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AVAILABILITY AND RELIABILITY
OF A 2-UNIT 2-SERVER SYSTEM SUBJECT

TO PREVENTIVE MAINTENANCE AND REPAIR (*)

M. N. GOPALAN and P. VENKATACHALAM (*)

Abstract. — This paper deals with the availabiïity and reliability analysis of a 2-unit System with two
service facilities-one for préventive maintenance and the other for repair. The times to failure and
préventive maintenance of a unit are assumed to be arbitrariîy distributed whüe the times for repair and
préventive maintenance are exponentially distributed. The Laplace transforms ofthe mean down-time of
the system during (0, t) and the mean time to system failure are obtained explicitly. An expiicit
expression for the steady-state availabiïity of system is also obtained. The case when the distribution of
the time to failure is erlangian and that ofthe time to préventive maintenance is exponential is
discussed.

INTRODUCTION

Gopalan and D'Sonza [2] have recently developed the availabiïity and
reliability analysis of a 1-server 2-unit system subject to préventive maintenance
and repair. The present paper deals with the availabiïity and reliability analysis
of a 2-unit system with two service facilities, one for préventive maintenance and
the other for repair.

Initially, one unit is switched on and the other is kept as cold standby. When
the operating unit is taken up either for préventive maintenance or for repair, the
standby is switched on instantaneously. The times to failure and préventive
maintenance of a unit are assumed to be arbitraily distributed while the times for
repair and préventive maintenance are exponentially distributed. System fails
when there is no unit available for opération and starts functioning as soon as a
unit is available for opération. The system thus undergoes series of operating
and nonoperating periods known as the up and the down periods.
Characterising the system by the probability of its being in the up or the down
state, intégral équations are set up for these probabilities corresponding to

(*) Reçu mai 1976, révisé novembre 1976.
(l) Indian Institute of Technology, Bombay, India.
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different initial conditions. The Laplace transform technique has been applied to
solve these équations. The Laplace transforms of the mean down-time of the
System during (0, t) and the mean time to System failure are obtained explicitly.
Explicit expression for the steady-state availability of the System is obtained. The
case when the distribution of the time to failure is erlangian and that of the time
to préventive maintenance is exponential has been studied.

The following notation has been used throughout the paper:

Eo Initial state of the system.
ƒ(. ) pdf of the time to failure of a unit.
h(. ) pdf of the time to préventive maintenance of a unit.
F(.)/H{.) Survivor function corresponding to ƒ(.)/h(.).

() l ( 0 2()
\xx rate of préventive maintenance of a unit.
|x2 rate of repair of a unit.
Z(t) dichotomous random variable assuming the value 1 if the system is

found in the down-state at the instant t and the value 0 otherwise.
D(t) total down-time of the system in (0, t).
U(t) total up-time of the system in (0, t).
n(ij9 t) pr { Z(t) = 1 | Z(0) — 0, i units are under préventive maintenan-

ce and; units are under repair at t — 0 }; i9 j = 0, 1 and i # j .
w(ij, t) pr { Z(t) = 1 | Z(0) = 1, i units are under préventive maintenance

and y units are under repair at t = 0 } ; ij — 0, 2; / ^ j \ i — j — 1.
p(Uj, t) pr { Z(t) = 1, Z(u) # 1 V0 ^ u < 11 Z(0) = '0, i units are un-

der préventive maintenance and j units are under repair at t — 0 };
ij - 0,1 and* * j .

dï a{s)'

AVAILABILITY ANALYSIS OF THE SYSTEM

We define the function p(.) by p(t) = pr { Z(t) = 1 | Eo } and obtain an
expression for p(.). In order that the system is down at the instant t, it is
necessary that the unit that was switched on at t = 0 must either fail or go for
préventive maintenance between 0 and t. Suppose the unit fails or goes for
préventive maintenance between (u, u + du; u < t). The epoch u is a
régénération point [1, 3],

-f
Jo

p(t) = { at (u)ff(l, 0, t - u) + a2(u)7c(0, 1, t - u) } du. (1)
Jo

We now proceed to write an équation for n (1, 0, t). The four possibilities are
that the operating unit may either fail or go for préventive maintenance before
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the service facility complètes the maintenance work of the unit or, the service
facility may complete the maintenance work of the unit before the operating unit
gœs for préventive maintenance orfails. We obtain

7t(l, 0, t) = [^(u) { exp ( - ulM)w(2, 0, t - u)
Jo

+ (1 - e x p ( - n1«))w(l ,0,t - u)}

+ a2{u) { exp ( - HiMjw^, 1, t - u)

+ (1 - exp ( - (liiOMO, 1, t - u)} ] du. (2)

Similarly we obtain

JC(O, 1, t) = M " ) { exp ( - u2û)w(l, l,t-u)
Jo

+ (1 - e x p ( - u2u))rc(l, 0,t - u)}
+ a2(u) { exp ( - U2M)W(0, 2, t - u)

+ (1 - exp •(- Ha«))it(O, 1, t - u) } ] du, (3)

w(l, 1, t) = exp ( - 0*i + H2)«) { ^i«(0, 1, t - u)
Jo

+ u2rc(l, 0, t - u)} du + exp ( - (ux + n2)t), (4)

w(2, 0, t) = ut exp ( - \ilU)n{l, 0, t - u) du + exp ( - \itt), (5)
Jo

w(0, 2, t) = u2 exp ( - JI2M)TI(0, 1, t - u) du + exp ( - \i2t). (6)
Jo

Taking the Laplace transforms of the équations (1) to (6),we get

p*(s) = aî(s)**(l, 0, s) + a?(s)it*(0, 1, s),
n*(l, 0, s) { 1 - a*(s) + flî(ji, + s) } = < ( ^ + s)w*(2, 0, s)

+ afûi, + s)w*(l, 1, s) + { a| (s) - af ^ + s) }rc*(0, 1, s),
7t* (0, 1, s) { 1 - aï (s) + a|(u2 + s) } = a*(u2 + s)w*(l, 1, s)

+ a2(u2 + s)w*(0, 2, 5) + { aî(s) - a*x(\y2 + s)}n*(l, 0, s),
W*(l, 1, S) = { 1 + U, 7t*(0, 1, S) + U27l*(l, 0, S) 1/K + H2 + S),

w*(2, 0, s) = { 1 + u, «*(1, 0, s) }/(u! + s),

w*(0, 2, s) = { 1 + u27t*(0, 1, s) }/(n2 + s).

Simplifying we obtain

p*(s) = { aïis^nii - ^ m j + af (s)(w2i! - nj2)
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where

h =

h =
mt =

m2 =

(n2 -
(^i -

0*2 H

H ) {
h s) {

M. N.

L+ ^2 +

(̂ 1 + «;
(n2 + 5;

1 + ^ 2

GOPALAN, P. VENKATACHALAM

• s)(l - at(s)) + s(\ix + \i2 +

Iaî(^2 + s) - (H-! + H2 + s)a5
ia*(m + s) - (^i + ^2 + s)al
+ s)(l - af (s)) + S(HJ + fi2 H

s)aJoi,
h + s)o

h s)aï(\i

+ s)

^(^î +

- M^2 + s) a* (̂ 2 + 4
«1 = (̂ 1 + S)fl*(^l + S) + (ili + H2 + «)«?% + S),
«2 = (̂ 2 + *) at(\i2 + s) + (nx + [i2 + s)a|((i2 + s).

When h(x) = X exp (— Xx) and / (x) = X\x exp ( - A.iXj.we get

h = (Hx + s)(jix + n2 + 5) { 1 -\(lky + X + *)/(*.! + X + s)2 }

+ { sXfa + \L2 + s)(2Xx + X + jij + s)

- fc^îûit + s) l/(*i + A. + Mi + s)2»
/2 = X(ji2 + s) { (Mi + s)(2Xx + X + n2 + s)/(Xj + X + \i2 + s)2

- Oh + ^2 + s)(2X, + X + sV(X1 + X + s)2 },

« i = >-ÏÔ*t + *).{ Û*a + s)/(^i + X + MJ + s)2

- (^ + n2 + s ) /^! + X + s)2 } ,

m2 = (n2 + s)(n! + fi2 + s) { 1 - X2I(XX + X + s)2 }

+ { sX2{iit + n2 + 5) - (itX(2Xt +. X

+ ^2)(^2 + s) }/(Xï + X + n2 + s)2,

"i = { Xj(\it + s) + \{pt + n2 + s)(2X1

+ X + n, + s) }/(Xj + X + jij + s)2,

«2 = { X(M2 + s)(2Xt + X + n2 + s) + X 2 (^
+ H2 + s) }/(X, + X + n2 + s)2.

Since p* (s) is known explicitly, p (t) can be obtained after inversion. The mean
down-time of the System \xD (t) during (0, t) is

[E[Z{U
Jo

!)]d«

p (w) dw

so that

\x*{s) = p*(s)/s.

Also jiu(0 = ^ " MO-
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STEADY-STATE AVAILABILITY

The availability function of the system Av (t) is given by Av (t) = {1 - p {t)}.
The steady-state availability of the system is given by

Av = limit Av(t)
t-KX)

= limit sAv*(s)

= 1 - lim sp*(s)

Av = N/D
where

N = { a*(0) - ii^ÏOijVGi! + \L2)}{ a*'(0) + ^ a f ^ ) / ^ + n2)2 }

+ { a*2(0) - fcflîÛiiVOi! + |i2) } { a*'(0) + ^ f l î û i j ) ^ + H2)
2 }

and

ö = { aî(0) - ^afÖ^VÖ*! + fe) }
{ a*'(0) - aîtaVii! - l i^J^VOii + V-iY }

+ { flî(0) - \hfhfj>iWi + ih) )
{ a*'(0) - aî((i2)/n2 - HaaîÛijVÛi! + (i2)

2 }.

When /i(x) = A. exp ( - Xx) and /(x) = X,fx exp ( - A^xJ.we get

N = { (2X1 + X)/{K + X)2 }
1 +X + n2)/(^ +X + n2)2 + ^Xl/iX, +X + ii,)2 - 1 }

and

D = { (2X1 + X)/^ + Xf }
+ X + UiVfX, + X + ^.J2 + ^Xl/iX, + X + ji2) - 1 }

- { XfVOi! + ^)2(^i + W } { M2** + tyfri + ^ + ^i)2

+ |i2(2X1 + X + (iaV^! + X + n2)2 }
+ n2(2A.t + X + ^)/(A.! +X + u.2)

2 }
- X2 { {2X, + X)2 + n1(2X1 + X) J / i i ^ ! + A.)2^! + X + ^ ) 2

- tf/MXi + X)2(Xt + X + jx2)
2

+ { X2(2Xi +X + n1)(2X1 + X + \i2) + X* }
/(Ui + fe)(Xi + X + ji1)

2(X1 + X + u2)2.
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RELIABILITY ANALYSIS OF THE SYSTEM

We introducé the function

P(t) = pr { Z(t) = 1, Z(u) / 1 V0 < u < t | Eo }

and obtain the following relation.

P(t) = f'[flx(«)p(l. 0, t - M) + a2(u)p(0, 1, t - H)] du (7)
Jo

The argument for setting up the above relation is very similar to the one adopted
while équation (1) was being set up. We obtain

l, 0, t) = f
Jo

p(l, 0, t) = | { a1(w)(l - exp ( - ulM))p(l, 0, t - M)

+ a2(w)(l - exp ( - H!«))p(0, 1, t - M) } du

+ a(f) exp ( - uxt) (8)

and

p(0, 1, t) = f { a1(«)(l - exp ( - u2«))p(l, 0, t - u)
Jo

+ a2(u)(l - exp ( - u2u))p(0, 1, t - M) } du

+ o( t )exp( - | i 2 t ) . (9)

so that

P*(s) = a*(s)p*(l, 0, 5) + a2*(s)p*(0, 1, s),

p * ( l , 0 , s ) { l - a î ^ + afoi, + s ) }

= 0*01, + s) + { a|(s) - a î t a + s) } p*(0, 1, s)

and

p*(0, 1, s){ 1 - «f(5) + a*(u2 + s) } = a*(n2 + 5)

+ { fl?(«ï - «Î0i2 + 5) } p*(l, 0, s).

Solving these équations, we get

P*(s) = NJDt

where

+ s) { 1 + a|(u2 + s)}

+ flj(s)[af0i2 + s) { 1 + oföii + s) }
+ a f ( n 2 + s ) { l
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and

Dl = 1 + a?(m + s) + af(u2 + s) + affa + s)a2(\i2 + s)

- ÛÎÛ*2 + s)ö*(m + s) - af(s) { 1 + af (u2 + s) - af (uj + 5)}

- af (5) { 1 + aÏGii + s) - flî((x2 + s ) } .

When /i(x) = X exp ( - Xx) and-/(x) = Xfx exp ( - Xjx) we get

JVi = [X(2X1 + X + s ) /^! + X + s)2(Xi + X + Ui + s)2]

[X(2A.1 + X + \it + s) { 1 + ^/(Xj + X + n2 + s)2 }

+ Xf { 1 - X(2X, + X + ji2 + s)/(X! + X + n2 + s)2 }]

+ [X2/(XX + X + s)2(X1 + X + ji2 + s)2]

[X2 { 1 + X(2XX + X + Ui + s)/(Xi + X + Ui + s)2 }

+ X(2XX + X + n2 + s) { 1 - X\I(XV + X + nx + s)2 }]

and

£>! = 1 + [X(2XX + X + n t + s) { 1 + X2/(X! + X + n2 + s)2 }

- XX2(2XX + X2 + \y2 + s)/(X! + X + ji2 + s)2]/(X! + X + m + s)2

+ X2/(X! + X + n2 + s)2 - { X(2Xt + X + syiX, + X + s)2 }

X + S)
+ *• + H2 + s)2(X! + X + n2 + s)2 }

-{X2/(Xi + X + s)2 } { 1 + X(2Xr + X + pt + s)/{Xi + X + (i, + s)2

X + \i2 + s)/(Xx + X + \i2 + s)2 }

The function P(t) is obtained after inversion. The reliability function R(. ) is
given by

f»
R(t) = P(u) du

so that

R*{s) = { 1 - P*(s) }/s.

The mean time To to system failure is given by

r0 =
where

N2 = a*' (0) {1 + a* (jij + a* (n2) + a* (Ul) a* (n2) - a? (n2

vol. 12, n° 1, février 1978
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and

D2 = fl*((i2) { at^) - a*2(0)} - a*öü).{ af0i2) + « (0 )}

When fc(x) = À. exp (— Xx) and /(x) = X\x exp ( - X1x)lwe get

N2 = (2^ + X)[{ XI + (X, + X + ^i2)
2 } { (^ + X + m)2

+ X(2X1 + A, + j i j } - Uî(2Xi + A. + !i2)]

and

^ •+ X)(XX +X + \x2f + (2XX +X + n 2 ) (^ + Xf }
(^i + ^ ) 2 + ^ 2 } { 2XX + 2X
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