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A QUEUEING SYSTEM
WITH RANDOM ADDITIONAL SERVICE FACILITY (*)

by K. BIDHI SINGH (*)

Abstract. — This paper studies the transient and steady state behaviour of a limited waiting space
queueing system wherein: (i) there is one regular service facility {r. s.f) serving the units one by one; (ii) a
searchfor an additional service facility {a.s.f)for the service of a group of units is started when the
queue length reaches the maximum size and is dropped when the queue length reduces to some tolerable
fixed size; (Ui) the availability time of an a. s. f is a random variable; (iv) there are costs associatedfor
providing an a. s. f. and the loss of the customers who go elsewhere because of the limited waiting space.
Finally a relationship among the costs, traffic intensities and the queue size is obtained.

INTRODUCTION

A large number of queueing problems with additional service channeis have
been solved by various authors. Romani (1955) and Phillips (1960) obtain the
steady state probabilities of queueing problems with variable number of service
channels assuming that when the waiting line size increases to some preassigned
fixed number JV, then with each arriving unit a new channel is made available
and is cancelled at the termination of service if there is no unit waiting, with the
exception of one channel which remains open at all times. Murari (1971) in his
studies modifies the results due to Romani and Phillips as foliows. When the
queue length increases to some undesirable number m1, then another channel is
called for its help. If in spite of two service channels operating the queue length
increases to some undesirable number m2> m1, then third channel is called for
their help and so on. In all these cases when there is a demand of an additional
service facility (a. s. f.), it is made available instantaneously. The present study
relates to the situation when the queue length (the number of units including one
being served) reaches M (the maximum waiting space), then a search for an a. s. f.
is started and the availability time of an a. s. f. is a random variable.

Because ol the limited waiting space an arriving unit is considered lost for the
system when there is no waiting space. To avoid the loss of these units.and to win
the good-will of the customers the manager of the firm would like to get the
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312 K. BIDHI SINGH

service of a group of units from another service facility in the market. When there
is no waiting space he starts searching for an a. s. f. for the service of N units and
the search continues till the queue length reduces to M — N. Whenever an a. s. f.
is available, N of the units are sent to this service facility.

Thus, this paper studies the transient and the steady state behaviour of a
queueing systemr under the following assumptions:

1° customers are arriving at a service facility in a Poisson stream with mean
rate X and form a queue. There is a limited waiting space for M customers, i. e. if
at anytime the queue length is M, then an arriving unit is considered lost for t'he
System;

2° the queue discipline is first-come-first served;
3° there is orie regular service facility and the service time of a customer is

exponentially distributed with parameter \i;
4° when the queue length reacties M a search is started for. the serviceof

N ( < M/2) units from a. s. f. The availability time (time for arriving an a. s. f.) is
exponentially distributed with parameter F. The search continues till the queue
length reduces to M — N. If during the small interval [t, t + At) the search is
fulfilled that is an a. s. f. is available, N of the units leave the system to eet the
service from 'the a. s. f.

Define:
jpn(i4(t) = prob.abilïtv that at time t the queue length is n and a search for the

service of AT.units from an a.s.f. is in progress;
PnfjB(t) = probability that at time t the queue length is n and no search for the

service of N units from an a. s. f. is in progress.

Thus-by thé assumptions imposed on the system

The state (M — 1,B) will change to (M,A) through an arrivai. The state
(M - N +1 ;A). will change to (Af -N,.B),through a service. The state (n + N,A),
M - N <n + N S M, will change to (n,B) when an a.s.f. for N units becomes
available,

The Lamace 1 ranstorm ol probability generating functions for various queue
lengtns are obtamed and steady state results are explicitly derived therefrom. In
particular, we obtain the explicit expressions for the probabilités, P$tB(t),
PM-N+I.A^)'

 PM-ï,B(t) &nd PM.A^) ^n ̂  üöiiting case when t tends to infinity.
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Kolmogorov's forward équations governing the System are

l.A(). )

M-N + Kn<M, )

n = M, (3)

M-2JV<n<M-iV, )

n = M-N, (7)

M-N<n<M-l , )

n = M-l. (9)

Let the time be reckoned from the instant when the queue length is zero, so that
the initial condition becomes

P0 .B(0)=1. ' (10)

Define the probability generating functions

P„(t.a)= £ oc» PnM(t), (U)
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Let F (S) dénote the Laplace transform (L.T.) of F(t) defmed by

— C™
F(S)= e-StF(t)dt.

Jo
Multiplying (l)-(9) by appropriate powers of a, using (11)-(12) and taking L.T.s,
we have

Sübstituting for P^(S,a) from (14) in (15):

(16)

The denominator in (16) has four roots in a. Since PB(S, a) is a polynomial, these

roots must vanish the numerator in (16), giving rise to four équations involving

four unknowns namely POtB(S)t PM-N+ltA(S), PM-i,B(s)> and^MM(S).J$olving

these four équations, we can détermine all the unknowns. Thus PB (S, OL),PA(S, OL)

and R(S,a) are completely determined.

STEADY STATE SOLUTION

The steady state solution can be obtained by the well known property of L.T.
viz. _

lim SF(S)= lim F(t) = F, (17)
S-+Q t -+ oo
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if the limit on the right hand side exists, thus if

315

M - l

P,(d)= Y, «"Pn.B.

R(a)= £ a»/?,.

Applying the property (17) to équations (14), (16), we have

M-N+l
M-N + l,/ (18)

M,A

p 1 p 2 ( l - a ) ( a p 1 - l ) ( a - a 1 ) ( a 2 - a )
(19)

where

P l P 2

2 P i '

(20)

PB(a) is a polynomial, the roots of the denominator in PB(a) must vanish its
numerator, giving rise to the set of three équations. Solving these équations,
we have

X 1 —I

(21)
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MA~

Pi(ai-a2)

Now the normalising condition

R(l) = PB{l) + PAi\)-l, (24)
gives

or

pf+1

( 2 5 )
Pi(ai-«2)

Thus all the four unknowns PMM, P0)jB, PM-I,B
 a nd ^M-JV+I

are determined from (21)-(25).
The probability PA (1) of the availability of an a. s. f. is obtained by setting a= 1

in (18) and using (23):

PÏ(«i-«a)

a — a 11 P Of\\

COMPARISON WITH A LIMITED WAITING SPACE M/M/1 MODEL

Let TM be the fraction of the customers who go elsewhere for the M/M/1 model
with a limited waiting space for M units. It is given by

where p1 is the traffic intensity.

PM.A °f o u r model dénotes the fraction of the customers who go elsewhere
when there is an a. s. f.
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Assume that c1 is the cost for providing an a. s. f. for the service of a group of N
units and c2, the loss per customer who goes elsewhere. It is obvious that
empioying an a. s.f. is profitable if

c1VPA(l)<c2X(TM-PMJ,

where

TM-P

Using (22), (26) and (27), we have

The upper bound for c is given by

"Pic — ^-f"0!
It may be noted that the above relation dépends only c, M, N, px and p2. Thus
given any four, the value of the 5th can be computed. Given M = 40, px = .7 the

upper bound for c for various values of N and p2 is given in the table.
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It may be remarked in passing that employing an a. s. f. is profitable if
Ci/C2 < t n e upper bound as given in the table. For example, if M = 40, N~ 10,
P i = -7, P 2 = -5, then employing an a.s.f. is profitable only when
cjc2 < 3.023,36.

ACKNOWLEDGEMENTS

The author is grateful to Dr. K. Murari, Department of Mathematics, B.N. Chakravarty
University, Kurukshetra for suggesting the problem and supervising the investigations and to Pr. C.
Mohan for useful discussions. Thanks are also due to Dr. S. D. Chopra, Senior Professor and Head of
the Department of Mathematics, B.N. Chakravarty University, Kurukshetra for his keen interestin
the work.

1. J. ROMANI, La Teoria de las colas aplicada a un problema de production industrial,
Trabajos estadistica, Vol. 6, 1955, Cuaderno ill.

2. C. R. PHILLIPS, A Variable Channel Queueing Model with a Limited number ofChannels,
Thesis, Georgia ïnstitute of Technology, 1960.

3. K. MURARI, Some c-Additional Service Channels, Limited Space Queueing Problem,
Z.A.M.M., Vol. 51, 1971, pp. 315-318.

4. P. M. MORSE, Queues, Inventories and Maintenance, New York, Wiley, 1958.

R.A.I.R.O. Recherche opérationnelle/Opérations Research


