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STOCHASTIC BEHAVIOUR OF A COMPLEX SYSTEM
WITH BULK FAILURE AND PRIORITY REPAIRS

By A. K. GoviL ()

Abstract. — Behaviour of a complex system consisting of two classes of components Ly
and Ls is considered, where failure in class L1 results in complete breakdown of the system and
that in class La brings the system to a reduced efficiency state. In class L failure follows
exponential distribution but unlike the earlier studies [1, 2, 4], in class L» bulk failure is
assumed. In both the classes, repair follows general distribution. Use of Laplace Transforms
and Supplementary variable technique have been made to obtain the solution. Asymptotic
behaviour of the system has also been examined.

INTRODUCTION

In many operating systems, it is observed that there are components or
parts which when fail, bring the system to a reduced efficiency state. Quite a
good number of studies evaluating the behaviour of such systems have been
carried out [1, 2, 3, 4]. In all such studies, it has been assumed that in a small
interval of time, only one component fails. But in many realistic situations like

Telephone exchanges and electronic computers, it is observed that components
do fail in bulk.

Keeping this in view, a complex system comprising of two classes of com-
ponents (denoted hereafter as class L, and L,) has been considered. Class L,
consists of N components connecting in series where failure of a component
brings about the complete breakdown of the system wherein failure and repair
of components of this class follow exponential and general distributions,
respectively. Class L, consists of several components which fail in bulk and
the failure form a Poisson process with an average failure rate A’. The failure
of components in class L, causes the system to work in reduced efficiency
state. For repair purposes, it has been furthur assumed that the failed compo-
nents of class L, join priority class and those of class L, join the non-priority
class. Behaviour of such a system has been evaluated under | Head of Line |
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priority discipline [S]. Use of Laplace Transforms and supplementary variable
technique has been made to obtain the solution. Asymptotic behaviour of
such a system has also been examined.

NOTATIONS

»; = constant failure rate of the ith component of class L,
A’ = average failure rate of components of class L,,

S:(x) = the general probability density function of the ith component of
class L,,

S’(y) = the general probability density function of a component of class L,,
wi(x)A = the first order conditional probability that a failed component of
class L, will be repaired between (x, x + A), subject to the condition

that the repair was not completed upto time x,

w'(»A = the first order conditional probability that a failed component of
class L, will be repaired between (p, y + A) subject to the condition
that repair was not completed upto time y,

N
A= DA
i=1

It may be noted that

Si(x) = px) exp [— f xp.i(x) dx] ,

0
and

¥y
S(9) = w0 exp [— [wo dy] :
Define,
P, o(t) = the probability that at time ¢, all the components of class L,

and L, are working in normal efficiency,

P, (¥, t)A = the probability that at time ¢, m components of class L, are in
the failed state and the component is being repaired with elapsed
repair time (y, y + A), m > 0,

qg,, .(x; 1)A = the probability that at time ¢, m components of class L, are
' already in the failed state and the system is in the failed state due
to the failure of ith component of class L,, is being repaired and
the elapsed repair time lies in the interval (x, x -+ A), m > 0,
p(r) = the probability that non-priority bulk is comprised of r compo-

nents. Obviously p(r) = 0 for r < 1,

K{(z) = the probability generating function, given by Z Z"p(m).
m=1
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Difference-Differential Equations Governing the Behaviour of the System

3 S N
(& + A+ 7\')Po,o(t) = Z f 914,00, Dpri(x) dx + f Posy (0, D' () dy, (1)
i=14J0 0

[% + % + l"'i(x):l qls,m(x’ t) = 0’ (2)

d m=—1
[a—y -+ “aa‘t + A+ A 4 P-'(J’)] Po,m(y’ = ;Po,r()’, DX p(m —r). €))

The above equations are to be solved under the following boundary con-
ditions :

qli,m(o, t) = )\iPO,m(y’ t): (4)

N @ ©
Poa0,0) = 2 [ i, 00 05 + [ Poesr 000)
+ AP o(t)p(m).  (5)

It has been assumed that initially all the components are working in normal
efficiency i.e. Py o(0) = 1.

Taking Laplace Transforms of equations (1) through (5) and using initial
condition, we get

N o0
[S +A4+N ]}—)0,0(S) =1 ; J‘O qu’o(x’ S)P-i(x) dx
+ f Po (v, ' () dy, 6)
0
[g% + s+ P-t(x)] Grm (x,5) =0, )

m—1
[;% +sHA4+ N+ p.'(y)] Po (3, ) = ; Po (v, sNplm —1),  (8)
617:,11:(09 S) = 7\:}_’0 ,m(y’ S), (9)
_ N ®_ ©_
P09 = Y [ Prontos i) 45 + [ Pori 9 0)
i=1J0 0

+ NP o()p(m). (10)

The following generating functions are introduced to solve the equations :

0

Fli(‘x’ S, “) = ZO “mali,m(x3 S)’ (l l)
Hol, ,8) = 3, oa"Fo.u(0 9 (12)
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Using (11) and (12) in (7) through (10), we get

[% + 5+ l‘-i(x)] Fy(x, 5, 0) =0, (13)

['a% +s+A+N{1—K@}+ p.’(y)] I—Io(y, s, ) =0, (14)
F.u(o’ 5, @) = )\ipo,o(s)a (15)

N «© N 0
A5 0= [ B s o0 ax — > f Froox, i) dx

+ 1[0 5 w0r &y — [ Postr W 0r 0y

+ NPy o(K(a). (16)
The solution of the equations (13) and (14), is given by

F’,‘(x, S, o) =2 Po o8) exp [— SX — f @i(x) dx] s 17
0
and

Ho(y, S, “) = I?O(Oa 8, “) [CXP { - f:l“',(y) dy
— 36+ A4 N {1—k®)}) }] (18)
Making use of (6), (17) and (18) in relation (16), we obtain

N
1— [S+ _;7\,-{1—5"(.9)}—}-7\’{I—K(oc)}]

ﬁo(o,&“)= 1
1—;§’[s+7\+7\'{1——K(a)}]

(19)

Let a be the root of the equation, then

ag=S"Ts + A+ N {1 —K(x,) } ]
which lies inside the unit circle |«| = 1.
Hence, Hy(0, s, o) is a regular function in o for || < 1 and Re(s) > 0

and the denominator of (19) vanishes for « = &, and » = 0, the numerator
of (19) vanishes for o = ag, thus

P 0,0 (8) = = ! (20)

[s+ 2 Ai{l—gi(s)}—!—l'{l—K(oc)}]
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Relations (17) and (18), give
[Z N {1— 35} ]

Fl{(&a): N
S[S+ Z A{1 =589} + x’{l—K(a)}]

€3]

and
Hy(s, @) .
Py o) [1— 8" [s+ A+ {1—K(«) }]] [1 — {s + Zl N1 — S(s)) + (1 — K(oc))}]

[s 4+ 24+ 2 {1 — K@) )] [1_é5'{s+x+w(1_x(a))}l

22)
Where P, o(s) is given by (20).
Asymptotic Behaviour of the System
Using Abel’s Corollary in relation (20), we get

lim £(z) = lim sf(s)
t— s—0

(if the limit on the right exists)
1

N
[1 + D am; + A’m}
i=1

where M is the mean service time of the priority components and mis the mean
number of components in bulk.

Po,o=
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