see that y €1 by Theorem 1 . Q.E.D.

COROLLARY 2.1 : Let p 2> 0, r 20 , p+r=s¢x1l and q € R ,

q# 0 be fixed. Then the functions from @ ' (H) X A7) x BWH) to the
nonnegative reals defined by
(4,8,K) + F (4,B,K) = (Tr AP x T3¢

-1
is jointly convex in (A,B,K) when q 2z (2-5)

Proof : The same as for Corollaries 1.1 and 1.2 , since
F, (A,B,K) 1is homogeneous of order 2-s >0 . Q.E.D.

1

We next turn our attention to &8 function similar to (3.1)

from & ++(H) x B(H) to the nonnegative reals defined by
x
(A,K) M Q(A,K) s Tr jr dx (A + x'ﬁ.)_1 K+
0

We note that the linear transformation T from V(H) (defined in the

(A + x ﬂ.)-l K

proof of Theorem 2) to V(H) given by
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TA;K;..£ dx (A+xT)F K (a+xm)t (3.3)

is Hermitean and positive definite . In a basis in which A 1is diagonal

it is easy to compute T explicitly :

T, [Kij} - {Kijr(A,

(A

where the § A, } are the eigenvalues of A and

. -1 ‘ -
f(x,y) = (x-y) In (x/y) if x# y, £(x,x) = x 1
The inverse transformation is

-1

T, {Kij}H{Kij/ £@,, A'j }

bhut this is the same as

TA-I: K H[l ix A* K al™® (3.4)
0

as one sees by calculating the integral.
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Theorem 3 : The function Q(A,K) from 8 (H) x 8B(E) to the nonne-

gative reals is jointly convex in (A,K)

Proof : The proof is exactly the same as for Theorem 2 up to the

eigenvalue equation (3.2) which now reads

M e ®B(H)

]
i}

Y TA(K) TCO‘ K+ (1-0)L)

it
=

Y TB(K) TC(A K+ (1-M)L) } (3.5)

1f y# C we apply the inversion formula (3.4), whence

l-X]

1
f ax[n A% val ™ 5 @-nB* TRy X e =0

0

By multiplying this on the left by b§+ and using Theorem' 1, we see

that v

N

1 . Q.E.D.

COROLLARY 3.1 : The functions

.*-

. ‘
(A,B,K) » Qq(A,B,K) = [Tr[ dx(a + x0) " kB + )t kI
0

trom © '(H) X &V () x R@H) to the nonnegative reals are

(L) jointly convex in (A,B,K) when q 2 1
(2) convex in K when q 21/2
(3) jeintly convex in (A,B) when q >0

(4) jointly concave in (A,B) when -1 £$q <0 and K# 0



Proof : The construction given in Corollary 1.1 allows us to replace
A by (A,B) . We note that Ql(A,B,K) is homogeneous of order -1 in
(A,B) , as may be seen by changing the integration variable to \ x ,

and hence Ql(A,B,K) is homogeneous of order one in (A4,B,K) . The proof
of parts (1) and (2) is the same as that given in the second half of
Corclliary 1.2 for nonnegative,homogeneous, convex functions of positive
order. To prove parts (3) and (4) we have to modify the proof given in
Corollary 1.2 . For x€ K{i \ {(0,0)} , we construct

B',K) with A,A',B,B' € @ (W)

£ (x) EQI(XLA+X~ A' , %, B+ X

2 2

Assuming that K # 0 (otherwise there is nothing to prove) we note that

f(x) 1is strictly positive (as remarked before), convex and homogeneous

of order -t = -1 , We shall here give the construction for general
t >0 as we shall need it in Corollary 8.1 and Theorem 9 . Define the
2

convex sects Ga = {xlf(x) Sa, x €ER. {(0,0)}) ], whence

+
f(x) = inf { o > O]){E Ga} . Define ~ k(x) = sup{y > 01 x€6 __}=

u-t
=sup {u>0|xey Gl} = f(x)_1 . As before, k(x) 1is positive, concave

and homogeneous of order one. The rest follows from the remarks in

Corollary 1.2 ., Q.E.D.

The mapping T, : B(H) -+ @{H) defined in (3.3) has a special
significance when restricted to the self adjoint operators, 8° (1)
Let A ¢fT(H) and K € g°(H) . Then
d

= A+ )| =T (3.6)

[ To derive this, use the representation

In A =[ dx (1 + x)-l (A-1) (A + x1 )-1 3.7)
0
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which can be verified in a basis in which A

is diagonal ; then use

" eo = A KA (3.8)

for any K € @(H) , A € @ '(H) ] . Using (3.6), (3.7) and (3.8) one

has

2

— 1n(A+xK)‘ == J{ dx (A+xfﬂ.)—l K (A+xﬂ.)-1 K (A+x".u.f1
dx x=0 0
= -R, (K)

(3.9)

We note that RA(K) € RH(H) when K # 0 .

Proposition 4 : For any real number,

y, and 4 € B (W ,K ¢8WH),
Y RA(K)+2Y TA(K)+‘I1 > 0.

2
Proof : OsR(K+A)=-—d—— In (A+ x K+ x A)
S A 2
dx x=0
a2 -1
= --d:i {ln A +x)M0 + In (A+ x(1+x) ~ K} =0

=T + 2 TA(K) + RA(K)

Now replace K by ¥K . Q.E.D,

Proposition 4 is not necessary for what follows, but we
mention it becayse it almost, but not quite, implies the following propo-

sition, P : RA(K) 2 TA(K)Z . It doea imply that

(\y,[RA(K) - TA(K)Z] ¥) 20 when Yy is any eigenvector of TA(K). P is

false, however, as may be seen by the two-dimensional example :
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01

a o
A =( )with a >b >0 and K =( ) . Theorem 6 below would be

ob 1 o
trivial to prove if P were true and , in some sense, it may be taken

as a substitute for P

In order to prove Theorem 6, we need some preliminary remarks

and Lemma 5. The remarks are that

Q (A,K) = Tr K+ TA(K) . (3.10)

Also, Q(A + x B, K) is differentiable near x = O for all B € R (H)

and

= QU+ x BR)| o= -Tr B R, (K) (3.11)
for K € &°(1).
Lemma 5 : Let C be a convex cone in a vectdr space and let F : C+ R

be a convex function which is alsc right differentiable in the sense that

lim x'l{F(A+xB) - F(A)}
x}0

G(A,B)

exists for all A,B € C . Assume, also, that F 1is homogeneous of

order 1, i.e. F(AA) = AF(A) for A >0 ., Then G(A,B) < F(B) .
Conversely, if F 1is two-sided differentiable in the sense above (with equal
left and right derivatives), if G(A + xB,B) is measurable on {x|x=0} ,
if G(A,B) € F(B) and if F is homogeneous of order 1, then F 1is

convex,
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Proof : For all x > 0 , F(A + xB) = F ((1+x) [(1«|~x)-1 A+ x(1+x)-1B] )
= (140 F (A0 M@0 ™) < Ao [Q07F FA) + Q407 FE) )
= F(A) + xF(B) . Subtract F(A) from both sides, divide by x , and

take the limit x } O ., For the second part, let C = )A + (1-)) B and

note that F(C) -~ X (A) = F(C)-F()A)

1-A rl-) 1-3
= ‘[ dx dF ()A + xB)/dx = [ dx G(A+xB,B) < l dx F(B)
0

= (1-)) F(B). Q.E.D.

We shall return again to this lemma, but for now we note that
since Q(A,K) is homogeneocus of order 1 on the convex cone &t m) x B (H)

then, using (3.10) and (3.11) ,
-Tr B RA(K) + 2 Tr M TA(K) <Tr M TB(M) (3.12)
for AB € @ () and KM ¢ g @) .

Theorem 6 : Let L ¢ @ (H) be fixed . Then the function from e @)

to the nonnegative reals defined by
A r FL(A) = Tr' exp (L + 1ln A)
4+
is concave on ® (H) for all L .

Proof : Choose A ¢ 67(H) and K ¢ g°(1) and consider the func-
tion f(x) = Tr exp (L + 1n(A + x K) ) which is defined and differentiable
for the real variable x 1in some neighborhood of { 0}, The theorem is
equivalent to the statement that dz £/ dx2 € 0 wvhen x =0 for all

choices of A,L and K . Using the fact (which can be proved by a power

series expansion, for example) that

1

g eF+xG| a dy eyF G e (loy)FaT
x = 0 o

-1
£ )

exp (F)

for F.G € B (H) . we compute
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B(l-y)

1
- y
Tr BRA(K) + TrJE dy TA(K) B” T, (X’

- Tr BRy) + Tr T,(0 .70 [T, 0] (3.13)

where B = exp (L + lIn A) . Now use inequality (3.12) with

-1
M= T, [ TA(K)] . Q.E.D.

COROLLARY 6.1 : Let k be a positive integer and Pys---sPp  Positive

real numbers with p; + coutp, =8 s1 . Let Lg 8°(H) and qQ €R
be fixed. Then the functions from EH(H)k to the positive reals defined

by

k
Fq(Al""’Ak) = [Tr exp [L + ¥ - P

q
I In (Aj)]}

(1) are jointly concave in (Al,...,Ak) when 0 <q < s_1

(2) are jointly convex in (Al,...,Ak) when q < O .

Proof : F, 1is homogeneous of order s and we have already explained in

1
Corollaries 1.2 and 2.1 how to treat the cases q ¥ 1 . That Fy 1is jointly
concave seems like a stronger result than Theorem 6 but, surprisingly, it is
not. We have to show that for every choice of Ay,...,A € ﬁ++(ﬂ) and
Kl""’Kk € 8% (1) , the k-square second derivative matrix of

f(xl,,.., xk) a F(Al + x1K1aee, Ak + Xy Kk) is positive semidefinite

when xy = ,,,. =x, =0 , If £ (Xy,... ) . myx =
1 k 10000 % |x1 ook =0

sm“ 'gij + 6“ hi’ we compute

-1
By = PPy Tr Ty [TAi(Ki)]TAj(Kj) ‘



where B = exp [L + z?sl Py In (Aj) ] . Clearly, for any
F,G € B® L, TrF Tl = Tr 6T, and TrF T, TNE) 2 0
so, by a Schwarz inequality argument, |Tr F# TB-l(G)‘2 <
¥, -1 -1 2
[Tr F' T, (F)] [1r ¢ T, "(6)] . Hence | gij‘ < 84 8y o and

8i( < -P; hi by Theorem 6 . Thus, for any V¥ ¢ Ek R
. - /2 2 Zf 2
2+i(=1 nlj(=1 ¥p My ¥y oS (g ety 197+ 2y |

2 . ,
< (1-s) Z§=l hi lyi‘ < 0 since hi < 0, all i. Q.E.D,

COROLLARY 6.2 : Let PpsesesPy be as in Corollary 6.1 and let

y € with |yll=1 . Then

k
(Al,..,Ak)l+ exp [zﬁ=1 pj(Y, ln Aj ¥) ]
is a concave function on ¢++(H)k
Proof : Let P be the projection onto the one-dimensional subspace of

H spanned by V¥ . Then take the limit eL <+ P in Corollary 6.1,

Q.E.D.
Remark : If we write B = eL in Theorem 6, then, by the Trotter product
formula, F (A) = lim Fl(‘n)(A) with F]En)(A) = 1 8Y/® Al/me
n-e
Now, F(l)(A) is concave in A since it is linear, F(z)(A) is concave

L L

in A by Theorem 1 and FL(A) is concave in A by Thearem 6 , Hence,

we are led to the

Conjecture : For each fixed B ¢ @ () and n € z* , the positive

function Tr (Bl/n Al/n)n is concave in A e-ﬁ+(H)
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We remind the reader of the Golden-Thompson ineauvrlity
(GT) [11,12] which is that

Tr eA+B < Tr eA eB (3.14)

for A,B ¢ ﬁS(H) . This theorem can be extended to the infinite dimen-
sional case [13] . The obvious generalization of GT to three opera-
tors in the form Tr eA+B+C < Tr eAeBeC is false, We shall now show

that Theorem 6 does provide a correct generalization of GT to three

operators (and hence provides an alternative proof of GT itself).

Theorem 7 : Let A,B,C ¢ ﬁS(H)

Tr e (eB) > Tr eA+B+C

Texp(-—A)
If A commutes with B then

Tr eC eA eB > Tr eA+B+C

Proof : Define q,B € 6++(H) by a = e—A and B = e®  and define

L € BS(H) by L =A+C . Since gm ~Tr gtinQ homogeneous of order 1
and convex on the cone Q++(H) , we can use Lemma 5 to deduce that for
B e (1)
Tr AYBHC Tr JLHIng < 4 Tr eL+1n(a+ xp) | )
dx x=0
= r e° TQ(B) . For the last part, we note that

Ta(s) =f dx e+ xm) B (e-A+x'11)-l = et P if (A,B]=0.
0

Q.E.D.
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Remark : An alternative formulation of Theorem 7 is this : Let

A,¢,D € @ (H) . Then
cC D 1 -As D -A(l-s)
Tr e e =2 Tr exp(C + A + 1ln ds e e e ]
0

which follows from the definition T )@ ) = eD and the inversion

exp (-A

formula (3.4).

Additional Theorems :

The Theorems proved thus far all rely on Theorem 1l in an essen-
tial way. We shall now prove some theorems which appear to be similar to
Theorems 2,3,6 and 7 Lut which in reality are less complicated because

tney can be proved directly by elementary methods.

Theorem 8 : Let K ¢ RB(MH) and 1 >p >0, 1 2r >0 be fixed, Then the

function from Q++(H) to the nonnegative reals defined by

A F(A) = Tr AP xta Tk

is convex in A

Proof : It is sufficient to show that for all L ¢ ﬁS(H), g(x) = F(A+xL)
has a positive second derivative at x = 0 , Let
2

= = —i- ~P = d P _d.... -p

AG) = A+ xL, B o AT L v I AT | D= 2 AG) T g
2

and E_ = 4 A(x)pl _ . Using the fact that A(x)P AxX)P =1 , we

P de x=0

compute that B =-A"P C AP and D =28 AP B - AP E AP . Hence
P P 1% p P P
2
L g, =-TrE aPktaTgaP i AT gaP ktaAT
x=0 P r

dx2

+ : + t
+ Tr(y 6P + 5ry)(Y 6p + 6r y) '+ Tr (y 6p)(Y6p) + Tr(éry)(érY) )
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r/2

where Y = A~ K A-p/2 and 6p = A-p/2 Cp A-p/2 . The theorem will

be proved if we show that Ep < 0 , but this fact follows from the in-

tegral representation (valid for 1 > p > 0)

p _ -1 . ® p-1 -1
A" = W7 gin Tp X dx A (A +x1) and (3.8) . Q.E.D.
0

COROLLARY 8.1 : Let 1 2p >0 and 1 2 r > 0 ,p+r=s and

q€ R , q#0 be fixed, Then the functions from @&  (H) x @ (H) x g(H)
to the nonnegative reals, defined by
(A,B,K) » F (4,B,K) = (Tr A"Px 'B7TK) 9
(1) are <convex in K when q = 1/2
(2) are jointly convex in (A,B) when q > O

(3) are jointly concave in (A,B) when -l/s <q <O

Proof : The same as for Corollary 3.1 . We note that the degree of

homogeneity in K is 2 while in (A,B) it is =-s , Q.E.D,

Remark : The map A R AP is not convex for p>1 , but Am TrA"P

is convex for 2 > p > O

Theorem 9 : Let k be a positive integer and PyaeeesPy positive real
numbers with Ppte. tp =5 . Let L ¢ g8°(H) and q € R be fixed, Then
the functions from 6++(H)k to the positive reals defined by

= - q
Fq(Al""’Ak) {Tr exp(L Z?ﬂl P ln(Aj)]}
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(1) are  jointly comvex in (Al"" ’Ak) when q 20
(2) are  jointly concave in (Al""’Ak) when -1/8 <q <0 ,
Proof : We need only consider the case k = q = 1 ., The extension to the

general case is the same as in Corollary 3.1 , As in Theorem 8 we define

q(x) = FA+ xK), K¢ ﬁS(H) , and compute its second derivative at

2 -1
x =0 tobe -pTr B Ry(K) +p"Tr T,(K) T, [T, (K)] where

B =-exp (L -pln ) >0 . RA(K) 20 and, as remarked in the proof

of Corollary 6.1, Tr F' TB_I(F) 2 0 for all F ¢ @H). Q.E.D.
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IV.- EXTENSION OF THEOREM 6 TO INFINITE DIMENSIONS.

We fix L , which is assumed to be self adjoint, and
eL € JH(H) , Wwhich implies that L has purely discrete spectrum,
For A,B € @(H) and C= M+ (1-\) B, 0 <A<l , we want to

show that

L+ 1InA L+ In B L+ 1InC
e e

A Tr + (1-)) Tr e < TIr (4.1)

which requires, among other things, giving meaning to these quantities,

Case 1, : We first assume that there exist real numbers ¢ and ¢ such
that ¢l <A <ygT , el <B <uwd so that 1ln A , etc..,

can be defined as bounded, self adjoint operators by means of the spectral

representation of A , etc... We define Q=1L+ ln A ., Since 1ln A
is bounded, a 1is a self adjoint operator on the domain of L . If
we label the eigenvalues of L By ul(L) 2y, (L) 2 ... we have , by the

mini-max principle, that (w =< pk.(L) + 1n \\A“ since = 1lnA <ln "A”dl.
The convergence of E; exp (“k.(L)) implies that le(L) » - , which

implies that My (a) + ~» , which implies that exp(Q) is compact, and

since t(A) =Tr % = l%” Tr e¥ < , the trace is finite. Now let P
be the projection onto Rn , the subspace spanned by the first n eigen-
vectors of L , and define
A = P AP + ¢ (@-P)
n n n n
@ = L+ InaA
n n
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and likewise for Bn and Cn . Clearly ,

t(An) = Tr exp(c,n) = Tr P_ exp (L + In(at Rn)) + r_, where

r H1ne)TA -Pn) eL . From this we see th/at not only is t(An)

finite, but that the terms involving r capncel from both sides of

(4.1) leaving an inéquality about traces on the finite dimensional space

Rn . Thus by Theorem 6, A t(An) + (1-0) t (Bn) <t (Cn) . All we have

to do is prove that t(An) =+ t(A) , etc... Now A <w N  and

a, <L+T lnw . Since y, (a ) <k, (L) + Inyw , t@) ()

by the dominated convergence theorem if we can show that Mk (an ?-’ pk(o)
for each k . As L 1is bounded above , we can find a constant , d , such
that a < (d-1) @ and @ < (d-1) L . Define G, = (a, (- amt
= (an -d1 )"1 (a - an) (c,—d‘ll)-1 and note that (an-d‘n )'1is uniformly bounded,
% -a + 0 strongly, and (g - d1L )-1 is compact since eL is compact
Hence, HGn“ +0 . In general, '““k (a) - My (®)|| < |A-B|| by the mini-max
principle. Thus, (@ ) +y, (@ since p ((a=- ¢1)"H=(u (0-aT"

and the theorem is proved for case 1,

Case 2.: 0< A< gM , 0< B<uwTd . If we replace A by
A€=A+ ¢ and B by B€=B+ el , then C 1is replaced by
MA+ eTl) + (1 -0 B+el) =Cc+ el . Also, A, , etc...
are decreasing in € |, Thus, we can define
Tr exp (L + 1ln A) = lim Tr exp (L + ln A)) (4.2)
el

because the right hand trace decreases as € decreases, Theorem 6 is true
with this definition because it is trus for every € >0 , The usefulness
of this definition stems from the following fact (B, Simon, private com-
munication) : ln A is defined as an unbounded selfadjoint operator in

a natural yay by its spectral decomposition .
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If D(Iln A) N D (L) ie dense in H (where D(.) means domain) ,
and {f we define -G to be the Friedrichs extension of - L - In A , then
Tr e = 1im exp (L+ 1n Ay .

el

Finally, another case to which Theorem 6 can be extended
(B. Simon, private communication) is where A and B are positive, not
necessarily bounded, selfadjoint operators and 1ln A and 1In B are form

bounded perturbations of -L
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V.- ON THE "EQUIVALENCE'" of THEOREMS 1,2 3,6 and 7

It is a trulism of logic that two true theorems, however dis-
parate are always equivalent ; therefore the remarks in this section are
formally heuristic. Although Theorem 1 is our main Theorem and Theorems
2,3,6 and 7 appear to be corollaries of it, the fact is that if one could
find an independent proof of any of Theorems 2,3,6 or 7 the others could
be derived from it in a simple way when the Hilbert space is finite dimen-~
sional. Thus, in some sense, all five theorems have equal content, We
shall indicate very briefly some of the links among these theorems and the
reader can easily supply the missing details as well as establish addition-

nal connections.

We have previously established the implications

1=2 and 1 =23=26=7 |,

(a.) 2 21 ., This is easily seen simply by reading the proof of

Theorem 2 backwards, i.e, one minimizes the variational quotient N/D
1-

with respect to K , where N = A Tr A" K*'Ap K+ (1-» 1r B" x BP K

and D =Tr ¢* KT cP K

(b.) 7 ® 6 . Theorem 7 was derived from Theorem 6 by using the deri-
vative inequality, Lemma 5 . However, we can retrace our gsteps by using the

second part of Lemma § .

(c.) 6 @ (3.12) . If, ip (3.12), we fix A,B,K and minimize
Tr M[TB(M) -2 TA(K)] with respect to M , we find M = TB'l(TA(K)).
Hence (3.12) is equivalent to the fact that the right hand side of (3.13)

is negative and this, in term, is equivalent to Theorem 6 ,
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(d.) (3.12) ® 3 ., The same remark as in (b.) above suffices.

(e.) 3 =2 . Take 3 in the form of Corollary 3.1 with q =1
and assume that p + r =s <1 , For A (resp. B) substitute
AA+1T0 (resp. YA+ 1) , where A, Y 20 . Then integrate

™ @
f dA w-1 f dy Y"l Ql(M +M, YAY+T, K) to obtain a
pgsitive constan? times F(A,K) of (3.1), When p + r =1 one can

appeal to continuity.

ACKNOWLEDGEMENT : The author is most grateful to B. Simon for explaining

to him how to extend Theorems 1 and 6 to infinite dimensions, He is also
indebted to D, Ruelle for stimulating his interest in this problem and
to R. Jost, O, Lanford 111 and D.W. Robinson for useful conversations,
The hospitality of the Institut des Béutes Etudes Scientifiques and the
Chemistry Laboratory III, University of Copenhagen where parts of this

work were carried out, is gratefully acknowledged.



III -~ 34 -

REFERENCES

[1.] E.P. Wigner and M.M, Yanase, Information Content of Distributions,

Proc, Nat, Acad. Sci, U.S.A. 49 (1962), 910-918 . See also

E.P. Wigner and M.M. Yanase, On the Positive Semidefinite

Nature of Certain Matrix Expressions, Canad. J. Math, 16 (1964),

397-406.

(2.1 D.W. Robinson and D. Ruelle, Mean Entropy of States in Classical

Statistical Mechanics, Commun. Math. Phys. 3 (1967), 288-300.

(3.] 0.E. Lanford III and D.W. Robinson, Mean Entropy of States in

Quantum Statistical Mechanics, J.Math. Phys, 9 (1968), 1120-1125.

{a.] H. Araki and E.H, Lieb, Entropy Inequalities, Commun. Math. Phys,

&ﬁ (1970), leQ-170.

(5.1 E.H. Lieb and M.B. Ruskai, Proof of the Strong Subadditivity

of Quantum Mechanical Entropy, to be submitted to J. Math. Phys,

See aleo A Pundssmutal Property of Quantum Mechanical Entropy,

Phys. Rev, Lett. (J973) to appear, .

[6.] J., Bendat and S, Sherman, Momotone and Convex Operator Functioms,

Trans. Amer, Math. Soc. }3 (1955), 58-71. F. Krauss, Math, Zeit,
41 (1936), 18 .

(7.1 R.T. Rockafellar, "Convex Analysis", Princeton University,

Princeton, N.J., , 1970, cf. Theorem 15.3,



[s.]

(9.1

(10.]

{11.]

{12.1]

(13.]

II1 - 35 -

The idea of representing Al in this manner is due to

A, Uhlmann, Endlich Dimensionale Dichtematrizen II, preprint,
submitted to Wissen. Z, Karl-Marx-Univ., Leipzig (1972).

F. Baumann, and R, Jost, Remarks on a Conjecture of Robinson
and Ruelle Concerning the Quantum Mechanical Entropy, in
"Problems of Theoretical Physics ; Essays Devoted to

N.N. Bogoliubov", (1969), 285-293, Moscow, Nauka,

F. Baumann, Bemerkungen Ueber Quantenmechanische Entropie

Ungleichungen, Helv. Phys. Acta 44 (1971), 95-100.

S. Golden, Lower Bounds for the Helmhotz Function , Phys. Rev.

137 (1965) B 1127-1128,
MAsg

C.J. Thompson, Inequality with Applications in Statistical

Mechanics, J. Math. Phys. 2‘(1965), 1812-1813.

M.B. Ruskai, Inequalities for Traces on Von Neumann Algebras,

Commun. Math. Phys, %(1972), 280-289,




