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NEW CONVERGENCE RESULTS
ON AN ALGORITHM FOR NORM CONSTRAINED
REGULARIZATION AND RELATED PROBLEMS (*)

by José Mario Makrinez (1) and Sandra Augusta Santos ()

Communicated by Pierre ToLLA

Abstract. — The constrained least-squares regularization of nonlinear ill-posed problems is a
nonlinear programming problem for which trust-region methods have been developed. In this paper
we complement the convergence theory of one of those methods showing that, under suitable
hypotheses, local (superlinear or quadratic) convergence holds and every accumulation point is
second-order stationary. ‘

Keywords: Trust-region methods, Regularization, Il Conditioning, Ill-Posed Problems,
Constrained Minimization, Fixed-Point Quasi-Newton methods.

Résumé. — La régularisation, sous forme de moindres carrés contraints, de probléemes non-
linéaires mal posés est un probléme de programmation non-linéaire, pour lequel ont été proposées
des méthodes de régions de confiance (trust-région). Nous complétons dans cet article la théorie
de la convergence de l'une de ces méthodes en montrant que, sous des hypothéses appropriées,
il y a convergence locale (superlinéaire ou quadratique), tandis que tout point d’accumulation est
stationnaire du second ordre.

Mots clés : Méthodes de région de confiance, régularisation, mauvais conditionnement, problémes
mal posés, minimisation contrainte, point fixe, méthodes quasi-newtoniennes.

1. INTRODUCTION

Many practical problems in applied sciences and engineering give rise to
ill-conditioned (linear or nonlinear) systems
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270 J. M. MARTINEZ, S. A. SANTOS

where F : R™ — R™. Neither “exact solutions” of (1) (when they exist), nor
global minimizers of ||F'(z) — y|| have physical meaning since they are, to a
great extent, contaminated by the influence of measuring and rounding errors
and, perhaps, uncertainty in the model formulation. From the numerical point
of view, this inadequacy usually produces “unreasonably large solutions” z,
for some problem-dependent vectorial norm. On the other hand, problems
like (1) usually come from discretization of ill-posed infinite dimensional
problems, for which bounds on the function or derivatives are generally
known. '

The most popular way to deal with these problems is through Tikhonov
regularization [23]. This amounts to consider, instead of (1), the regularized
problem

Minimize [F(z) - y> + ulal’ ®)

where | - | is an appropriate (problem-dependent) norm and p > 0 is a
regularization parameter. However, for very ill-conditioned problems, an
extremely small value of y produces a very small norm of z(u) (the solution
of (2)) and, so, useful characteristics of the estimator x can be lost by the
effort of regularization. As a simple example, consider the system

t1+zo=1, (1+10 %z +29=1-10"6-1072 (3)
which was obtained as a perturbation of
z1+z2=1, (1410 %z +2,=1-10"C (4)

The exact solution of (4) is (—1,2), while the exact solution of (3), which
coincides with the solution of (2) for pu = 0, is = (—10001.0,10002.0).
However, for all x € [10~7,1072] the solution of (2) is ~ (0.5,0.5), and
lz(x)|)2 decreases monotonically for p > 1072

This phenomenon motivated some authors to develop regularization
procedures where the norm of the solution is controlled directly, and not
through the regularization parameter. See [24, 10]. With this approach, instead
of (2), the following problem can be considered:

Minimize ||[F(z) — y||* subject to |z| < 6, (5)
where, generally, || - || is the Euclidian norm and | - | depends on the problem
and, frequently, reflects some tolerance for the variation of the unknown on

the considered domain. Vogel and Heinkenschloss used trust-region methods
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NEW CONVERGENCE RESULTS FOR REGULARIZATION 271

for solving (5). The feasible region of (5) is, generally, an ellipsoid (which can
be reduced to an Euclidian ball by a change of variables). Clearly, the amount
of structure of an ellipsoidal constraint is too much appealing to be ignored
by a linearization. So, in the above mentioned works, trust-region methods
were used, keeping the feasible region in its original form. Consequently, the
subproblems to be solved consist of the minimization of a quadratic on the
intersection of two Euclidian balls. In [24] and [10] only convex quadratic
models are considered, so that the subproblem of minimizing the quadratic
in the two-ball intersection is not hard. However, when F'(z) is nonlinear,
the Hessian of the objective function of (5) can have negative eigenvalues
and, so, it becomes desirable to consider more general quadratic models.
The subproblem of minimizing an arbitrary quadratic in the intersection of
two balls turned out to be tractable only after the characterization of local-
nonglobal minimizers of quadratics on spheres, given independently in [15]
and [13]. Using this characterization, a suitable algorithm for solving the
subproblem was proposed by the authors in [16]. In that work, it was also
developed a global convergence theory for a trust region algorithm with
approximate solutions of the subproblems. Moreover, the theory of [16] is
not restricted to ball domains and can be applied to general closed feasible
regions, although, of course, its applicability is restricted to the case in which
the subproblems are solvable, at least approximately.

One of the main motivations for developing the theory in a general setting
is the consideration of problems where the domain is the intersection of the
level sets of two (or more) quadratics which, in the regularization framework,
can represent bounds on two (or more) different norms of derivatives of
the unknown. Recent research on the minimization of quadratics on the
intersection of quadratic domains (cf. [18]) indicate that subproblems like
that will be probably solved in a satisfactory way, from the computational
point of view, in the near future. See [21, 25]. Other applications of this
subproblem can be found in [20, 4, 6].

The present research complements the convergence results of [16]. In
fact, in [16] a global convergence theory was developed, but nothing was
said about local speed of convergence or convergence to second order
stationary points. The main objective of this paper is to fill those gaps. We
assume that, at the final stages of the trust-region algorithm developed in
[16] the active constraints at the solution are identified (this' was proved,
under suitable hypotheses, by Bitar and Friedlander [2]), so that, in the
end, the algorithm becomes a trust-region algorithm for equality constrained
optimization. Studying the algorithm under this point of view, we give
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272 ‘ J. M. MARTINEZ, S. A. SANTOS

sufficient conditions for local superlinear and quadratic convergence and we
prove that stationary points satisfy second-order stationary conditions.

Although the main practical application of our algorithms corresponds to
the case where the domain is a ball (ultimately, a sphere), we have strong
reasons for developing the theory in a more general context. In fact, as we
mentioned above, we have in mind regularizing domains formed by (one or
more) quadratic constraints and we are optimistic with practical progress on
the resolution of the corresponding subproblems. Moreover, in these cases,
nonregular points (points where the gradients of the active constraints are
linearly dependent) can appear and, so, we wish to develop a theory that is
not based on the usual regularity assumption as a constraint qualification for
optimality. This is the main reason for not supporting our proofs on local
coordinates, or related differential geometry arguments.

The organization of the paper is as follows: in Section 2 we describe a
Local Algorithm for solving the Equality Constrained Minimization Problem.
The local algorithm is well defined in a neighborhood of a point that satisfies
the second-order sufficient conditions for local minimizer. We prove local
convergence and superlinear convergence, if the Hessian approximations
satisfy a Dennis-Moré condition. Under the Dennis-Moré hypothesis, we
also prove that the iterations of the local algorithm produce sufficient
descent of the objective function. The main ingredient for the proofs on
this section is the theory of Fixed-Point Quasi-Newton methods [14]. In
Section 3, we describe the trust-region method as a general algorithm
for equality constrained minimization. Global convergence to first-order
stationary points follows from the results of [16]. Here we prove that, if we
use true Hessian matrices, every accumulation point must be second-order
stationary. Finally, we prove that, in a neighborhood of a point that satisfies
second-order sufficient conditions, the local algorithm and the trust-region
algorithm coincide, so the trust-region algorithm also has local convergence
properties. In Section 4, we show some numerical examples concerning the
regularization problem. Conclusions are given in Section 5.

2. THE LOCAL METHOD

In this section we define a local algorithm for solving the Equality
Constrained Minimization Problem. By this we mean that we introduce
a method that is well defined in a neighborhood of an appropriate solution,
we prove convergence of the method if the initial point is close enough to
this solution, and we give conditions for superlinear convergence. Let us
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define the Equality Constrained Minimization Problem as follows:

Minimize f(z)

6
subject to  h(z) =0, (©)

where f : R® = R, h:R"® — R™, f, h € C*(R"). We denote by A'(z)
the Jacobian matrix of h(z) and we define S = {z € R" | h(z) = 0}. From
now on, || - || will denote an arbitrary norm on R™.

The “local” method for solving (6) is defined by Algorithm 2.1 below.

AvcoriTHM 2.1: Let zgp € R™ be a given initial approximation to the
solution of (6). Given xj € R", By a symmetric n X n matrix, we compute
ZTg+1 as the solution y of

Minimize (y — :ck)TBk(y - z) + g,{(y ~ zk)

subject to  h(y) =0,

(7)

where g, = g(z) and g = V.

The solution of (7) exists and is unique only.under special circumstances,
which we will study later. Algorithm 2.1 may be interpreted as a Fixed-Point
Quasi-Newton method in the sense of [14]. Given z € R®, B € R"*"
symmetric, we define ®(z, B) as the solution of

Minimize %(y - x)TB(y — )+ g(il;)T(y - ) (8)
subject to  h(y) =0.

So, Algorithm 2.1 may be written as

Tp1 = P(zk, Bi).

As in [14], we denote ®'(z, B) the Jacobian matrix with respect to z. In
the following lemma, we compute this Jacobian.

LemMA 2.1: Assume that for some ¢ € R®, B = BT, (8) has a unique

solution y, where rank h'(y) = m, p € R™ is the corresponding vector of
Lagrange multipliers, and

P (B + f: uivzhi(y)) z2>0 (9)

i=1
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274 I. M. MARTINEZ, S. A. SANTOS

for all z € N(K'(y)) (the null-space of h'(y)), z # 0. Then

m -1
¥, B) = P[P7(B+ L wVh() )P PT(B-VEo@), (0
' =1
where P € R"*("=™) s g matrix whose columns form a basis of N'(K'(y)).
Proof: If y € R™ is a solution of (8), by the Lagrange optimality conditions,
we have that
B(y —z)+g(z) + h'(y) n =0
h(y) =0.

This is a system of n + m nonlinear equations with variables z, y, B
and p. Since rank h'(y) = m, and by (9), we have that the matrix

(B+ 1iVihi(y) K (y)T
=1
K (y) 0
Implicit Function Theorem on (11), which, by derivation with respect to
T, gives

(11)

is nonsingular. So, we can apply the

m
B+ Y wiVihily) K (y)T (@’(x, B))_ <B - v2f(a':>)
1=1 C - 0

W (y) 0
where € is the matrix of derivatives of p with respect to z. So,
[B‘ + mvzhxy)] ¥(z, B)+H(y)'C=B-V:f(z)  (12)
=1

and
K (y)®' (z, B) = 0. (13)

By (13), there exists M € R(=m)%n guch that
®'(z, B) = PM. (14)

Replacing (14) in (12), and pre-multiplying by PT, we obtain

PB4 3wV ()| PM = P8 - 2 5(a)

1=1
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So,
m -1
M= {PT [B + va%(y)]z?} PT(B-V%f(z)). (15)
=1
Therefore, (10) follows from (14) and (15). U

General Local Assumptions. Let us assume now that z, € R" is a
solution of (6) where h'(z,) has full rank and the second-order sufficient
conditions for local minimizer hold. That is

1G2>0 (16)

for all z € N (W (z4)),2 # 0, where Gy = V2f(zs) + > mm uiV2hi(zy)
and p* € R™ is the vector of Lagrange multipliers associated to (6) and z..

By the Implicit Function Theorem, these assumptions guarantee that
®(z,B) and & (z, B) exist in a neighborhood Q x D of (z«, VZf(z4)).
Moreover, we can assume that z, = ®(z.,B) for all B € D and so,
by (10),

&(z., B) = P, ‘{P;—" (B + Z u;‘(B)Vzhi(:c*)> P*] T PT(B V().

=1
The continuity of ®'(z.,B) with respect to B in D is guaranteed by
elementary arguments, with a possible restriction of D. We also assume that
there exist L,p > 0, such that
9'(z, B) — @'(+, B)|| < Lllz — z|? (17)
for all z € Q, B € D. Clearly
@' (., sz(z*)) =0. (18)

The discussion above allows us to prove the following local convergence
theorem.

THEOREM 2.2: Suppose that f, h, x. satisfy the General Local Assumptions.
Letr € (0, 1). Then there existe = e(r), § = 6(r) suchthat, if ||z —z.]| < ¢,
and |B — V2f(z.)|| < 6, we have

®(z, B) = zull < vllz — 2| (19)
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276 J. M. MARTINEZ, S. A. SANTOS

Moreover, if ||xo — .|| < €, and || By = V2 f(z,)|| < § forallk =0, 1, 2, ...
the sequence generated by Algorithm 2.1 is well defined, converges to z«,
and satisfies

Izk41 — 2l < llze — 24|
forallk =0, 1, 2,....

Proof: The result follows from (17), (18) and (10) as a consequence of
Theorem 3.1 of [14]. O

LEMMA 2.3: Assume the hypotheses of Theorem 2.2. If i € R™ is the vector
of Lagrange multipliers associated to (7) then there exist ¢;,¢c3 > 0, kg € N
such that ||p*|| < ¢1 and

(Tr41 — 21) T (B + Yoimq 1 V2hi(zr) ) (rg1 — 71) > ¢
|zk+1 — zx]? -

for all k > ky.

Proof: It results from Theorem 2.2, the continuity of the Lagrange
multipliers, (16) and the fact that h(z;) = 0 forall k e N. O

The following theorem gives a Dennis-Moré. type condition for the
superlinear convergence of a sequence generated by Algorithm 2.1. The
Dennis - Moré type condition associated to superlinear convergence of SQP
algorithms [3] involves the effect of the approximation of the Hessian of
de Lagrangian on the increment. It is interesting to observe that, when we
do not approximate the constraints by their linear model, the condition for
superlinear convergence is associated with approximations of the Hessian
of the objective function.

THEOREM 2.4: Assume the hypotheses of Theorem 2.2. Suppose that

11 1) [C et
oo o4 — 2l

0. (20)

Then

O (7S k) [P (21)
k—oo ||k — |

Proof: By elementary continuity arguments, (20) and (10) imply that
po @@, Bi) = /(0 V2 @) @rer = sl _
k—co lzkt1 — zll
Therefore, (21) follows from Theorem 4.2 of [14]. O
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The following theorem states the order of convergence of the Newton
version of Algorithm 2.1.

THEOREM 2.5: Assume the hypotheses of Theorem 2.2. Suppose that, for all
k=0,1,2,...,B; = V2f(xy). Then, there exists ¢ > 0 such that

lekst - 2l < cllo - 2P+ (22)

Proof: The desired result follows from Theorem 4.3 of [14]. [

The final result of this section is very important to support global
convergence properties of the method. Briefly, it states that, in an appropriate
neighborhood of z., when the Dennis-Moré condition holds, a sufficient
descent property takes place.

THEOREM 2.6: Suppose that the General Local Assumptions hold, f,h €
C%(R"™), a € (0,1). Suppose that {xy} is an arbitrary sequence of points
that satifies the constraints of (6) and converges to . and that {By} is a
sequence of matrices such that ®(zy, By) is well defined for all k € N and

i Bk — V2 f@)]sell _
k—o0 szl

0. (23)

Then, there exists kg € N such that, for all k > ko,

Ff(zr + sk) < flzr) + avr(se),

where sy, = ®(zk, Bx) — Tk and Pi(s) = g;fs + %STBks for all s € R™.

Proof: By the first order optimality conditions of (7), we have that there
exists u¥ € R™ such that

Biesk + gk + b (ye) ik =0

(24)
h(yk) =0
for all ¥ € N, where yr = xr + sr. By (24),
gt s = —(uF) T (yx) sk — s Bsk. (25)
By Taylor’s formula, we have, for : = 1,...,m,
1
hi(zxk) = hi(ye) — hi(ve)sk + isgvzhi(yk)sk + o(llskll?) - (26)
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278 _ J. M. MARTINEZ, S. A. SANTOS
Since hi(zr) = hi(yx) = 0, (26) implies that
1 LI
()R (ye)se = 55t (Z ufvzhi(yk))sk + (W) ollsll®). (27)
=1
By (25) and (27), we have that
1 m
gk sk = —5} [Bk +5 Zufvzhi(yk)] se = (W) o(llsel®).  (28)
. i=1
Now, by Taylor’s formula, we have

Flow) = f@) + o sk + 55E V2 Fan)se + ofllsel)

So, by (28), and the boundedness of ||u*||,

flyk) = f(zk)

- 3T 2B = V1) + V() s+ olsel) . (29)
=1

But, by the Dennis-Moré condition (23), [[[Bx — V2 f(zi)]skll = o(||sx]])-

Thus, by (29),

F) = £au) = 3o [ B+ Dbt + o))

o=l

[\

= f(ox) - 3of [Bk n Zu?vzhi(m] N

i=1
(-®

T
S
2 k

B+ Y Phu(o) s + o),

=1

where @ € (a, 1).
By Lemma 2.3, there exist c; > 0 and kg € N such that

(1-a@
2

m
B+ (o) | > callel

=1
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for all k > ko. Since —cz|sk]|? + o(|[sk||?) < O for large enough k, we

conclude that, for k& large enough,

) < o) - oF [ Bt b V@) (30)
=1

Hence, by (28) and (30),
Flyr) < fze) - %Sf [Bk +y Mszhi(xk)} Sk
=1

— m :
o — | .
-— sy [Bk +)° pfvzh,'(azk)] Sk
=1

r 1
= flo) +[aF o+ 35T Busy + ol el

J— m
o —
- st l:Bk +) #?Vzhi(xk)] Sk

i=1

1 :
— flzk) + {ggsk + 53{Bksk]

— m
a— o o .
- S5 B 2 s s + okl
i=1
and the desired result follows from Lemma 2.3. O

3. THE TRUST-REGION METHOD

In this section we introduce a trust-region algorithm for solving the
Equality Constrained Minimization Problem (6). Throughout this section we
assume that f,h € C3(R™). We can think the method as an independent
one, or just as representing the final stages of a trust-region algorithm for
general constrained optimization of the type considered in [16], when the
active constraints are identified.

ALcoriTeM 3.1: Let g € R™ be an initial approximation, h(zg) = 0.
Let o1, o2, a, v, Amin, A® be such that 0 < o < 02 < 1, o €
(0,1), Amin >0, A% > Apin. Given z;, € R” such that h(zy) = 0, AF >
Ampin, By a symmetric n X n matrix, the steps for obtaining x4 are:

STEP 1: A «— AF,
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280 J. M. MARTINEZ, S. A. SANTOS
Step 2: Compute 3;(A), a global solution of

. 1
Minimize i(s) = EsTBks +gis
subject to  h(zg +s) =0, (31)
sl < A

If i (Sk(A)) = 0, stop.
Step 3: If

f(zk +3K(A)) < flar) + o (5r(A)), (32)

define zx41 = zx + Sk (A), Ap = A.
Otherwise, choose A «— Ayey € [01]|5k(A)|[, 024], and go to Step 2.

Notice that the first trust-region radius A¥ tried at each iteration is not
smaller than a fixed parameter A,,;;, > 0. This requirement allows us to
take large steps far from the solution, eliminating artificially small trial
steps inherited from previous iterations. More subtle motivations for the
introduction of the algorithmic bound A,,;, come from convergence proofs
to first-order stationary points of trust-region algorithms with approximate
solution of subproblems. In fact, in [16] (see also [8]) first-order stationarity is
obtained under a condition that, essentially, corresponds to uniform continuity
of Vf on the domain under consideration. Other first-order convergence
proofs for constrained trust-region methods (see, for example, [5]) use
existence and boundedness of second derivatives. A careful analysis of
the proofs reveals that, in fact, the stronger assumption on f can be avoided
in [16] and [8] due to the introduction of A,,;», which forces the existence
of infinitely many rejected steps when, for some subsequence, Ar — 0.

The rest of this section is dedicated to prove that every limit point of a
sequence generated by -Algorithm 3.1 satisfies optimality conditions. Since we
are potentially interested in domains where nonregular points appear naturally
(for example, intersection of level sets of quadratic functions), our arguments
must be general enough to cope with that type of points. By this reason,
we decided to rely on more general constraint qualifications and optimality
conditions than the usual ones in nonlinear programming. Arguments based
on feasible arcs will provide adequate tools for our objectives.

DerFNITION 3.2: Given x € R™ such that h(z) = 0, b > 0, we say that
q : [=b, b] = R" is a feasible arc that passes through x if

Recherche opérationnelle/Operations Research
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(a) h(~(t)) = 0 for all t € [-b, b];
(b) v € C3([=b, b)), /(0) # O;
(c) v(0) = =.

Tueorem 3.3: If z. is a local minimizer of (6), then for all feasible arc ~y
that pass through x., we have that

9(z) Ty (0) = (f o) (0) = 0 (33)

and

(fo)"(0) > 0. (34)

Proof: Trivial, considering that 0 is a local minimizer of fo~ : [—b, b] —
R. O

Theorem 3.3 motivates the following definition.

DErINITION 3.4: We say that x. € S is a second-order stationary point
of (2.1) if for all feasible arc ~ that passes through ., (33) and (34) are
satisfied.

In Theorem 3.5 we establish that Algorithm 3.1 can stop only at a
second-order stationary point.

TueorREM 3.5: If By = V2 f(xz) and Algorithm 3.1 stops at Step 2 (so
Yr(5k(A)) = 0), then zy, is a second-order stationary point of (6).

Proof- Let v be a feasible arc that passes through zj. Since ¥ (0) =
0 = 9% (5x(A)), we have that O is a solution of (31). Since 0 is an interior
point of the feasible region of (31), we have that (1% o v)'(0) = 0 and
(1K 0¥)"(0) > 0. It is easy to see that these two conditions imply (33)
and (34). O

The following theorem states that, if Algorithm 3.1 does not stop at
Step 2, then the k-th iteration terminates in finite time. Observe that we do
not assume that zj 'is a regular point of the feasible region (gradient of the
constraints linearly independent). Of course, when the feasible set is a sphere,
all its points are regular, but this is not the case when the domain is the
intersection of the level sets of two quadratics. As it is well known, defining
iterations of algorithms that linearize the constraints is very troublesome if
the gradients are not linearly independent.
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282 J. M. MARTINEZ, S. A. SANTOS

THEOREM 3.6: If x) is not a second-order stationary point of (6) and
By = V2% f(ay), then Ty is well defined by Algorithm 3.1.

Before proving Theorem 3.6, we need to introduce a definition and a
technical lemma.

DerINITION 3.7: Given 7y, a feasible arc that passes through x, we define,
for A > 0

7+(7, A) = min {t € [0, 8] | [7(t) = (0)[| = A},
(7, A) = max {t € [-b, 0] | [7(t) —~(0)]| = A}.

Lemma 3.8: Assume that ~y; : [-b,b] — R", v : [-b,b] — R, b >
0, Yk, ¥ € C3([=b,b]) for all k € N, +/(0) # 0, and

lim ||y —~lls =0
k—oo

where ||B|l3 = max {||B@], 16O 18" O 18" @ | ¢ € [=b,b]}. Then
there exist c3, ca, A > 0, ko € N such that 74+ (v, A), (v, A),
T+(v, A) and 7_(y, A) are well defined and

3 < 1y, A) <A
e3A < (v, A) < caA
c3A <7y, A) < eqA
c3A < |r—(v, A)] <aA

(35)

forall A € [0, A], k > kg.

Proof: The result follows from a slight adaptation of Lemma 2.1
of [16]. O

Proof of Theorem 3.6: Since xy, is not a second-order stationary point, there
exists a feasible arc 7y : [—b, b] — S passing through zj such that either

(f 0)'(0) = g(zx)T+'(0) < 0 (36)

or (fo)(0)=0, (foy)"(0)<0. (37)

If (36) occurs, the result is proved in the same way of Theorem 2.3 of [16].
It remains to consider the possibility (37). Thus, we have

(F o) (0) =7 (0T V2 f(z£)7 (0) + g(zx) 7" (0) =a<0.  (38)
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Let A > 0 be such that 7. (A) = 74 (v,A) and 7—(A) = 7_(v, A) are
well defined and let c3, ¢4 > 0 be such that (35) holds for all A € [0, A).
So, if A € [0, A], from Step 2 of Algorithm 3.1 we have

Yr(5k(A)) < Yr(v(t) — 2x)

= 2(0(0) ~ 8 VA F @) () = ) + ()T (4(8) — )
where t = 74 (A) or t = 7_(A).
2

Now, 7(1) = (0) +#7/(0) + 57(0) + o(#?), so,

2

Pr(5k(A)) < = (7 (0)TV (1) (0)
+ g(@e)T7"(0)) + tg (@) 7Y (0) + o(£) .
But, by (37), g(xk)T'y'(O) = 0, and from (35) we have
Yk(5:(A)) cz¢k(3k(A))

A2 -
4 T2 T O(tz)
5 "(0)" V7 f ()7 (0) + g(zx)” " (0)) + 2
From (38) it follows that
wk(sk(A)) ac4 o(tz)
< = . 9
A2 T2 + 2 (39)
Thus, from (39) we have
i Pe(Sk(A)) _ ac}
FE\CR\T)) 24 )
hgljgp A2 <5 <0
7 Therefore, there exists K > 0 such that
Ur(Gr(A acs
%SC5ET4<O (40).
for all A € (0, K]
Define, for A > 0,
f(@x +3:(A)) — flzx)
p(A) = ~ ) 41
&) TREALS) (40
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Then, if A € (0, Z] we have by (40) and (41) that

12 [ f@e +5k(B)) - fmk) — Ye(3k(D))
e )
_olBe(A)?) _ o(A?) A 1 o(A?%)

= TG T AT [Ga(d)] S ol A

SO,

which implies that after a finite number of reductions in the trust-region
radius, the condition (32) is verified. As a result, 24 is well defined. O
Before establishing the global convergence result of Algorithm 3.1 we

define a weak regularity assumption that suits the level of generality intended
at this section.

DerNtTION 3.9: We say that © € S is weakly regular if for all feasible arc
v : [=b,b] = S that passes through x and for every sequence {zi}3>, C S
converging to x there exist by € (0, b) and v, : [-b1, ] - S (k € N)a
sequence of feasible arcs that pass through xy such that

lim |y —v|s =0, (42)
k—oo

where ||B|3 = max {||B)II, 18"@II, 18" O 18" @) 1 £ € [=b1,b1]}.

A direct consequence of Theorem 3.1 of [16] is that every regular point
in the usual sense of Nonlinear Programming (rank h'(z) = m, cf. [7, 12])
is weakly regular. The converse is not true. Consider, for example, the set
S = {(z1,72) € R? | 22 = 0}. Clearly all points in S are weakly regular but
not regular. Less trivial examples include intersections of tangent cylinders
or ellipsoids in R™. The key point is that weak regularity is a completely
geometric concept that does not depend on the algebraic representation of
the surface.

The following is the main global convergence result of the paper, that
complements the first-order global convergence theorem of [16]. We prove
that, if a limit point of a sequence generated by the algorithm with true
Hessians is weakly regular; then-it-is-stationary, in the “second-order” sense
given by Definition 3.4.

TueoreM 3.10: Assume that the sequence {x} is generated by
Algorithm 3.1 with By, = V%f(zg), z. € S is weakly regular and
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klirﬂr(l T = X, where K1 is an infinite subset of N. Then x. is a second-order
eI,
stationary point of problem (6).

Proof: We consider two possibilities:

inf A, =0 43
dnf A (43)

and
k:lenllglAk > 0. (44)

Assume first that (43) holds. Then there exists [K9, an infinite subset of
K1 such that

lim A =0. 45

oo, A (45)
So, there exists k3 € N such that Ap < Apin for all & > kg, k € Ka.
But, at each iteration k we try first the ridius Ak Z_Amm‘. Thus, for_ all
kekKs={keKy|k>ky} there exist A and 3(Ag) such that 5,(Ag)
is a global solution of

Minimize (s)

subject to  h(zr +s) =0 (46)
llsll < A
and .
fla +35k(Ax)) > fzr) + o (5k(Ag)). (47)

By the trust-region radius updating in Algorithm 3.1, for & € K3, we have
Ag 2 o1|[5k(Ak)]l- (48)
Therefore, by (45) and (48),

égga 5% (Ar)|| = 0. (49)

Suppose that z, is not second-order stationary. Then, there exist b > 0,
v : [-b, b] — S a feasible arc passing through z., such that either

(f o)'(0) = g(2+)"/(0) < 0 (50)

(f o) (0) = g(z+)T/(0) = 0 (51)
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and
(f 0 1)"(0) = V()T V2 ()Y (0) + 9(2.)T4"(0) =au < 0. (52)

If (50) takes place, the proof follows the same structure of Theorem 3.2
of [16], where first-order stationary conditions were considered. So, we have
to focus on (51) and (52).

Since z, is weakly regular and h% Tk = T, there exist b; € (0,b),

ke
: [=b1,b1] — S, (k € K3), a sequence of feasible arcs passing through
a:k, such that
Ii v — vila = O. 53)
Jdim [y —fls =0 (53)

By (53) and Lemma 3.8, there exist k3 € N and A > 0 such that
(v, A), T— (v, A), T(v,A) and 7_(v,A) are well defined for all
kekKy={kekKs|k>ks}, A€ [0, Al. Moreover, (35) holds for all
k € Kq, A € [0, A]. Let kg € N be such that

I3:(Ap)ll < &
>

for all k € Ks = {k € K4 | &
defining t:

te =T (v, IBe(AR)l)  or  ti=71_(w, 5B
The convenient choice will be made below. Anyway, by Lemma 3.8,

eallsk(Be)ll < lte] < callse (D)l (54)

ks}. There are two possibilities for

for all £k € Ks.
Now, since 3;(Ay) is the global minimizer of (46),

Ui (3k(Br)) < Yre(me(ts) — m(0))
2 (ye(te) — w0\ (1) — (0
= _214(%( k)tk Vi )) VZf(xk)(fY’”( k)tk Ve )) 55)

ALY — (0
+tkg(x,k)T(’Yk( L)t Vi ( )) '
k
But, by Taylor’s theorem, since, by (53) the third derivatives of -y, are
bounded, )
(1) — v (0 17 t7)
( k)tk %(0) _ (0)+ £y + 2 ( ) (56)
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From (55) and (56) we have

(e (Bk)) < k(7L(O)TV2f(xL)7k(O)+g(5‘7’»)T7 (0))

(57)
-|—tkg(:ck)T +.(0) + o(t).
Exchanging % by oty, where o = +£1 is chosen such that
otrg(ar)T711(0) < 0, (58)
it follows from (54), (57) and (58) that
Y (sk(Ax)) cifﬁk(?k(zk))
Is(A> ~ t
A T2 T O(t )
(7 (0)" V2 k)71 (0) + g(zk)” 71 (0)) + =5
k
Therefore, by (49), (52) and (53),
ka(sk(Ak)) i T2 f T "
ir —_—— < = V2 f(z)Y' (0) + g(zs 0
_ a*c4
= < 0.
So, there exists k5 € N such forall k € K¢ = {k € K5 | k > ks } we have
— (A 2
—¢kf5k£Ak)g <oz 24 g, (59)
|G (Ax)l 4

Define, for k£ € Kg,

__ [l +5k(Ar)) — f(z)
Vi (sk(Ak)) '

Then, by (59)

f(@k +5:(Ak)) — Flzr) — Ye(5k(Ak))

o — 1| = =
B i (5k(Ax)) B
_ olllsk(A)l?) _ olll3e(Bp)11%) ||3k(Ak_)||2
|9k (3k(Ak))] 15 (ARI2 [k (Er(Ak))]

1 olls(EaIR)
T lesl Isk(AR)?
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Thus,
li D = 1. 60
Jim i (60)
As (60) contradicts (47), x« is second-order stationary in this case.
Assume now that (44) holds. Since l}i?é zr = zx and f(zg) is
vEIK,

monotonically decreasing, we have that

klgngl(f(xkﬂ) — f(zx)) = 0. (61)
But, by (32),
f(zrt1) < flar) + abe(Gr(Ak))- (62)

So, from (61), and (62), it follows that
lim ¥ (5k(Ag)) = 0. 63
kéKl k(Sk(Ak)) =0 (63)

Define A = kin"g Ak > 0 and let s, be a global solution of
€Ky

Minimize %sTvzf(z*)s + g(z)Ts
subject to h(z, +3) =0 (64)
sl < A/2

Let kg € K1 be such that
[k — 2| < A/2 (65)

forall k € Ky = {k € K1 | £ > k¢}.
Define, for k£ € K7

Sk = Tx + Sx — Tk (66)

By (64) and (65) we have that

15kl < A < Ay (67)
for all £ € K7. Moreover,
Tp+ Sk =T« + 5« €S. (68)
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By (67), (68) and (31) we have that

Ui (Sk(Ak)) < ¥r(5k) (69)
for all k£ € K7. So, by (63), (66) and (69),

1 1 . .
ESfVZf(w*)S* +g(za)Tsa = Jim [§3£V2f(1‘k)5k + g(x) " 5k]

> klg'g;l/)ka(Ak)) =0.

Therefore, 0 is a minimizer of (64). This implies that z, is second-order
stationary of (6) and the proof is complete. [

THEOREM 3.11: Assume the hypotheses of Theorem 3.10. Suppose that x. is
a limit point of {x} that satisfies the General Local Assumptions of Section 2.
Then, the whole sequence {x} converges to x. and there exists ¢ > 0 such
that (22) holds.

Proof: Since z. satisfies the sufficient conditions for a strict local
minimizer, there exists €1 > 0 such that z, is the only limit point of
{zr} inthe set {z € S |||z — z«|| < e1}. Let 2 € (0,e1). By (19), there
exists e3 € (0,e2) such that

|®(z, sz(a:)) —z|| <e1—ey (70)

whenever ||z — z.|| < e3. Define m = min{f(z) [z € S, e3 < ||z — z«|| <
er}and U = {x € S| ||z — z|| < €1 and f(z) < m}. Clearly, U is an
open set, z, € U, and ||z — z4|| < &3 for all z € U. Since z, is a limit
point of {zj}, there exists kg € N such that 23, € Y. Now, by (70) and
the definition of Algorithm 3.1,

Zko+1 — Thol| < 1@ (2hg, V2 (m5)) — o || < €1 — 2.

Therefore, ||Tr,+1 — Z«|| < ||Tr, — T4l + |Zro+1 — Thol| < €1. By the
definition of the algorithm, f(zy,+1) < m, s0 i, +1 € U. By an inductive
argument we can prove that x; € U for all k& > kg. So, the sequence
converges to x,. Now, by (19),

Jim {|9(zr, V2 f(2x)) ~ x| = 0.

So, there exists k1 € N such that |®(zx, V2 f(zr)) — zx|| < Amin for all
k > ki. Therefore, for k > ki, the first trial point $i(A) at Step 3 of

vol. 31, n°® 3, 1997.



290 J. M. MARTINEZ, S. A. SANTOS

Algorithm 3.1 is ||®(xx, V2 f(z1)) — 7¢||. But, by Theorem 2.6, there exists
ko > ki such that this trial increment satisfies (32) for all k& > ks. This
means that Algorithm 3.1 coincides with the Local Algorithm for all £ > k.
So, the desired result follows from Theorem 2.5. [

4. NUMERICAL EXPERIMENTS

We used the Algorithm 3.1, with By = V2 f(z;,) for solving problems
of the type (6), where

h(z) = || Az|* - 6, (71)

A is a nonsingular matrix and || - || is the Euclidian norm.

The test problems were generated as follows (cf. [24]). We considered
the integral equation

[t (t—7)%+0.04 _
Fe)0 = [ log U DO iy ()

with the boundary conditions x(0) = x(1) = 0. Given y, the problem of
finding x(¢) that satisfies approximately (72) is ill-posed, so for solving it we
need regularization (see [23]). The regularization approach used by Vogel
for solving (72) is to replace this equation by

Minimize |||F(x) — yl||?
subject to  |x]? < 3

(73)

where |||y]|]? = fol ly()|%dt, |x*? = fol x'(t)2dt, with indicating the
derivative with respect to ¢. We are interested in solutions of (73) that

belong to the boundary, so that problem (73) is equivalent to
Minimize |||F(x) — y|||? (74)
subject to  |x|* = 3%

The resolution of (73) using trust-region methods was considered in [16].
Since the solution of (73) is on the boundary for all the relevant cases,
the restriction to (74) is natural. After discretization, (74) becomes a finite
dimensional problem of type (6), where A is given by (71), with

-1 1 0
A=m+p| 0 TV ER™  and 62 =B(n+1).
0 0o -1
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Moreover, using the change of variables T = Az, it can be transformed
onto a problem of type

Minimize T

timize @) (75)
subject to ||z||” = 6°.

We use Algorithm 3.1 for solving (75). In the implementation of this
algorithm we need to solve problem (31), for the special case where the
feasible region is the intersection of a (trust-region) ball and a sphere.
Observe that the quadratic objective function is not necessarily convex,
as in the approach of Vogel. The global solution of (31) can be a local
minimizer of (s} on the sphere, or a global minimizer of ¢y (s) on the
intersection of the sphere with the boundary of the ball. This intersection is a
sphere of lower dimension, so the global minimizer on it can be found using a
classical characterization ([9, 22, 19, 171). A global minimizer on the original
sphere can also be found using the same techniques, and the local-nonglobal
minimizer can be found, if it exists, using the algorithm given by Martinez
(cf. [15]). Therefore, we are able to solve the subproblem in a completely
satisfactory way, for a general nonconvex quadratic objective function.

We choose x.(7), a solution to (72), given by
x.(7) = c1exp(da (T — p1)2) + ey exp(da(T — p2)?) + c37 + ¢4

where ¢; = —0.1, ¢ = —0.075, di = —40, dy = —60, p1 = 0.4, py =
0.67 and c3, c4 are chosen so that x.(0) = x.(1) = 0. Consequently, we
define y, = F(x.). The data y; used in the discretization of (74) are

vi = yu(ti) + €4,

where t; = i/(m+1), ¢ = 1,...,m. In the experiments we used m = 30.
The “errors” e; were generated randomly with normal distribution with
mean 0 and standard deviation 0.002 ||F'(x.)||. The solution x,. satisfies
%2 = (0.277)2.

All computations were carried out on a Sun Sparc-Station 2, using
Fortran 77. We solved ten sequences of finite dimensional problems
(75) with increasing 8 € {0.2,0.25,0.275,0.3,0.325,0.4,0.5} generated
with ten different seeds for perturbing the data y;. The initial feasible

BV26

point was Ty = (1,1,...,1)7 € R% and the maximum number
of iterations performed was 30, never reached in the tests. The average
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results are presented in Table 1 where IT and FE denote, respectively, the
number of iterations and the number of function evaluations performed by
Algorithm 3.1. We also present comparative results using the Gauss-Newton
approximation for the Hessian, which corresponds to Vogel’s choice. We
should point out that the results in [24] are presented just by means
of graphs, so we cannot make a direct quantitative comparison with his
approach. However, by plotting the curves corresponding to the approximate
solutions obtained by our algorithm with true Hessians we observe that our
results are visually similar to the ones obtained by Vogel. We also emphasize
that Table 1 is different from Table 7 in [16] because here all iterates are
feasible with respect to the regularizing sphere, which does not necessarily
happens in [16].

TABLE 1
Average comparative results

B 0200 | 0.250 | 0275 | 0300 | 0.325 0.400 | 0.500

True IT 5.7 8.0 8.6 9.3 10.3 11.3 17.4
Hessians FE 6.8 9.0 10.1 10.9 11.4 152 23.0
Gauss- IT 16 17.1 17.6 18 18.1 185 19.5
Newton FE 17 18.1 18.6 19 19.1 19.5 20.5

5. CONCLUSIONS

In this paper we have introduced a trust-region method for equality
constrained problems, where the constraints are not approximated by linear
functions. The main application of our techniques is the solution of
constrained least-squares regularization of nonlinear ill-posed problems using
the trust-region approach. Our approach for this problem differs from Vogel’s
one [24] in that we admit nonconvex quadratic functions in the subproblem.

This work is in continuation of a previous paper where we analyzed
the trust-region algorithm with arbitrary constraints, and we proved first-
order convergence results. For equality constrained problems, we proved in
this paper second-order global convergence results, and local convergence
results, using the theory of Fixed-Point Quasi-Newton methods. The scope
of problems to which the new approach is presently applicable is limited
because of the difficulty of the subproblems. However, we expect that in
the next few years more complicated subproblems will be solved with ad
hoc efficient methods, so that the general approach presented here should be
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widely applicable. In particular, regularization techniques can be incorporated
to take into account limitations of several derivatives of the solution of an
ill-posed problem. For that type of problems, the development of quadratic
minimizers with general quadratic constraints becomes particularly relevant
in order to efficiently solve trust-region subproblems.

Future research includes the application of the techniques introduced in
[16] and improved in this paper to prove theoretical properties of nonlinear
programming algorithms that follow closely the feasible region, as it is the
case of classical GRG techniques ([1, 11]).
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