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Remarks on Holomorphic Vector Fields
on Non-Compact Manifolds.

GIULIANA GIGANTE (*)

Introduction.

Let if be a Kahler manifold and let Z and OJ be respectively a
holomorphic vector field and a holomorphic linear differential form
on if. If if is compact, then the function m(Z) is constant on M.

This fact yields some useful informations on the structure of the
Lie algebra h(M) of holomorphic vector fields on M, on the Lie algebra

of infinitesimal isometries on M and on the vanishing of certain
cohomology groups on 1~ [3].

The purpose of this note is that of extending some of the above
results to the non-compact case. If M is a complete Kahler manifold
more specific hypothesis are required for w(Z) to be constant. We
discuss in § 2 the case where m(Z) is square summable on .M, and the
Ricci curvature is positive outside a compact of .~, thus extending
to the non-compact case some results of K. Yano [7].

Section 3 contains some results concerning the relationship between
the zero set of Z and the vanishing of some cohomology group of M.
Recent results of A. Lichn6rowiez [5] and A. Howard [2] are extended
to the non compact case.

In § 1, we discuss briefly some problems concerning in the
case when lVl is a complete Riemannian manifold.

(*) Indirizzo dell’A.: Scuola Normale Superiore - 56100 Pisa.



212

1. In this section, M will be a paracompact, connected, oriented
manifold of dimension n, endowed with a positive definite, complete
riemannian metric g of class C°°. We shall denote by Cr (resp. Dr)
the space of real C°° r-forms (resp: C°° r-forms with compact support);
*: Or --?- Cn-r is the canoncal real operator, associated with the rieman-
nian metric such that **p = for Then, for

and where dm is the vo-
lume element defined by the riemannian metric and is the
scalar product defined by the riemannian metric g at x. Let be the
Hilbert space, which is the completion of Ðr with respect to the norm

dm; d: Or - denotes the exte-
M M

rior diff erentiation operator and 3 : Cr - er-1--defined by

for any (p E Cr is its formal adjoint.
In [6], it is shown that, if Wr denotes the completion of Ðr with

respect to the 11 (p 11 2 --E- 11 2 + 11 2, then Wr = ~g~ E L;:
dcp E Er+l, bp E ~.2 1~. The Laplace-Beltrami (~) operator L1: er -~ Cr,
defined by d = d3 + 3d, is essentially selfadjoint and its selfajoint
extensions denoted by 0, has domain: W§ : d6gg e E,2,1.

For cp E C’, we denote by B(p the differential 1-form defined locally
by (Rf dxi, where RiJ are the local components of the
Ricci tensor. We denote by V, the covariant derivation with respect
to the riemannian connection defined by g. Assume that the Ricci
tensor R satisfies the condition: (oc) for any 99 E 01, out-
side a compact g of ltl. Then the following facts hold, for any (p E Wi :

(iii) if (p c- E’ and Jgg = 0, then 199 1 is bounded.

Assume that satisfies the stronger condition: (fl) there exists

(1) These and further results on the behavior of A will be found in a forth-
coming paper of the author.
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y &#x3E; 0, such that: for any outside a

compact set g of M. Then Cî = HI @ d( Wi ) where HI =
= {kernel 4l) has a finite dimension.

For any vector field on shall denote the I-
;

corresponding to X, under the duality defined by the
;

metric g, i. e.

THEOREM 1.1. If condition (a) holds and ~, Ri are in E’, then con-
ditions 1) L1’ = 2) ~~ = 0, imply that X is an infinitesimal iso-
metry (i.e. X generates a local 1-parameter group of local isometries).

PROOF. Since i e W[ and 2RC, then 11 V (  oo and (â’, C) =

(a) (R’, I) - lioll2- 0 .

Moreover, it follows from a straight-forward computation that

where A. - Lx - V x, and L, is the Lie derivation with respect to X.
Let q be the I-form corresponding to then 

M

since qi = - ~  00 by (b) since div .X = 0. So from
i M

Gaffney Lemma (cf. e.g. [6], p. 51)

Since trace ((Ax + tAx)2) is the square of the lenght of the symmetric
tensor Ax + and -1 2f trace ( (Ax + dm = 0 by (a) and (c), then

M

Ag + tAx = 0, which is equivalent to say that X is an infinitesimal iso-
metry ([3], pag. 43).

REMARK 1.1. It is well known [3], that if x is an infinitesimal

isometry, then 1) J ~ - 2R~ and 2) 31 = 0.

REMARK 2.1. K. Yano has shown (in [7]) that, if V is a compact
oriented riemannian manifold, every infinitesimal affine transformation
is an infinitesimal isometry; J. Hano (in [1]) gave the following exten-
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sion : if V is complete, every infinitesimal affine transformation with
bounded lenght is an infinitesimal isometry. From theorem 1.1, it

follows that:

COROLLARY 2.1. If condition (cx) is satisfied, every infinitesimal
affine transformation such that C and .R~ are in is an infinitesimal

isometry.

PROOF. Let X be an infinitesimal affine transformation, then
41 = 2RC and 6C is a constant function ([3], pag. 44-45). Since C E W~,
we have ~~ E ~~. If Vol M = oo, then ~~ = 0. If Vol M  00, then

6C E ~1 and C E so from Gaffney Lemma = 0, which implies
O. M

REMARK 3.1. If the Ricci tensor is negative definite, then M has
no infinitesimal isometry such that C E E2 and I~~ E E2. Indeed 41 =
2RC implies C c- W" and 0  2 (RC, ) = {0, ) = M&#x3E;0. In parti-
cular, if M is an Einstein manifold with c  0, M has no infinitesimal
isometry in C2.

2. Throughout this and the following section .M’ will always be
a paracompact, connected, complex manifold of dimension n, endowed
with a complete Kahler metric. We shall denote by (resp. Ðp,q)
the space of C~(p, q)-forms (resp. C°°{p, q)-forms with compact sup-
port) ; the canonical isomorphism *: defined by the
star operator of the Riemannian structure underlying the hermitian
structure of M, allows us to introduce in the scalar product fgg A ip.

M

That enables us to define, as in the Riemannian case, the spaces 
and The complex Laplace operator defined by
D = 99 + aO, where 0, is the formal adjoint of a, is essentially selfad-
joint, and the domain of its selfadjoint extension is 

08p E Let y be the Ricci tensor of the Kähler metric
(a2 log aip).

THEOREM 1.2. Let the riemannian structure of l~ satisfy condi-
tion (x) of § 1. Let be a complex vector field of

type (1, 0) and be the corresponding (0, 1) -
form. Then, if C E and C) = (.I" , C) , where 
~ ~" dz~, Z is holomorphic.
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PROOF. Since 11 V~ ~~  oo and ~) = ~~ ~" ~ ~~ 2 --E- (R" ~, ~) its de-
fined for any tensor field .g by the properties VK = V’K + V" K

for all vectors W of type (1, 0)), then 
i.e. ~" Z = 0 which implies that Z is holomorphic ([3] pag. 93).

REMARK 1.2. It is a well known fact ([3] pag. 93) that, if Z is

holomorphic, then 
Let Z be, as before, a complex vector field on M. Then Z = X -

- iJX, where X is a vector field on the underlying differentiable mani-
fold, and J defines the complex structure of .M’. Let ~ be the correspond-
ing (1, 0) form to Z.

THEOREM 2.2. Suppose that .M satisfies the hypothesis of theo-
rem 1.2. If C E E2. and RIC E E2. X is an infinitesimal isometry if
and only if Z is holomorphic and div X = 0.

PROOF. The 1-form corresponding to X is 2 (~ + t) By Remark 1.1
if X is an infinitesimal isometry, div X = 0 and

then so C E and F) _ (R" C, C) and Z is holomor-
phic by theorem 1.2. If Z is holomorphic and div X = 0, then by
Remark 1.2 C E and so 1(1 + 1) E WI and 4l(1 + 1) =

The conclusion follows from theorem 1.1.

THEOREM 3.2. If condition (fl) of § 1 holds, and if Z is a holomorphic
vector such then:

i) if vol there exists a unique f e such that 1 = a f .

ii) if vol M  00, there exists unique after the normali-
such where A==0;

M ~

moreover if zero Z, the zero set of Z, is ~ 0y 

PROOF. Since M is a Kähler manifold, condition (fl) enables us to
~- 3(0~)? 0q e and 0, moreover IHCI is bounded

( § 1 ) . Theref ore, is a constant, since it is a holomorphic func-
tion in (This constant is zero if vol M =00. It vanishes also
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when vol M  coy provided that 0). But

As for the uniqueness of f, let g be in such that C = He +
then a ( f - g) = 0 so f - g is constant in o.o)’

THEOREM 4.2. If If is as in theorem 3.2 and vol M  oo, then

1 = 8f if, and only if, oc(~)===0y for any holomorphic 1-form in C[1.0) 8

PROOF. Since a is harmonic, then is bounded; so is a holo-

morphic function in Then and

so k = 0. To prove the converse, just take a = H~.

THEOREM 5.2. Under the hypothesis on .M and Z of theorem 3.2
and with the above notation, X in an infinitesimal isometry if, and
only if, the real part of f : Re f, is a constant. -

PROOF. By theorem 2.2, we need only show that div X = 0 if,
and only if, Re f = constant. Indeed b(C + ~) = + a f ) = d (Re f ) ;
so div X = o «3(1 + t) = 0 «4 (Re f) = = constant, since

Re f belongs to 

3. Some applications.

In this section, M will be as at the beginning of §2. Let h(M)
and be respectively the space of holomorphic vector fields and
of infinitesimal isometries on M.

THEOREM 1.3. If M is a Kdhler manifold and 0 then h(M) n
r1 £2 coincides with n E2, and consists of parallel vector fields

(for the Riemannian connection).
Moreover, if vol ll = oo, they vanish.

PROOF. If Z E h(M) n C2, then [3C = 0 and = ICI2 (z) is a

harmonic function in so it is constant. (~ = 0 if oo)
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and we have VC = 0.
Moreover, since C then ð(C -+- t) = 0, which implies Z E i(M) f1 L2.

THEOREM 2.3. Let ~VI be a KAhler manifold, which satisfies the
condition (x), with .g = 0. If Z is a non-trivial holomorphic vector
field, such that the corresponding form C is in y then any holomor-

phic n-form p in C’.0) vanishes if Zero Z ~ Q~.
PROOF. If p i s an n-holomorphic form in must be constant,

since (4 p, p) = ~~ 2. At this point, we can remark that if vol lVl = oo,
p must vanish, without any further hypothesis on the holomorphic
vector fields. If vol M  oo, then = HC + lim a f n in where fn

n 
’

has compact support, and 0. Since condition (a) holds, IHCI is
bounded and is a holomorphic function which belongs to E’
Then is a constant, equal to zero if Zero (Z) ~ !~. lim 
since dp = 0 and the (n - 1)-holomorphic form (where iz denotes
the interior product with respect to Z) is in Lfn-1.o); then = 0

and Lz(gg) = + izod(cp) = 0. Moreover, since = 0 and

d(~g~) = 0 : 0. Hence = for all n,
and by Stokes’s theorem:

REMARK 3.3. The condition (a) has been used in the above proof
only to grant that is bounded. So theorem 3.3 still holds if con-
dition (a) on the Ricci curvature of M, is replaced by the condition
that the holomorphic vector field Z with has a bounded

lenght.
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