
RENDICONTI
del

SEMINARIO MATEMATICO
della

UNIVERSITÀ DI PADOVA

JUTTA HAUSEN
Automorphisms of abelian p-groups and
hypo residual finiteness
Rendiconti del Seminario Matematico della Università di Padova,
tome 45 (1971), p. 145-156
<http://www.numdam.org/item?id=RSMUP_1971__45__145_0>

© Rendiconti del Seminario Matematico della Università di Padova, 1971, tous
droits réservés.

L’accès aux archives de la revue « Rendiconti del Seminario Matematico
della Università di Padova » (http://rendiconti.math.unipd.it/) implique l’accord
avec les conditions générales d’utilisation (http://www.numdam.org/conditions).
Toute utilisation commerciale ou impression systématique est constitutive
d’une infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=RSMUP_1971__45__145_0
http://rendiconti.math.unipd.it/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


AUTOMORPHISMS OF ABELIAN p-GROUPS
AND HYPO RESIDUAL FINITENESS

JUTTA HAUSEN

1. Introduction.

A group X is called residually finite if the intersection of all sub-

groups of X of finite index is trivial.

If (B is a nonempty isomorphism inherited class of groups then,
following the standard terminology for group theoretical properties, we
call X a hypo 0-group, if it possesses a well ordered descending chain
of subgroups X, :

such that 1 is a (3-group for every ordinal 1:1 and Xo- == 1 for

sufficiently large 0’.

In [2] we have studied those abelian p-groups G whose automorph-
ism group A(G) is hypo residually finite. It was shown that A(G) possesses
this property if and only if every divisible and every bounded pure sub-
group of G has finite rank.

The present paper is concerned with an estimation of the shortest

length of all descending chains of A(G) which have residually finite
factors. Each of those chains will be shown to have length at least X,
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where À is the length of the chain of higher residua of A(G)
introduced in [ 2 ] .

Our main result is the following connection between À, and the
Ulm type -c of G, or rather the normal expansion of 1:".

THEOREM. Let the type ~ of the abelian p-group G have the
normal expansion

where a, &#x3E; a,l &#x3E; ... &#x3E; -a,k are ordinals; n, nl , ..., are integers; n  2m
for some integer m. Let À, be the least ordinal such that 
Then

Note, that every ordinal r posses a normal expansion of the form
(*) and furthemore, that this expansion is unique (cf. [3],
p. 323, Theorem 2).

Notation and terminology will be standard with possibly the follow-
ing exceptions: We write Y aX if Y is a normal subgroup of the group
X. The automorphism group of X is denoted by A(X). If and

are A-admissible subgroups then A lylw denotes the group of
automorphisms of Y/W induced by A. We write Y(A - 1) for the set of
all ys - y where yeY and 8 c A. The set of all fixing Yl X
elementwise and inducing the identity automorphism in X/Y is called
the stabilizer of Y in X. Stabilizers are wellknown to be abelian (cf.
[4], p. 88, Satz 19). As always, w denotes the first infinite ordinal.

Throughout this paper G will be an abelian p-group for some fixed
prime p.

2. Descending chains with residually f inite factors.

For X a group, let ~X denote the intersection of all (normal) sub-
groups of X of finite index. 8X is called the residuum of X. By defini-
tion, X is residually finite if and only if its residuum is trivial. If 
and X /Y is residually finite, then (cf. [2], Lemma 3.5). It

follows immediately that X is hypo residually finite if and only if the
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chain of iterated residua, the so-called higher residua, leads from X to
1 in a finite or possibly transfinite number of steps (see Lemma 2.2).

DEFINITION. Let If is defined for 0~~o’, then
n R03BCX if a is a limit ordinal, and 8«X=88«-iX otherwise.

03BCo

The are called higher residua of X.

Some easy consequences of these definitions we state as

PROOF. [2], Lemmas 3.1 and 3.5.

The relation between the chain of higher residua and arbitrary
descending chains with residually finite factors is contained in the follow-
ing result.

LEMMA 2.2. Let

be a well-ordered descending chain of subgroups of X such that 
is residually finite for all 1-10" if À is a limit ordinal.
Then for all !1~cr. 

l1)..

PROOF. The proof i s by simple and straightforward induction on
li. Clearly, for the proposition holds. Su~ppose, that for
all o~’V  I.1~ cr. Then, if !1 is a limit ordinal,

by our induction hypothesis. If we obtain

using the induction hypothesis, the residual finiteness of Xv/Xv+1 , and
Lemma 2.1.

COROLLARY 2.3. Let À be the least ordinal such that 
Then every well-ordered descending chain (* *) of subgroups X, of X
with residually finite factors has length ? X.
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We recall the definition of a hypo 0-group, four 8 a group theoreti-
cal property, given in the introduction. The following result is added for
the sake of completeness.

PROPOSITION 2.4. A group is hypo residually finite if and only if
it is hypo finite.

PROOF. Clearly, since every finite group is residually finite, every
hypo finite group is hypo residually finite.

Conversely, if X is hypo residually finite, then by Lemma 3.2 of
[2], every nontrivial subgroup of X possesses a nontrivial finite epi-
morphic image. Using set theoretical arguments it is easy to see, that
such a group is hypo finite. This proves the proposition.

Since we are concerned with the lengths of descending chains with
residually finite factors we will prefer and continue to use the term
« hipo residually finite » instead of « hypo finite ».

3. Subgroups of A(G) fixing GIPOG elementwise,.

Let as usual pWG denote the set of all elements of G of infinite

height. Since pWG is a characteristic subgroup, the set of all auto-

morphisms y of G inducing the identity mapping G/pWG is a normal

subgroup of A ( G ), denoted by r(G).
In [2] we proved the somewhat surprising fact that for reduced G

the residual behaviour of A(G) (in the sense we are concerned with)
depends entirely on the first step in its chain of higher residua. It was

shown that A(G) is hypo residually finite if and only if A(G)/r(G) is

residually finite or, equivalently Contrary to

this, there is always on ordinal v such that ~vr( G) == 1 without any
further condition imposed on G except that it is reduced (or that the
maximal divisible subgroup of G has finite rank).

Therefore, an estimation of the least ordinal v satisfying =1

is our first aim.
Crucial for the course of all further proofs will be the following

generalization of Lemma 4.3 in [ 2 ] .
We remark that the subgroups G~ of G are defined as in [ 1 ] , p. 118:

G’= G, G’~ = n GPw if ~, is a limit ordinal and G’~ = pW( G’~-1 ) otherwise.
03BCA
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Since 8P=p"P if P is an abelian p-group (see [2], Lemma 3.7),
in our notation for every ordinal 1-1, and

is the chain of higher residua of G. The ulm type of G is the least
ordinal t such that G’t == G-r+l .

LEMMA 3.1. Let a1 be an endomorphism of G such that G~‘

for some ordinal 1-1. Then

for every ordinal v.

PROOF. The proof will be by induction on v. For v = 0 the pro-
position is obvious. So, suppose, that Gv~  G~‘+v for every 0 v  ~,.
We distinguish two cases.

CASE 1. X is a limit ordinal. In this case, G~= n (G") and like-
wise, n (G03BC)v. Consequently, 

-vX

vA

and, using the induction hypothesis,

Comparing (1) and (2) we obtain

as claimed.

CASE 2. À==’B)+ 1. Then, by definition,

G~ is the subgroup of elements of infinite height in GV. Let Then

there are G’ such that
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and hence

Using thet induction hypothesis G’~+~ it follows that

for every XE G).. and consequently

So, in both cases we have carried the induction one step further, proving
the lemma.

We are now ready to prove the vital

LEMMA 3.2. Let A be a group of automorphisms of G fixing GIG"
elementwise for some ordinal (.1. Then induces the identity auto-
morphism in for every integer m &#x3E; o.

PROOF. The proof will be by induction on m. For m = 0 the state-
ment obviously is true. So, suppose, that

Then, for every ae8mA, we have G(a2013l)~G~~, , and consequently,
by Lemma 3.1,

(cf. [3], p. 293). Therefore, a induces in an automorphism
which fixes both and the factor group

elementwise. This being true for all it follows that the group

of automorphisms of which is induced by is contained

in the stabilizer 1: of Gv2m / Gv2m+l in Since E is residually
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finite (see [2 ~ , Lemma 4.1) Lemma 2.1 implies that

and hence that

induces the identity automorphism in G / Gtl.2m+l. This proves the lemma.
COROLLARY 3.3. Let such that for some

ordinal (.1. Then induces the identity automorphism in 

PROOF. By Lemma 3.2, since

Consequently,

(cf. [3], p. 300, Theorem 3).
Another result in the same direction is the following lemma. We

recall that the set of all automorphisms of G inducing the identity
mapping in G/pWG was denoted by r(G).

LEMMA 3.4. Let Then 8mmA induces the identity auto-
morphism in GIG" for every ordinal a.

PROOF. Again, the proof is by transfinite induction the proposition
being true for Y.=O. Suppose, that

and consider

CASE 1. h is a limit ordinal. Then coX and c~’~ also are limit

ordinals, being the least upper bounds of the ordinals wv, v X (cf. [ 3 ] ,
p. 300, Theorem 3) and o)B (cf. [3], p. 312) respectively. Con-
sequently,
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and

Using the induction hypothesis (H) we obtain from (1) and (2) that

and hence that induces the identity automorphism in as

claimed.

CASE 2. X=v+ 1. Then By
induction hypothesis we have Applying Corollary 3.3 we
obtain

and since

(cf. [3], p. 293), we finally conclude that

as stated in the proposition.

THEOREM 1. I f A is a group of automorphisms of G fixing G/pwG
elementwise, then induces the identity automorphism in 
for every ordinal a and every integer m &#x3E; o.

PROOF. Lemma 3.4 implies that for every ordi-
nal a. Put By Lemma 3.2, 8m8 induces the identity auto-

morphism in for every integer Hence 
fixes G/Gwa.2m elementwise as claimed.

We are now ready for an estimation of the least ordinal o- satisfying
~(jr( G) = 1. In view of Theorem 1 we consider the unique normal
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expansion of the Ulm type z of G into decreasing powers of w:

where ... are ordinals n, nl , ..., nk are non-negative integers,
(cf. [3], p. 323, Theorem 2).
The following is a consequence of Theorem 1.

COROLLARY 3.5. Let G be reduced and let

be the normal expansion of its type -c ?,-, 0. If ~:2~ then

- 1. Moreover, if either ~2~ or ni = ... = nk = 0, then

~~~r(G)=l.

PROOF. Put

(cf. [3], p. 324, 6.). It follows that

( L 3 ] , p. 278, 1.; p. 295, Theorem 2; p. 293), and hence, by Theorem 1,
as claimed. Since

([3], p. 278), and

( [ 3 ] , p. 295, Theorem 1), Theorem 1 implies in particular that
if n+12- or 5=0. This proves the corollary.

4. The length of the chain of higher residua of A(G).

A connection between the least ordinal a satisfying = 1 and
the length of the chain of higher residua of A(G) is established by the
following
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THEOREM 2. For an abelian p-group G the following properties
are equivalent.

i) A(G) is hypo residually finite.
ii) and r(G) is hypo residually finite.
iii) Every divisible and every bounded pure subgroup of G has

finite rank.

PROOF. The equivalence of i) and iii) is contained in Theorem A

in [ 2 ] . Since hypo residual finiteness is inherited by subgroups and
extensions (Lemma 2.1), i) is a consequence of ii). So, let us assume the

validity of i) (and hence of iii) ) . Then, by Theorem 3 in [ 2 ] , the auto-
morphism group of G/pWG is residually finite, and, since A(G)/r(G) is

essentially the group of automorphisms of induced by A(G), so
is A(G)IF(G). Lemma 2.1 implies e~A{G)  r(G). Therefore, the equiv-
alent statements i) and iii) together imply ii). This proves the theorem.

PROPOSITION 4.1. Let the Ulm type ~ of the reduced abelian p-
group G have the form where and n  2m. If A(G) is

hypo residually finite, then ~~,«+m+lA(G) =1. Moreover, i f -~ is infinite
and either n C 2m or ~3 = o, then 

PROOF. By Theorem 2, the hypo residual finiteness of A(G) implies

Applying Lemma 2.1 we obtain

for every ordinal (.1, and, since 1 + (.1== (.1 for transfinite (.1,

Hence, if r is infinite, the entire proposition follows from corollary 3 .5 .

If ~c = n _ 2m is finite, then by (2),

.and, since (Lemma 3.2), á1tm+IA(G)=l as stated
above.
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We are now ready to prove our main result stated as Theorem in
the introduction.

THEOREM 3. Let the automorphism group of an abelian p-group
G be hypo residually finite. Let the Ulm type i of G have the normal

expansion

where a &#x3E; oc &#x3E; ... &#x3E; ock are ordinals, n, nl , ..., nk &#x3E;_ 0 are integers, and
.n  2m for some integer m &#x3E; 0. Then =1. Moreover, if "t is

in f inite and either nl = n2 = ... = nk = 0 or n  2m, then 

PROOF. Let

G=D+R, D divisible, R reduced.

The hypo residual finiteness of A(G) implies that D has finite rank

(Theorem 2), and hence, that A(D) is residually finite ([2], Lemma 4.2).
Since D is a characteristic subgroup of G we obtain, using Lemma 2.1.,

If T=0 then G=D and A(G) is residually finite in accordance with

our proposition. So, suppose that T&#x3E;0. Since the Ulm type of G/D is
equal to T, Proposition 4.1 implies

or cr=wCl+m if T is infinite and either

... or Hence, for this 0",

applying Lemma 2.1 again. Since (j&#x3E; 0 it follows from (1) and (2) that
is contained in the stabilizer E(G : D) of D in G which is

residually finite ([2], Lemma 4.1):
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Applying Lemma 2.1 we obtain

and consequently =1 always and, for infinite ’"t" and either

... or n  2m, even ~~+~i.4(G)=l as stated above.

This concludes the proof of our theorem.
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