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1. LOCAL COHOMOLOGY

Let me begin by recalling the standard notionsx) of singular
cohomology. If X is a topological space then an n-simplex of X is
a continuous map of the standard n-simplex A" = { (& V) e BT

t' 2o, 3{-, =1} into X . Let Z.(X) denote the set of

n-simplexes of X . There are face maps ?;° Z.(X) = X, (X)
i=20,1,...,n defined by

net a=4 H “
(3;c) (.- ¢ ) = (&%, T, o, b))

An n-cochain of X with values in an Abelian group A 1is a mapping

£+ Z,.x) > A . The set of n-cochains forms an Abelian group
under addition denoted by C“(X) A) . Using the face operators and
the group structure of A one defines boundary operators d: C™(X,A)
— C™'(x,n) by

mal

Wfyco = S 0foe |

iL=0

One checks that d4%=0 and this gives rise to a cochain complex

Co%,A) S e, m S crinm S

The n-cocycles Z“(Xﬁ\) and the n-coboundaries are the subgroups of
C™(X,A) defined by Z"(¥,A)=kerd, BT(X,A)= imd

Conventionally one sets B°(X;A) = 0 . The cohomology groups H (X,A)

are the quotient groups Z™(x,R) /B (%,A).

In fact, I am interested in the case that X is Minkowski space R
S is the number of space dimensions, which has a trivial cohomology ;
let me remind you why. One picks a fixed origin =x, and if ¢ is

S$4+1
’

X For further details, the reader may consult any standard textbook,
for example [1].
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an n-simplex one lets hce) denote the n+l-simplex which is a cone
with vertex x, and base ¢

heay (&%, 64, 8™ ) = 0=, + (-t a (=t =) ,et™) 3y

= xg , Ced
Here we have written T = (.1'&0)‘4 . We have

Phecey = ¢, ke = (300, i>0
except that if ¢ € Z,(X) then 23 hte) = x4 . A mapping h

with this property is called a contracting homotopy. Once we have a
contracting homotopy we proceed as follows : if z € ZM(X, R) ,
m21 , define y e C™'(x,A) by Y= z(WW) , lrhe' o .
Then if ce Z_(X) , 0 = (dz)(hto) = 2(e) - & z(h3e)
= zto - dyte) Hence W™ (X,A)=0 for =21 e
From now on we restrict ourselves to Minkowski space and omit

the symbol X = R » however the cohomology will not be trivial
because I shall add a locality condition to the definition of cochain
which takes into account the causal structure of Minkowski space.
The causal structure of Minkowski space may be defined in terms of the
quadratic form (=,%) = xg - _‘i;x;" . >xand y  are said to be
timelike, lightlike and spacelike according as (’c-»)z>° , x-9*=0 ,
(x-ypp*<o
Let V, = £2: %,%0 and (x,=)30} . If »-3y€Ve and <=y
then O = (>=-V,) _ (y+V) is said to be the double cone with vertices
x and 4 . Let H denote the set of double cones ordered under
inclusion and e the subset of double cones centred on the origin,
i.e. with 4 = =» | Let 8 denote the set of compact subsets of
Minkowski space ordered under inclusion. We now take as coefficients for
1oca1x) cohomology a net A of Abelian groups over % , i.e. for each
Fe <% , A(F) is an Abelian group and if F, € F,  then AC(FR)
is a subgroup of AI(f) . Let A,  denote the inductive limit of

the A(F) . A local n-cochain is an element of C™(A&) such that
there exists an 9 € K, with

X The term local cohomology is appropriate within the context of algebraic
field theory, in a wider context causal cohomology might be preferable.

7€/D 070
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fcory e AlQG+o) , ce 2,

Here we have written O+ ¢ for VW+ela™) | since G+3,e € UY+e |
if ¥ is local, 4§ s also local.
Thus local cochains give rise to a subcomplex

o d d o d
CIRY — C A = Cim — -

and we have the obvious definitions of local cocycles, local coboundaries
and local cohomology groups. A contracting homotopy can now no longer be
used to show that the resulting cohomology is trivial. One can only
expect to find interesting results when A itself reflects the causal
structure on Minkowski space.

For example one can construct a net W from the real
C*-solutions of the wave equation by defining WU(F) to consist of
those solutions which vanish on F' , the spacelike complement of
F, F' = §2: (=-y)<o0, g€ F} .1 present here a preview in
tabular form of some results involving coefficients which are real
C* -solutions of invariant partial differential equations with analo-
gous support conditions.

HY 0 o 0 o o

H‘(,$71 o) R o) o | o

Hy,s»z| 0 ’,? o | B |RxR

Here W denotes the solutions § of the wave equation 'such that
§ §(o,:_c) d’gg =0 5 L denotes the vector wave equation
with Lorentz condition O ¥ =0 | 3.%*=0; X is the Klein-

Gordon equation LD-*—M")S =0 and M Maxwell's equations
22¢r0 aﬁ’i"":—-o . The results for H: and H‘L

76/P.878



are trivial although the dimensionality restriction s> 1  is essential.
If s=4  one finds for example that ¥4l(u:) can be identified with
the set of all real-C™ -solutions of the wave equation. By contrast
the results for ¥*z are not trivial and hinge on the fact that the
sheaf of Cauchy data for the wave equation on a spacelike hyperplane

is a soft sheaf. These results have some indirect physical interest ;
F{:(z) may be regarded as parametrized by an electric charge and

p{Z(J¢) by an electric and magnetic charge, (see the discussion in
section 4).

Unfortunately the local cohomology which is of direct interest
for algebraic field theory involves another essential, but disjoint,
complication in that the coefficients are not nets of Abelian groups.
This compells me to say something about non-Abelian cohomology. Suppose
one were to try and make a non-Abelian group & into the coefficient
group for cohomology (locality is irrelevant here). There is no problem
for =0 , 1 | For example a 1-cocycle is defined by the identity

z(3¢) z2(3,¢) = z(‘aic)) ce Zz-

Two l-cocycles 2 , z’  are cohomologous if there is a y: 2,2 G
such that

zlb) 4(3,6) = 3(%L) 2'(L) e X,

z is a l-coboundary if it is cohomologous to the trivial l-cocycle,
zllk)=e , e Z, . Comparing these formulae with the corresponding
formulae in Abelian cohomology, we see that the problem lies in ordering
the terms. There is no ordering which works for m > 1 and in fact

even for m =41 something has been lost because the product of
1-cocycles cannot be defined. There is a way out which I can only hint

at here : non-Abelian cohomology needs coefficient objects which have

a richer algebraic structure. This structure becomes increasingly compli-
cated with increasing m . A relevant example of such a coefficient
object will be discussed in sections 3 and 4.

76/P.878
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2. ALGEBRAIC FIELD THEOQRY

Algebraic field theory tries to describe the structural properties
of elementary particle physics in terms of the "algebra of local observa-
bles" ; this is a net ©L of von Neumann algebras *). Experience with
quantum theory tells us that observables can be represented as self-adjoint
operators on a Hilbert space and OO s to be thought of as the von
Neumann algebra generated by the observables one can measure within the
space-time region ©O€¢ ¥ | If U, ‘and U, are spacelike separated

then the causality principle implies that no signal can connect (9, and

1
9, so that measurements in U, do not interfer with those in G,
Again experience with quantum theory tell us that consequently & (4,)

and @(¥,) commute. Thus OU  is a local net :

A1 Az = A:. p\“ ) A\ € MUS‘\) A"e OLLG") ) u“ < U", :

The Poincaré invariance of the theory is expressed by saying
- that there is a continuous representation L =% o of the Poincaré
group P by automorphisms of O  such that

w (L)) = 88), rteP, BeX.

A state of the physical system is represented by a state of the
Cx-a]gebra which is the C*-inductive limit of the local algebras ay)
By abuse of notation this algebra is again denoted by the symbol o
The most important state is the vacuum state «J, , a Poincaré invariant
state describing the complete absence of particles,

W, o, = W, LQ:P.

Associated with the state o, by the GNS construction is a represen-
tation w, of OUL on a Hilbert space ¥, with a cyclic vector $L

* For details on von Neumann algebras, the reader might first consult the
review article by A, Connes in these proceedings and then a standard
textbook, e.g.[2, 3).
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and a continuous unitary representation L — U,LL) of the Poincaré
group satisfying

W,y w(ma = m(x(m) R, LeP Ae&

W, 1is a state with minimal energy so that the spectrum of the repre-
sentation o —» Ugta) of the subgroup of spacetime translations is
contained in the forward light cone V, in momentum space.

In general, one can find several states fitting this description
of the vacuum state although physical intuition suggests that the vacuum
state is unique. I shall pick a pure state i, as "the" vacuum state
and the discussion that follows is relative to this one pure vacuum
state.

Fortunately of the totality of all states of & very few
have any relevance to elementary particle physics and I shall make a
preliminary reduction in the number of states by taking w, to be
faithful and by treating only locally normal states. On the other hand
it is one of the striking features of elementary particle physics as
opposed to elementary quantum theory that one must take into account
states which are not represented by vectors or density matrices in 2, s
i.e. states which are not normal states of T, . The pure states
represented by vectors of a, constitute the vacuum sector.

The appearance of other superselection sectors in elementary particle
physics was first pointed out in [4] and interpreted in an algebraic
setting in [5] . It seems that the states of Ol relevant to elementary
particle physics are those which are local finite-energy perturbations x)
of the vacuum state <, . One of the important problems of algebraic
field theory is to describe the structure of these states and their
relation to the algebraic structure of the net O

The first results in this direction may be found in [6] and
the most systematic treatment to date in [7, 8] . The selection criterion
used in [7] is to consider states which are normal states of representa-
tions w such that there exists ¢ 1(0 with

*%imi]ar problems have recently been investigated in the context of classi-
cal field theory. See the article by G. Velo in these proceedings.

76/P.878



w, [ OLd'+a) ¥ whEeka), ae RS (S)

Here & (@) denotes the Cx—subalgebra of O  generated by the ous,)
with O ¢ ¥ ,and Y, < 8 , and the symbols P and = denote
respectively restriction and unitary equivalence. In [8] s in order to

treat particle structure and construct scattering states, w 1is in addi-
tion supposed to be a covariant representation, so that there is a corll:i-

nuous unitary representation L = W4(L)  of the covering group ¥
of the Poincaré group with ‘

Uy (L) w(a) = wlx (M) ugly, LeB, aee.

In this case it is sufficient of course to assume (S) for a=0

Unfortunately, some of the most interesting quantum field
theory modeTs do not fall within the scope of this analysis. In particular
states with non-zero electric charge are not normal states of representa-
tions satisfying (S) because, by Gauss'law, a localized electric
charge produces a constant flux of electric field strength through any
enveloping sphere. Hence states with differing electric charge will never
coincide on @(U’) however large U itself is.

. The analysis in [7, 8] also relies on a structural assumption

on O , known as duality :

T (oueh) = W (ew) OeX

In this connection it may be helpful to point out that if & s any
net of von Neumann algebras over ¥  on a Hilbert space, one may
define a dual net at by setting

ot (e) = sy, e X .

76/P.878
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Trivially ®&,< @, implies ﬂ-f DC’L(:_ and &< add . Thus the
operation &aad has the same formal properties as building a commu-
tant. A net is local if L e®&* | 1f & s local, so is o dd

A net satisfies duality if QU= at and this implies in particular
that OL is a maximal local net. Let me introduce one further concept
and say that a net satisfies essential duality if &d = &dd' . The
reason for this is that, as will be discussed further in section 3 ,

duality for w, (OL is too restrictive because it rules out sponta-
neously broken gauge symmetries. Instead I shall suppose that w,(&U)
satisfies essential duality.

As a first application of local cohomology, I shall show how
the condition (S) may be analysed with its help. To simplify notation
in the remainder of this section, the symbol =w, will usually be
suppressed and O  will be treated as a net in o . Consider ad
as a net over € by defining

8 F) = &Y = NLous) : GeX, 9ecF'} .

Let ULH®) denote the unitary group of od with the induced net
structure.

2.1. Proposition. The unitary equivalence classes of representations

satisfying (S) are in 1-1 correspondence with the cohomology classes
\-\1 (uad)) » provided s>

I will not give a proof, but indicate how the correspondence
is established. Given w and aeX_  , pick a unitary operator

q,q: He = ﬁo such that

P TR = Ad, Ac BLLY+a)

and define

*
Z((r) = +3°l:- +31(, > be Zi.

then z & ‘Zl('&(&&)) . Conversely, given ze Z‘{(M(&d))

76/P.878
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and ac¢ X
that

° » one may define a representation Wy by requiring

mp) = zle) A =¥

whenever be Ty , d¥b=a , AeBUG) and B, <6+t (compare
[9 ; Thm. 2.2] ). Furthermore

"

2l W, (LA A e, ke Ty, Aed,

\

This implies that w s_atisfies (S) and also that T\"a(&) c &d

In the above, the net structure on wWed)  would a priori
be changed in one replaced O by ©&%%  in its definition.
- However a little argument shows that the notion of local 1l-cocycle
remains unchanged. Consequently when s> 1, the given represen-
tation =™ of OL may be extended in a canonical manner to a
representation W of Q4 by setting

®AY = 4 Ade » Al e

and ¥ satisfies (S) (with w, of course being replaced by T,
the defining representation of add ).

Specializing this result to the case of a net satisfying
essential duality, we have

2.2. Theorem. If s$¥1 and the observable algebra satisfies essential
duality, then every representation w satisfying (S) has a cano-
nical extension to a representation T of OLJ‘ which also satisfies (S).

This shows that the analysis of superselection structure in
[7 s 8] applies equally well to essentially dual observable algebras.

76/P.878
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If s=1 , o' is no longer path-connected but decomposes
into two components denoted by o7 and (9{ ,» the right and left
spacelike complements of O  respectively. One may define (compare

[9 ; Prop. 3.2] ).

4
Fliy = dad,, Rety), Ova U
~ * -
¥T@ o= ¥, Ad,, PReBW), U+a < o,
In general % % ¥ . On the left ¥~ behaves as ¥, , the vacuum

representation of o » on the right it behaves as v s Which is

in general a different extension of W, to 0(4 . Typically one
expects ([9 ; Thm. 3.3] is applicable here) that ;i is the vacuum
representation for a different choice of vacuum state &, = &, 9

of Gld where g is a gauge automorphism (see Section 3). The inter-
pretation here is that + describes a "soliton sector". It is a repre-
sentation relevant to elementary particle physics because it represents

a local finite-energy perturbation of the vacuum representation. The
soliton aspect only becomes apparent when one tries to extend w to

a larger algebra & containing some "field quantities". However

this extension is done it exhibits non-local features usually expressed
in some way in terms of a homotopy invariant. This is analogous to the
interpretation of the chemical potential in [10] where this too is a
latent parameter which appears when a KMS state of the observable algebra
is extended to a KMS state of the field algebra.

Examples of soliton behaviour which fit into this pattern may
be found in [11, 12] . Of course the analysis presented here applies only
to a 2-dimensional space-time. However the class of representations singled
out by (S) are those usually described by gauge groups of the first kind.
The usual argument for showing that gauge groups of the second kind are
needed to produce soliton behaviour in more than two space-time dimensions
is an energy argument [13] . It is remarkable how two apparently unrelated
arguments lead to the same qualitative conclusions. For a review of soliton
behaviour in higher dimensions illustrating the role of homotopy, the
reader may profitably consult [14].

76/P.878



- 177 -

3. FIELD ALGEBRAS

In practice one does not usually proceed by constructing the
observable net € "in the vacuum representation and then looking for
new representations of @ . Instead one constructs a net of fields in
some irreducible vacuum representation on.a Hilbert space ¥ . §Fl®
may be thought of as the von Neumann algebra generated by the bounded
functions of the fields smeared with test functions with support in ©
@ is then considered as a subnet of % , Ole ¥ . In favourable
cases, the relevant states of &  are the normal states of the defining
representation on # . Associated with ¥ one has a continuous
representation L—=>f, of P by automorphisms of & inducing Lo
on & and a vacuum state 4»0 on ¥ inducing w, on €
Some condition is needed to ensure that the normal states of ¥ are
physically relevant as states of &L . One way of ensuring this is to
suppose that ¥ is relatively local to @ .

i (RN TICO U Ge X .

A gauge automorphism of ¥ is an automorphism ¢ of ¥ such that

3(3®) = §¥), Ve X and  ¢(RY= A, Aec&.
Let '%, denote the group of gauge automorphisms of ¥ . If 4 € ‘g R

then Ly = [i,_zp:‘ ¢ %, . ‘9& is said to be a gauge group of
the first kind if

La :3, %Q'%) LQ&’_

Let §, = $ g ¢ ‘% 09 = 4.} be the stability subgroup of
the vacuum. The elements of '%o can be represented by unitary
operators V(g) in #

g(FIn = VgIFR,  Fed, 9¢ ¥, .

76/P.878



If %+ %, , then one talks about spontaneously broken gauge symmetries.
It will also prove convenient to introduce a net ® intermediate
between & and ¥ . Set

B = {Fe Feo) : g =F, 9e g} e ¥,

The net % may be usefully regarded as an extension of the
net @ . There has been as yet no systematic study of such extensions
although incidentally many partial results are known. Let me give a long
1ist of properties which seem to be valid for the most useful extensions
in field theory at the same time giving some references to the partial
results which go some way towards establishing these properties. The
first property is usually used to define & in terms of ¥ and f;
by a principle of gauge invariance.

1) QW = {Fed® : gF)=F, ged},

2) ‘%ois compact, considered for example in the topology induced by
strong operator convergence on 4 [15, 16].

3) §, commutes with Poincaré transformations [15, 17, 18] .

4) & has "Bose-Fermi commutation relations", this is most conveniently
described as follows : there is an involution k € '% such that if
0, < ©,  then

FRF, = RF | Felw), FReidls)

F\ rz = k(F‘&) F1 ) Fz € IUS.‘) ) F1 € ;-((9‘)

Here %, = tFe¥: kip) =F} ., P o= iFe ¥ kiF)= -Fl
In fact ke$§, [19].

76/P.878
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5) ¥ satisfies twisted duality [16, 20].

OO = 39 = LWL, Ge H |

6) ® =6 and even OB =&LOH™ |, Ve K [19].

7) ® = V('go)’ . Furthermore the irreducible subrepresentations of
the defining representation of & (and hence by 6) of &) on #
are in 1-1 correspondence with the irreducible representations of %o
[16].

8) 8 satisfies duality on #,=L[80)=[a] and hence by 6) , &
satisfies essential duality on #, [16] .

Of course, G itself does not satisfy duality on #,
unless % = ﬁc and the presence of spontaneously broken symmetries
is the main reason for insisting on essential duality in place of duality.
@ plays the role of the net ad' of section 2 and is isomorphic to
this net.

Before going on to list two further properties, I must
describe some techniques introduced in [21] and developed in [22] .
If Y is a von Neumann algebra, then a Hilbert space in W is a
norm-closed linear subspace H of ¥ such that yeH implies
J* ¢ €1 and Ae® and AY=o , deH implies A=o0

As the name implies, W is actually a Hilbert space with
the norm induced by WL . If {4 }Je:r is an orthonormal basis for W ,
then the 4«} +1* are mutually orthogona] projections and Z + "l’ I
Of course, unless W is properly infinite, all Hilbert spaces in m
are one dimensional. Associated with H s a morphism Pr of W ,
i.e. an identity preserving, normal x-homomorphism of ¥ into itself,
defined by

PH(A)4/ = VA ve B, Ae ®.

. .
In fact, p”(A) =-}5%‘A+} . If H‘ and H. are Hilbert spaces in Wt |
then the bounded linear operators from H‘ to H, can be identified
with

76/P.878



(“‘\.) H,) = {Aém: Al e “z}
If A €(M, H) then

Ar“ (8) = PH,LB)A , Be ¥,

If o« s an automorphism of ¥ , «(W)  is again a Hilbert

space in B and there is a unique unitary U € (MW, oc(W)) such
that U ¢ = &4, de H.

Returning now to the field net ¥ , let &U(®) denote the
set of Hilbert spacesin  §(®) such that glH)=H , ¢¢ 4§
Thus each element of fﬂd) carries a unitary representation of "@ .
If H,,H,¢ H(® then Se(W,4)is in &  if and only if S
intertwines the corresponding representations of ‘% I H e HW)
then Pu  may be considered as a morphism of the net ¥ and Pyleuw) < tu) .
The two further properties of fie]q nets are

9) $(® is generated as a von Neumann algebra by H(®) [21] .

10) If W is a Hilbert space in ¥O) and Pu Las)) « as,) for
) > then H € £

If 10) is used to define #((®)  then 9) provides what is
perhaps a useful notion of extension of nets analogous to the use of
normal subgroups in the theory of group extensions. The gauge group 4%
appears as the Galois group of the extension.

We have seen in Proposition 2.1 how the local 1-cohomology
of UW(®) gives information on the sectors of &L and hence on the
representation theory of "%,, . We shall now show how the local l-coho-
mology of MULA) gives one information on the field net and the repre-
sentation theory of '%, provided ‘% is a gauge group of the first
kind.

We may regard a as a net over € by defining

76/P.878



T
—lbi—

ALF) = &, O0FY,  Fee

This. is consistent with the net structure over X . We give WSV
the induced net structure over 6

Given Ve K, and He #(9, o, () € H(B+a) when %
is a gauge group of the first kind. Let {+j}ié s be abasis for H
we set

*
z(b) = Z “)ob(.‘{’j) 0(3‘(7(4‘3) , be &

jeT o

1
3.1. Proposition. z € Z,(u&) and =z s a local 1-coboundary
if and only if M is a l-dimensional Hilbert space in &)

‘
It is easily checked that z e Z,(usn) and the remainder
of the Proposition can be deduced from [9 3 Thm. 2.2] .

One defect of this local l-cohomology is evident : there
will always be Hilbert spaces in OUWY) of dimension greater than one.
The corresponding local l-cocycles are of no importance but this
information is not contained in the local 1-cohomology. There is also
an analogous defect in the local 1-cohomology used in Proposition 2.1.
The reason is that the appropriate coefficient object is not W(A) but
the algebraic system of morphisms and intertwiners, which we shall now
describe.

If p and ,o' are morphisms of OL , then an intertwiner
[7, 23] from p to F' is a triple (p’| Slp) with Se @ such
that

PILMS = Sp(R), Ae &,

The set of intertwiners from p to p' forms a linear space. An

adjoint is defined by setting

76/P.878



Lr'|3‘f)* = (F'S*lf')

There is a composition of intertwiners defined if the adjoining
morphisms coincide

Cp" 18 1p") o (p'1SHp) = Cpisisip)

and an associative product

"

Cpd 1S, 1P % Lp) 1S,1p,) Cepp | Sop S ppL)
At some risk of confusion, the triple (f'lS\r) will be denoted
simply by S . One has

C S‘ ® S’_)‘* = S’k x S"*

1

(S‘,OS.) KLQ‘_’OSL) = LS,’XS‘_') o ($,xS,),

the interchange law being valid whenever the:left hand side is defined.
This structure was also discussed in [22] under the name monoidal
wx-category *). Here we have a monoidal Cx-category or, if one takes

the local structure into account, a net of monoidal Cx-categories

which will be denoted by End OL .

End & plays an important role in describing extensions :
the field net $  determines a full monoidal subcategory of End &L
whose objects are {f’n MOL: He HW), @GJ‘(} . This subcategory plays
the role of a "quotient object of & by &" and is represented in ¥
as a category of representations of % (Compare [21 » Thm. 3.6]).

A (unitary) l-cocycle in End& is a pair (?,z) where
for each a € I, , Yta) s a morphism of & and for each beZ, ,
z(&) is a unitary intertwiner from %(3(&) to Yy (k)

2(t) 338 (R) = $&b)(R) =lb),  Ael, L&,

such that

® For the more standard notions of category theory used in the sequel,
the reader may consult [24] for example.

76/P.878



Z(ao“—) ° zL’é,_e-) = z2(9e), ce Z, |

The right way to describe the non-Abelian cohomology is not to stress
the equivalence relation "cohomologous" but to regard the l-cocycles
as the objects of a category Z'C End O | In this category,
t: (3.2)—»(3’,2') if, for each a€Z, , tta) is an intertwiner

t(a) y ta) (R) = 3'(0.)(/:\) tece» Ae OL

and

2R s b3 b)) = KR e zlb) | be T,

*x *»

If £ s defined by t¥a) = ta)* , a6 Z, , then bt :{y,2)>(y,2.
(y,2) and (y,2') are cohqmo]ogous if there is a t : (y,» > (\3’.7—')
with %) unitary for each a. €& X,

There is a monoidal x-functor [22] G : End 8 = Z'(€nd8) defined
~as follows : let S = (p'ISlp) then G(p) = (y,z)  where g =p ,
2z = 4,3 (pl Tp) , 6(Dta) =S , aeZ, , beZ, . The
image of & consists of the trivial l-cocycles. There are also monoidal
x-functors F, : Z'(Ewd 6) —> E.d® defined by evaluation at

a ¢ T,

F.. ( }) 2.) = ‘}(Q—) , F;LE’ = tLﬂ-) .

F; is a left inverse of & . A contracting homotopy h  based on
a ¢ Z, gives a natural transformation (k) : idZ‘LE-\dsL) -
G, defined by

‘l(l‘)‘_% 1)(0_’) = z(ha') R o e zo .

This shows that Z‘(End&.) is monoidally equivalent to End &L and
expresses the triviality of the cohomology.

To define the local 1-cohomology, one looks at End&L as a
net over © . If Fe € , we define a full monoidal subcategory End 8L(F)
of End @ by requiring that (p'1SVp) s an arrow
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of End & CF) if p(A=p/(A) =A for AcOLY) , Oc ' . This
automatically implies that S € OUF) . We now define a l-cocycle
(4,2)  to be local if there exists an ©Oe€ X, such that yea)

is an object of End @A (WY+a), & € X, . This automatically implies

that z(b) 1is an arrow of End A(G+b) , bLe X, . An arrow t:ty,=2)

- (4,2 of local 1l-cocycles is automatically local in the sense that
there exists an ©e€ ¥, such that t¢ is an arrow of End &(®+a) ,
aeZ, . The resulting c*-monoidal category will be denoted by
ZL(EndOL).

A 1-cocycle of the form G(p) s local if and only if P2
the identity automorphism of € . A Hilbert space H e F(O) stil
generates a local l-cocycle (y, =) as in Proposition 3.2, if we
use the previous definition for z(t) and set Yoy = P (WIMEL.

If H is a Hilbert space in Q&) and de H , there is an arrow
ty: GV = (y,2) defined by tgyta)= o, (}) , ae g,

The image of Z:(End @) under the monoidal x-functors F_
is independent of a  and is denoted by J(&) . A morphism is an
object of J®) if and only if it is a transportable localized
morphism, i.e. if there are unitary intertwiners (PQ_I u,Jp) with
Po = P and an ©e¢ X such that

Po(RY = A Ae BLLE +a) ae 2,

?

This is the analogue for morphisms of the condition (S) for representa-
tions studied in Section 2. F : Zi(eu.{&)—» J(®) s an equivalence
of categories. For this reason we shall talk about J(&) rather than
Z: (End (& ) in the remainder of this section. Statements about JU&)
have pointwise extensions to statements about Z‘{(End a ).

The results on superselection structure in [7, 8] rested on
an analysis of J(®)  where it was assumed that Ol satisfies duality.
We have already seen in Section 2, however, how these results can be
extended to the case that @ satisfies essential duality. In fact,
the same is true of the analysis of JQ)  and this provides an
abstract way of studying spontaneously broken gauge symmetries of the
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first kind without explicitly introducing field nets of gauge groups.
The key result which is just a variation on Theorem 2.2 is

3.2. Theorem. If s¥1 and OU satisfies essential duality then
every localized transportable morphism P of O can be extended
to a unique localized transportable morphism F of at

Furthermore p+>% and t+t is a monoidal x-functor from Jla)
to  J(eH

This functor from (00 to 9(&&) is the abstract version
of the operation of restricting representations from ‘?3 to %,

We may construct, as in [7, 23] , the permutation symmetry &
for J(&) . Furthermore, if we suppose that

e = & A U ‘9e ¥
which is the case if & s derived from ¥ as envisaged at the

beginning of this section, the construction of conjugate morphisms
[8, 23] may be carried out within  J(Q) .
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4. QUANTUM ELECTRODYNAMICS
The best way to approach the second cohomology is first

to consider where one might expect to find a non-trivial local
2-cocycle. Let me recall the relationship between the cohomology

of differential forms and singular differential cohomology.

If A" s a vector field *) satisfying 3MA” -3*AP=0  and b
is a differentiable 1-simplex, one may define a l-cocycle A by

Al) = S APLx)AbrL)o = S: A"(bu));_i,. s

since, by Stokes' Theorem, if ¢ is a differentiable 2-simplex,
AR =0 . A is a l-coboundary if there is a scalar field 4

with Ar=argé . Similarly if F*”  is an antisymmetric

tensor with 3%*F* .o  then one gets a 2-cocycle F by setting

Feoo = § PP dey, 0o

F is a 2-coboundary if F*Y = aMaA”- 3>Ar

Now one knows that in quantum electrodynamics, the electro-
magnetic field F™> s a local field satisfying 3*F*7 =0  but
that there is no local electromagnetic potential A"  such that

F*7 = 2#a” - 2”A* , unless one is prepared to sell one's soul,
abandon Maxwell's equations and adopt the Gupta-Bleuler formalism.

In the case of free quantum electrodynamics, the ideas of
local cohomology provide a new, and physically more transparent, proof
of this well-known result [25] . Let F™ be the free electromagnetic
field and § a C°-function of compact support in R?* . Set

F:v =y = S FP,(I*;) -ftg) d!g- 5

so that we still have s FJ'VJ =0 . Now let

* We adopt the physicist's convention and talk of a covariant vector field
in place of a 1-form. In this section, we take s =3.
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and consider the associated inner automorphism

zce (A) - e» F{Cc) -t F\‘Lc)

Ae Aec 6l

» 14

where O is the net of von Neumann algebras generated by the free
electromagnetic field. =z 1is a 2-cocycle in the sense that for each
differentiable 3-simplex d ,

2(9d) =(3,d) = 2(34d) z(3;4) .

There is no ordering problem here because these automorphisms commute.
More precisely, let B denote the subgroup of all inner automorphisms

of @ induced by the Weyl operators, i.e. the subgroup of l-particle
automorphisms, then z is a local 2-cocycle with values in the Abelian
group A . This is the origin of the examples illustrating the concept of
local cohomology in Section 1, because the C* -solutions of Maxwell's
equations corresponding to Cauchy data with éompact support can be
regarded as a subgroup of A and 2z even takes values in this subgroup.

4.1. Theorem. If (431433 20 , then z s a non-trivial local
2-cocycle of A . In fact there is no function ¥ on differentiable
l1-simplexes with values in morphisms of & , such that there exists
an Oe K, with

4 (AY = A, AecbBuy), OG+bcl' 6 beI,,
20 $(30) yhae) = 4 (39 .

To prove this result; suppose p! exists and O+23b < @"
then we may find a differentiable 2 -simplex ¢  with 3e=4 and
(V+3,9 0 (B+%e) € B . If AeBWO), YRR = 4@(R) = A
S0

4BR) = $0BM = z(e) (A) | Ac BUG,). (x)
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We show that (x) leads to inconsistencies. Before proceeding to a formal
proof, it may be useful to sketch the ideas involved. ';Ur? if it

existed, would create a charge q  at 36 and -9 at 3,k
contradicting 0= 4F = 3, F* | This suggests what to do :
take for A the surface integral of the electric field over part of
the surface of a small sphere surrounding 9ob such that &

intersects this surface.-A 1is equally the surface integral of the electric
field over the complementary part of the surface of the sphere. In the
latter case (x) would give yWI(RY = A and in the former

yler ) = A+q

Now let F*»”  denote the dual tensor of F”” and 4§
be a C* -function with compact support in R® . We can define another
local 2-cocycle 2z with values in A by setting

N F*cq -LF*Cc)
2’¢ey (AY = e 9 A e ¢

Ae O

’

x)

Now define ( 2'ce’, zcerD by

v
- F ce) "F(Q .F*(d .
. ) R Ce)
e, ey T e & e ¥ e ¥ < o

{ Peeds, zeerD takes values in the circle and is a 2-cocycle in ¢
and ¢’ separately. As such its values depend only on 3¢ and 72’
The interesting configurations are those for which (3c+suppf) < (3='+=-»})',
In fact if ‘oc, and e, are homologous as cycles of (%'+ ‘“Ha"“fﬂ)l
then <z'ec),zced? = <z'eety, reep > . This suggests evaluating

< 2leer | zce) > when 3¢ has a non-trivial homology class
in (<« subpy - sq\sH)’ . Just such a situation is involved in calculating
4(&) (A) using (x) if A is the surface integral of the electric
field as discussed above. Taking ©de tobe =xy=o , :Ia+xt= ot
X4 =0 and ¢ to be =x,=0 sy Ty=o0 s ("t"")z{'x; = a?

e ik f9eH 82 ({e2rdiR for

an explicit computation gives <zleey, zte)> =
a sufficiently large, where [kl 30 depends only on the normalization
of the basic field F*7 and the sign of k  depends on the

relative orientations of 9de and 9<’ . In particular choosing

* A similar coupling of local cocycles takes place at the level of the
1-cohomology for the massiess "scalar field" with s=1 discussed in [26_].
This is really a vector field A’ satisfying the self-dual equations

dmA* 20 and I*A-2"ak =0
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§ LK suitably, < z'ee, =Ca> %4 | whereas if
there were to be a ¥ with the properties described in Theorem 4.1,
one would need < z'eceh,ztod?» =41 for a sufficiently large.

0f course, the situation is symmetric as regards z and =z’ . Thus =z’
is a non-trivial local 2-cocycle because any local 3' would have
to be such that 7'(9 creates a magnetic charge gq  at b

and -q at 3t . This is the reason for regarding H:LM)
in Section 1 as being parametrized by an electric and a magnetic charge.

The same argument, replacing group-theoretical commutators
by commutators, will show that, if [f>d32 + o , there is no
function C’» ™ with the properties expected of
XS(Q-,[A"(:*B'); ?]kag)"’v‘d(r,}x’ for a local electromagnetic potential,
where P is a polynomial in the fields.

In interacting quantum'e]ectrodynamics the dearth of rigorous
results forces me to rely on a speculative chain of reasoning. In the
first place, everyone believes that here too there is no local electro-
magnetic potential A" . However, as there are electrically charged
particles in the interacting theory, the reason is not just that eLA¥u°
tries to create charges at the vertices of 4+, but probably that
such charges would, as in the free theory, not be quantized.

The next step is to realize that there is a formal expression with
just the right properties for being an electromagnetic "potential” of
a quantized charge for the interacting theory :

ie S AM (x) d.l:'r'-’t

)
$," e $RL) .

This expression is gauge invariant in the conventional sense and should
therefore generate local quantities in the vacuum Hilbert space of

quantum electrodynamics, which cannot be expressed as local functions of

the electromagnetic field. In other words, one would expect that if &

is the net generated by the vacuum representation of the electromagnetic
field, then O  does not satisfy duality although it should still

satisfy essential duality in the light of the general arguments in [QQ].

The "true electromagnetic potential” might be thought of as a path-dependent
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field taking values in the circle. More precisely, I suppose that,
in place of the formal expression above, for some (and presumably

any) ©e¢H, there is a unitary ul® e 63+ |, be T,
such that

zCe) = w (3,90 u.Latc_)" u.Lb.c)-‘ e AW+e), ce&, .

In Section 3, gauge automorphisms of field nets were defined and one
may ask whether there are any gauge automorphisms of ad considered
as a field net. The interpretation of ulb) as a potential leads one
to suppose that there are such gauge automorphisms and that if %
denotes the gauge group of GLJ‘ » presumably Abelian, then

}Lu.u'\) = 7‘&#%’ wlt) }e-s

where X is character of ~% . This is not a logical contradiction
to the gauge invariance of the formal expression above but at most
a linguistic one. If X(F) , for Fe$% | denotes the set of
characters X  of % such that there exists a unitary w  1in
adee) with glw = Ygru }eg then %, s a local
1-cocycle with values in the net X . A natural conjecture is

R',_Lx) = Z , where the parameter is interpreted as an electric
charge.

However, returning to the 2-cohomology, the algebraic structure
of End & also allows it to be used as the coefficient object for
a 2-cohomology. I will not attempt to describe the general version
which would be necessary for non-Abelian gauge theories of the second
kind but will just present the simplified version relevant to the
Abelian case. A (unitary) 2-cocycle with values in End & is a pair
(4,2) where for each be X, , 4) is a morphism of & and
for each teZ, , =Ce) is a unitary intertwiner
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zcCo) \;('%c-) ye) (A) = 4(R,I(R) zter , Ae gt , ¢€X

T

such that

2(3,4) o (2(3,d) x 130@3‘“) = 2(8,4) e Ly d) % 2(8d)), dez, |

As in the case of the l-cohomology, the 2-cocycles can be regarded as

the objects of a category Z?2(End @). In this category, (v,w): L32) > y2)
if, for each ae Z, , wvta) is a morphism of & and wl¥) is an
intertwiner

wllt) vi3,0) $lI(A) = FWvEL (A wiw , e T,

such that for ce &,

(e e ) o (w0 gy 1) = W0 (i),

iv@,a,e.) Yo ( 1'}'(%:)

The composition law is given by (viwhx(v,w) = (Vv ,3) where
] ay = vitar viay R a & Z°
WL = (W L gy) o(Lyanx V) ), ber, .

In fact, there is much more algebraic structure ; in particular,
Z*(End & ) may be considered as a 2-category but I refrain from
giving further details. End & , being a monoidal category, is also

a 2-category in a natural way and it is this aspect which allows it

to be used as the coefficient object for 2-cohomology. Note, however,
that this 2-cohomology does not allow a product of 2-cocycles and this
is a defect in the sense that, in the application to quantum electro-
dynamics, the "product" of 2-cocycles corresponds to the addition of
electric charge.
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 Adding a locality condition to define Zf (End @ ) poses
no problems as one may follow the pattern established in defining
Zi(End (& ) in Section 3.

On the basis of the conjectures made above for quantum
electrodynamics, one may define a non-trivial local 2-cocycle (y,2)
by setting

WA =« AU Ack, beZy

o -
2C0) = w(®9,0) w(3;0) w(L) "‘, cE 2, |

Now ult) js associated with a local l-cocycle %, with values
in X and a tedious but trivial computation shows that cohomologous
local 1-cocycles give rise to cohomologous local 2-cocycles. In other
words one has a "connecting map" Nj_uo - H’i (Enol &)

In general terms, it should be expected that, just as theories
involving fields and a principle of gauge invariance of the first kind
can be described intrinsically by saying that Zi(EndUL) is non-
trivial, so theories involving fields and a principle of gauge invariance
of the second kind will be able to be described intrinsically by saying
that Zj(End®) is non-trivial.

Theorem 4.1 expresses the fact that in free quantum electro-
dynamics the local 2-cocycle z with values in A cannot be derived
from a local 2-cocycle (y,z") with values in End & by setting

zcy(R) = z'cor A z'eey! |, ee X, . It may perhaps be considered
as illustrating the dictum that the principle of gauge invariance of
the second kind forces an interaction on the theory.
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