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Artinian and Noetherian Factorized Groups.

BERNHARD AMBERG (*)

Introduction.

If the group G = AB is factorized by two subgroups A and B,
the question arises what can be said about the structure of the fac-
torized group G if the structure of its subgroups A and B is known.
If A and B are artinian (noetherian),it is easy to see that G = AB
satisfies the minimum (maximum) condition for normal subgroups
(Corollary 3.3). Sections 4 and 5 below show that for soluble groups
much more can be said. Thus, a soluble group which is factorized
by two artinian subgroups is artinian (Theorem 5.5), and a soluble
group which is factorized by two nilpotent noetherian subgroups is

noetherian (Theorem 4.3). Additional information on the structure
of soluble artinian (noetherian) groups G = AB which are factorized
by two locally nilpotent subgroups A and B is collected in Theo-
rems 4.4 and 5.7. For instance, the Hirsch-Plotkin radical of such
a group G is always « factorized » as a product of a subgroup of A
and a subgroup of B.

Some of the results in the first three sections are perhaps of inde-
pendent interest. In section 1 it is shown that the « factorized » normal
subgroups of a factorized group form a complete lattice (Corollary 1.4),
and in section 2 a generalization of the well-known Theorem of Kegel
and Wielandt stating that a finite group factorized by two nilpotent
subgroups is soluble, is given (Theorem 2.3). Theorem 1.7 contains

(*) Indirizzo dell’A.: Johannes-Gutenberg Universitat, Fachbereich Ma-
thematik, D-6500 Mainz, Rep. Federale Tedesca.
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a criterion for a normal subgroup of a factorized group to be « fac-
torized » which is fundamental at various places of the paper.

The author wishes to thank Professor O. H. Kegel for the kind
permission to include some unpublished results of his in section 5.

Notations.

AB - set of all elements ab where a E A and b E B

JT c Y = X is a subgroup of Y

nX - normalizer of X

9tG = Hirsch-Plotkin-radical of the group G

DG = semi-radicable radical of G

a group is artinian (noetherian) if its subgroups satisfy the minimum
(maximum) condition

1. - Elementary properties of factorized groups.

A subset S of a factorized group G = AB is called factorized (with
respect to the f actorization G = AB ) if the following condition holds:

(See Wielandt [11]) .
The following lemma, which is easy to prove, shows that the asym-

metry in the definition ( * ) vanishes if ~’ is a subgroup of G.

LEMMA 1.1 (Wielandt [11]) . If the group G = AB is factorized by
two subgroups A and B, then the following conditions for the subgroup S
of G are equivalent:

(ac) ~S is factorized,

REMARK 1.2. Let S be a subgroup of the group G = AB which
is factorized by two subgroups A and B such that A n B C S, and
let Y = Y(S) _ (A n r’1 S). If Y is a subgroup, then it is the
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largest factorized subgroup of G = AB which is contained in S. For

if Z is a factorized subgroup of G = AB such that ,~, then
by Lemma 1.1 Z = (A n Z) (B n Z), so that n S) (B n S)= Y.
Hence Z = Y, and the assertion follows.

The next lemma exhibits some closure properties of the set of all
factorized subgroups of a factorized group G = AB.

LEMMA 1.3. Let the group G = AB be factorized by the subgroups
A and B.

(a) The intersection and the union of (arbitrary many) factorized
subsets of G are factorized subsets of G.

(b) I f S is a subset of G and N is a normal subgroup of G, then
SIN is factorized in (ANIN)(BNIN) if and fac-
torized in G = AB.

(c) The product of two factorized subgroups N and M with MN =
and M(B n N) _ (B n N) M is a factorized subgroup of G.

PROOF. (a) Let Si, i E I, be a collection of factorized subsets of G.
If ab is in S Si, where a E A and b E B, then ab E Si for each

4cI

i E I. Hence a E ~S$ for each i E I, so that a E S. It follows that S
is a factorized subset of G.

If ab is in V = U Si, where E A and b E B, then ab E ~i for at
ieI

least one i E I. Since Si is factorized, a E Si . In particular a is in V,
so that V is a factorized subset of G.

(b ) Let N be a normal subgroup of G and be a factorized
subset of G/N = (AN/N)(BN/N). If ab E S where a E A and b E B,
then abNIN = aNbN E Since is factorized, aN E SIN, so

that a E S. Hence S is a factorized subset of G = AB.

Conversely, let S be a factorized subset of G = AB. If abN E SIN,
then ab E S. Since S is f actorized, a E ~S. Hence aN E SIN, so that

is factorized in G/N = (ANIN)(BNIN).
(c) If N and if are factorized subgroups of G, by Lemma 1.1

N= (A n N)(B n N), A n B ç N, and M= (An M)(Bn M), An
n B C M. Clearly A n B C NM. Furthermore

NM = (AnN)M(BnN)=

- (A n N)(A n M)(B n M)(B n N) C (A n NM)(B n NM) ,
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so that NM = (A n NM)(B n By Lemma 1.1 the product NM
is factorized.

COROLLARY 1.4. Let the group G = AB be factorized by two sub-
groups A and B.

(a) The set of all factorized subsets of G f orms a complete sub-
lattice of the lattice of all subsets of G.

(b) The set of all factorized normal subgroups of G f orms a com-
plete sublattice of the lattice of all normal subgroups of G.

For any subgroup S of the factorized group G = AB we consider
the subset = AS n BS of G.

LEMMA 1.5. If 8 is a factorized subgroup of the group G = AB
which is factorized by two subgroups A and B, then S = = AS m 88.

PROOF. If x is an element of X(S), then x = as = bt where a E A,
b E B and s, t E S. Hence b-1 a = ts-1 is in ~’. Since S is a subgroup,
also a-1 b = (b-1 a)-1 is in ~’. Since S is factorized, a-’ and a are in ~’.
Hence x = as is in S. Thus S, so that S = X(S).

COROLLARY 1.6. If N is a factorized normal subgroup of the group
G = AB which is factorized by two subgroups A and B, then GIN=
= A*B* where A * ,....; AI(A n N), B* ~ BI(B n N) and A* n B* =1.

PROOF. By Lemma 1.5 N = AN n BN, since N is factorized.
Hence GIN = ABIN = (AN/N) (BN/N) = A* B* where A* = ANIN -

n N) and B* BNIN - BI(B n N). Furthermore A* n B* =
(ANIN) n (BNIN) (AN n BN)IN = ~ .

The following basic theorem contains a criterion for a normal

subgroup of a factorized group to be factorized. Part (b) of it is essen-
tially Lemma 1 of Sesekin [9].

THEOREM 1.7. Let S be a subgroup of the group G = AB which
is factorized by two subgroups A and B such that SA and
BS = SB.

(a) X = X(S) = AS n BS is the smallest factorized subgroup of G
which contains S,

PROOF. (a) AS and BS are factorized subgroups of G, since they
contain A or B. By Lemma 1.3 (a) X(S) = AS r1 BS is also a fac-
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torized subgroup of G. Clearly X(S) contains ~’. Let T be any fac-
torized subgroup of G with S C T C X = X(S). By Lemma 1.5 T =
= AT n BT. Hence X = A;s n 88 C AT n BT = T, so that X = T.

(b) By Dedekind’s modular law 
~ (B r1 A~S). Trivially To show the
other inclusion consider first an element x in ~S. Then x = ab where

a E A, b E B. Hence a = xb-lc-A r1 BS and b = a-1 x E B n AS, so
that r = ab E (A n 88)(B r1 AS). It follows that

This proves (b).
Theorem 1.7 (a) shows that a normal subgroup N of the factorized

group G = AB is factorized if and only if it equals X(N) = 
r1 BN. This subgroup can be determined by means of Theorem
1.7 (b).

REMARK 1.8. The symmetric group of degree 4, G = ~’4, has a
factorization G = AB where A is a symmetric group of degree 3 and
B is a cyclic group of order 4. Clearly A = 1. The only proper
normal subgroups of G are the commutator subgroup which is

isomorphic to the alternating group of degree 4 and the Fitting sub-
group F = which is a four group. One computes that G = FA
and that FB has order 8. Hence also X(F) = AF r1 BF has order 8
and is not subnormal in G. Thus in general X(N) is only a subgroup
though N is a normal subgroup of the factorized group G = AB.

2. - A generalization of the theorem of Kegel and Wielandt.

In this section Theorem 1.7 is used to obtain a generalization of
the theorem of Kegel and Wielandt stating that a finite group which
is factorized by two nilpotent subgroups must be soluble; see for

instance Huppert [1], Hauptsatz 4.3, p. 674.
How do properties of the normal subgroup N of the factorized

group G = AB transfer to properties of the subgroup X(N) = 
r1 BN# Trivial examples show that X(N) may be infinite while N
is finite. However, the following holds.
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LEMMA 2.1. If N is a finite normal subgroups of the group G = AB
which is factorized by two subgroups A and B, then is finite,
where X = X (N) _ .AN r1 BN and D = A r1 B.

PROOF. By Theorem 1.7 (b) X = X(N) = AN r1 BN = A*B* where
A* = A r1 BN and B* = B r1 AN. By Dedekind’s modular law

Hence

is finite. Similarly one obtains that ( is finite. Thus also

is finite. This proves the lemma.
A finite normal subgroup of a group which is factorized by two

locally nilpotent subgroups must be soluble. This is a consequence
of the following result.

PROPOSITION 2.2. I f N is a finite normal subgroup of the group
G = AB which is factorized by two locally nilpotent subgroups A and B
then X = X(N) = AN r1 BN is (locally nilpotent)-by- ( f inite and sol-

uble) ; if A and B are nilpotent, then X is soluble.

PROOF. By Theorem 1.7 (b) X = A* B* where A* = A n BN and
B* = B n AN. Let D = A n B. Since N is finite, I is finite

by Lemma 2.1. By the theorem of Poinear6 X/Dg is finite. Hence

(A */Dx) (B*/Dx) is a finite group factorized by two nilpotent
subgroups A */Dx and By the theorem of Kegel and Wie-
landt X/Dx is soluble. As a subgroup of A and B, the group Dg is
locally nilpotent. Hence X is (locally nilpotent)-by-(finite and sol-

uble). If A and B are nilpotent, Dg is nilpotent, so that X is soluble.
This proves the proposition.

Proposition 2.2 is a generalization of the theorem of Kegel and
Wielandt. It can be used to obtain further generalizations of this
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theorem. A group G is (almost) radical if every epimorphic image
1 of G contains a locally nilpotent (or finite) normal subgroup

N # 1. G is (almost) hyperabelian if every epimorphic image H 0 1
of G contains an abelian (or finite) normal subgroup 1.

THEOREM 2.3. If the almost hyperabelian [almost radical] group
G = AB is factorized by two locally nilpotent subgroups A and B, then
G is hyperabelian [radical].

PROOF. Assume that 1 is the only abelian [locally nilpotent] normal
subgroup of the epimorphic image H # 1 of G. Then H is likewise
an almost hyperabelian [almost radical] group which is factorized by
two locally nilpotent subgroups. Hence there exists a finite normal

subgroup N ~ 1 of H. By Proposition 2.2 N is soluble. Thus there
exists an abelian characteristic subgroup 1 of N which is a non-
trivial abelian normal subgroup of H. This contradiction proves the
theorem.

3. - Chain conditions.

Is every group which is factorized by two artinian (noetherian)
subgroups likewise artinian (noetherian)~ At least we always have
the following elementary

LEMMA the group G = AB is factorized by two artinian
(noetherian) subgroups A and B, then G satisfies the minimum (maximum)
condition f or subgroups X of G with AX = XA.

PROOF. Let Si be a set of subgroups of G with ASi=SiA such that
Since A is artinian (noetherian),

Since B is artinian (noetherian) and by Dedekind’s modular law

for almost all i. Thus the following holds:
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From this and by Dedekind’s modular law it follows that

for almost all i. Thus G satisfies the minimum (maximum) condition
for subgroups ~’i of G such that = SiA.

A subgroups S of a group G is called permutable (or quasinormal)
if for every subgroup X of G the sets SX and XS are equal, so that
SX = XS is a subgroup of G. Obviously every normal subgroup is

permutable.

COROLLARY 3.2. I f the group G = AB is factorized by two arti-
nian (noetherian) subgroups A and B, one of which is permutacble, then
G is artinian (noetherian).

COROLLARY 3.3. If the group G = AB is factorized by two artinian
(noetherian) subgroups A and B, then G satisfies the minimum (maxi-
mum) condition for permutable subgroups, in particular for normal sub-
groups of G.

4. - Polycyclic groups.

A noetherian soluble group is called polycyclic. The structure
of polycyclic groups is well-known; see for instance Robinson [7],
chapter 3. It would be interesting to know whether every (soluble)
group factorized by two polycyclic subgroups is polycyclic. In this
section a positive solution is given for soluble groups factorized by
two nilpotent subgroups. These results are based on the following
lemma on groups which have a factorization with three factors. The
author is indebted to Professor J. Roseblade for pointing out the
applicability of this method in this situation.

Let 3 be an epimorphism inherited class of generalized nilpotent
groups such that every finite ,-group is nilpotent.

LEMMA 4.1. If the finitely generated hyper-(abelian-by-finite) group
G = AB = AC = BC is factorized by three 3-subgroups A, B and C,
then G is nilpotent.

PROOF. If H is an epimorphic image of G, then there exists a
subgroup N of G such that H = G/N. Then



113

is factorized by three ,3-subgroups ANjN r-J N), BN/N ci Bj
and If H is finite, AN/N, BNIN and

GNjN are nilpotent. Application of Kegel [4], Folgerung 2, p. 44,
yields that H is nilpotent. Thus every finite epimorphic image of
G is nilpotent. By a theorem of Robinson is nilpotent; see [8],
Theorem 10.51, p. 194.

If the class 3 of generalized nilpotent groups is also inherited by
subgroups, we obtain

COROLLARY 4.2. I f N is a normale the group G = AB

which is f actorized by two B-subgroups A and B and i f X(N) = AN r1
r1 BN is finitely generated and hyper-(abelian-by-finite), then X(N) is
nilpotent.

PROOF. By Theorem 1.6 (b)

is factorized by three B-subgroups N, A r1 BN and B r1 AN. Hence
X(N) is nilpotent by Lemma 4.1.

This leads to the following result.

THEOREM 4.3. If every factorized subgroup of the hyper-(abelian-by-
finite) group G = AB which is factorized by two locally nilpotent sub-
groups A and B is finitely generated, then G is polycyclic.

PROOF. By Theorem 2.3 is hyperabelian. If G/N = 
. (BN/N) is an epimorphic image of G, then GIN is likewise hyper-
abelian and factorized by two locally nilpotent subgroups. If SIN
is a factorized subgroup of GIN, then is a factorized subgroup of G;
see Lemma 1.3 (c~). Since S is finitely generated, so is SIN. Hence

G/N has the same properties as G.
Assume that G is not polycyclic. Since G is finitely generated,

there exists an epimorphic image 1 of G which is not polycyclic,
but all its proper epimorphic images are; see for instance Robinson [8],
Lemma 6.17, p. 11. Since H is hyperabelian, there exists an abelian
normal subgroup 1 of H. Since H/.M is polycyclic, H is soluble.
Without loss of generality let G = H. Let K = be the last non-

trivial term of the derived series of G. Then GIK is polycyclic, so
that .K is not polycyclic. By Theorem 1.7 (b)
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where A* = A r’1 BK and B* = B r’1 AK. Hence X is a hyperabelian
group factorized by three locally nilpotent subgroups K, A* and B*.
By Corollary 4.2 X is nilpotent. Hence X is polycyclic as a finitely
generated nilpotent group. Then also g is polycyclic. This contra-
diction proves the theorem.

The ascending radical series of the group G is defined by

where 9iX is the Hirsch-Plotkin radical of the group X . The ascending
Fitting series of the group G is defined similarly where the Hirsch-
Plotkin radical is replaced by the Fitting subgroup. Note that for

polycyclic groups the two notations coincide.
The following theorem contains some useful properties of poly-

cyclic groups factorized by two nilpotent subgroups.

THEOREM 4.4. Let the polycyclic group G = AB be factorized by
two nilpotent subgroups A and B.

(a) Each term of the ascending Fitting series of G is factorized,

(b) If N is a normal subgroups of G, then X(N) = AN n BN
is subnormal in G; in particular A n B is subnormal in G,

(c) If G 0 1, then there exists a subnormal subgroup ~S ~ 1 of G
which is contained in A or B,

(d) I f N is ac nilpotent normal subgroup of G, then X(N)
- AN r1 BN is contained in the Fitting subgroup of G and hence is

a nilpotent subnormal subgroup of G,

(e) If G is not of prime order and A ~ G or B 0 G, then there

exists a factorized normal subgroup N of G with 10 N 0 G,

(f) If A =(=; G or B ~ G, then every maximal factorized normal
subgroup of G contains A or B,

(g) I f A r1 B is f inite, then the maximal torsion normal subgroup
T = %G of G is factorized.

PROOF. (a) Assume there is a polycyclic group G = AB facto-
rized by two nilpotent subgroups A and B of minimal derived length
in which the Fitting subgroup ~’ = 9tG of G is not factorized. By
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Theorem 1.7

Hence X is factorized by three nilpotent subgroups B, A n BR and
B n AR. By Corollary 4.2 X is nilpotent. If H/.R is the Fitting
subgroup of G/R, then by induction HIR is factorized. By Lemma 1.5
H = AH n BH. Hence R C X C H. Since is nilpotent, is
subnormal in so that X is subnormal in G. It follows that

x c: R, so that R = X is factorized by Theorem 1.7 (a). This con-
tradiction proves (a).

(b) By (a) the Fitting subgroup a (GIN) of GIN = (ANIN)
- (BNIN) is factorized. Hence by Lelnma 1.1 it contains (ANIN) n
r1 Since A(GIN) is nilpotent, (ANIN) n (BN/N) is subnormal
in A(GIN) and G/N.

By Theorem 1.7 (b) X = X (N) =1~’1T (A r1 BN) = N(B r1 AN). Hence

X/N is contained in (AN/N) r1 } which is subnormal in GIN.
Since (AN/N) n (BN/N) is nilpotent, X/N is subnormal in G/N.
Hence X is subnormal in G. This proves (b).

(c) Since G ~ 1 is soluble, F = 1. By (a) F is factorized,
so that by Lemma 1.1 Then or

B r1 F ~ 1 is a nontrivial subnormal subgroup of G contained in A
or B, since F is nilpotent. This proves (c).

(d) By Theorem 1.7 (b)

Since n BN and B r1 AN are nilpotent, X is nilpotent by Corol-
lary 4.2. Since X is subnormal in G by (b), X is contained in 

(e) If 1 is nilpotent, then A # G is subnormal
in G. Hence this subgroup is contained in a proper normal subgroup
of G which is factorized. If G is not nilpotent, I’ = gG is a factorized
normal subgroup of G with 1 ~ .I’ ~ G by (a).

( f ) Let lVl be a maximal factorized normal subgroup of G. By
Lemma 1.5 or Theorem 1.7 (a) X(M) = AM r1 BM = .lVl, since .lVl is



116

factorized. Then

~ (7/M. since otherwise
of prime order and . (or both), so that A C M

(g) Since G is polycyclic, T = is finite. By (b) X = X (T ) ==
is subnormal in G. By Lemma 2.1 IX :DI == I

is finite. Since D = A r1 B is finite, X is finite. As a finite subnormal
subgroup of G, X is contained in T. Hence T = X is factorized by
Theorem 1.7 (a). This proves the theorem.

REMARKS 4.5. (a) The Fitting subgroup of a (finite soluble) group
G = AB factorized by two subgroups A and B need not be factorized
if only one of the two subgroups A and B is nilpotent; see Remark 1.8.
(b) The special case of Theorem 4.4 (a) that the Fitting subgroup of
a finite soluble group factorized by two nilpotent subgroups is fac-

torized, was also shown by different arguments in Pennington [6].
(c) Theorem 4.4 ( f ) extends results of It6 in [2] for finite groups fac-
torized by two abelian subgroups, and of Kegel in [3] for finite groups
factorized by two nilpotent subgroups. (d) Trivial examples show that
Theorem 4.4 (g) becomes false if A r1 B is infinite. (h) The special
case of Theorem 4.3 that a group factorized by two noetherian abelian
subgroups is polycyclic, was also proved by Sesekin in [10].

5. - Cernikov groups.

A group G is a Cernikov group if it possesses a normal subgroup D
of finite index which is the direct product of finitely many quasi-
cyclic subgroups of type p’ for finitely many primes p. D = DG
is called the semi-radicable radical of G. Every Cernikov group is arti-
nian, and every soluble artinian group is a Cernikov group; see for
instance Robinson [7], Theorem 3.12, p. 68.

Is every group G which is factorized by two Cernikov subgroups
a Cernikov groups Kegel has shown that this is the case whenever
G is soluble. His proof is based on the following considerations.

The first lemma is well-known.

LEMMA 5.1. If the group G = AB is factorized by two subgroups
A and B, and i f A* and B* are subgroups of finite index in A resp. B,
then the subgroup S = A*, B*) of G has finite index in G.
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PROOF. The group G can be expressed in the following way:

where Thus G is covered by finitely many right cosets
with respect to conjugates of S. Application of a theorem of B. H.
Neumann yields that one of the conjugates of S has finite index in G;
see for instance Robinson [7], Lemma 4.17, p. 105. Hence also S has
finite index in G.

LEMMA 5.2. If the group G = AB is factorized by two subgroups A
and B if g is a subgroup of G such that the normal subgroups A* of A
and B* of B are contained in a conjugate subgroup of K, then there is
a subgroup of G conjugate to K which contains A* and B*.

PROOF. Assume for instance that and B* C Kg where g = ab
with a E A and b E B. Then B*a-1 -.-- B*9-’-c K, and hence A*, B* c Ka.

If X is a group, nX denotes the set of all primes p for which there
exists an element of order p in X.

PROPOSITION 5.3. Let the group G = AB be factorized by two sub-
groups A and B and let A* be ac normal subgroup of A and B* be a
normal subgroup of B. If A* and B* are finite and S = ~A’~, B*)
is soluble and nS is factorized, then S is finite and ~cs = 7A* u 

PROOF. Let n = nS. If S is a n-group, then S is finite as a finitely
generated soluble torsion group. Thus it may be assumed that S is
not a :r-gro-up. There exists a smallest positive integer n such that
the quotient group is not a Since S is finitely gen-
erated and is finite, is finitely generated, so that 
is a finitely generated abelian group. If is finite, choose a
prime divisor q in which is not in ~, and let be
the set of elements in whose orders are relatively prime to q.
If is infinite, choose any prime number q not in x, and let

be the subgroup of which is generated by the q-th
powers of the elements of In both cases K is a characteristic

subgroup of S with finite index in S. By hypothesis the subgroup nS
of G is factorized. The group is a finite soluble subgroup of 
and the subgroups and are contained in a q-comple-
ment of the finite soluble group Since the
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q-complements of a finite soluble group are conjugate, application of
Lemma 5.2 yields that and are contained in a q-com-
plement of SIK. This contradiction shows that S must be a n-group.

The following two theorems are essentially due to Kegel.

THEOREM 5.4. If the locally -soluble -by -finite group G = AB is fac-
torized by two locally -normal -by -finite subgroups A and B, then G is

locally finite and 7rA U nB.

PROOF. There exists a locally normal subgroup A* of A with finite
index and there exists a locally normal subgroup B* of B
with finite index It follows that A* is generated by finite
normal subgroups of A and B* is generated by finite normal subgroups
of B. - Furthermore, there exists a locally soluble normal subgroup L
of G with finite G/L. If A1= A* n L and B, = B* n L, then the
indices and IB:B,L are likewise finite. It follows from Propo-
sition 5.3 that S = BI) is a locally finite n-group for Jc = 7rA U
U 7rB. - By Lemma 5.1 the index is finite. If SG is the largest
normal subgroup of G which is contained in S, then by the theorem
of Poinear6 GI Sa is finite. As a subgroup of S, the group S,, is a locally
finite n-group. This proves that G is a locally finite n-group.

THEOREM 5.5. If the almost hyperabelian group G = AB is facto-
rized b y two Cernikov subgroups A and B, then G is ac Cernikov

PROOF. Assume that the theorem is false, and let the almost

hyperabelian group G = AB with Cernikov subgroups A and B be
a counterexample where the sum of the primary ranks of ’ZA and ~B
and then also the sum of the finite indices A/ZA and are min-

imal. By Theorem 5.4 G is locally finite. Since G is factorized by two
artinian subgroups, y it satisfies the minimum condition for normal

subgroups by Corollary 3.3.
By a theorem of Baer every hyperfinite group with minimum con-

dition for normal subgroups is a Cernikov group; see for instance
Robinson [7], Corollary 2 on p. 148. Since G is not a Cernikov group,
there exists an epimorphic image H of G which contains no nontrivial
finite normal subgroups. In particular H is not a Cernikov group.
H is also factorized by two Cernikov subgroups such that the cor-
responding induction quantities are minimal. Without loss of gen-

erality let G = H.
If .1t2 is a minimal normal subgroup of G, then if is abelian and
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therefore an infinite elementary abelian p-group. By Theorem 1.7 (b)

where A* = A n Bltl and B* = B n AM. If X is a Cernikov group,
then lt~ is finite. This contradiction shows that X is not a Cernikov
group. As a subgroup of G, X is almost hyperabelian. Then the

induction quantities of X = A* B* and G = AB are equal. Hence

so that G=X=
AM == BM.

Assume that the radicable subgroup DA of finite index in A has
a nontrivial p-part (~A ) p . Then is a normal subgroup of A
which centralizes M. In particular G contains nontrivial finite nor-
mal subgroups. This contradiction shows that = 1. Similarly

1.

By Lemma 5.1 the subgroup 8 == (DA, :l)B) has finite index in G.
By Proposition ~.3 ~’ is a p’-group. Hence G is an extension of a

p’-group by a finite group. Then the normal p-subgroup l~ of G must
be finite. This contradiction proves the theorem.

The following lemma slightly generalizes Proposition 1.6 of O. H.
Kegel [5], p. 538.

LEMMA 5.6. The following properties of the group G = AB ivhich
is factorized by two subgroups A and B are equivalent:

(a) G is a Cernikov group,

(b) A Cernikov groups and ’ZG = (ZB)
. 

PROOF. If (a) holds, y then G is an extension of the radicable arti-
nian abelian normal subgroups DG of G by a finite group 
As subgroups of G also A and B are Cernikov groups. Hence the
semi-radicable radicals £A and 1)~ of A resp. B are abelian with
finite factor groups A/£A and By Lemma 5.1 the subgroup
S == ~A, IB) of G has finite index in G. Hence £G C ~’, since 1)~
is the intersection of all subgroups of finite index in G. Since ~A
and IB are radicable, they are contained in so that S = IG.
Since IG is abelian, £G = This proves (b).

If (b) holds, then IG = is factorized by two radicable
artinian abelian subgroups amd Since DG is factorized by
two abelian subgroups, it is metabelian by a theorem of Ito; see for
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instance Huppert [1], Satz 4.4, p. 674. As a soluble group factorized

by two artinian subgroups DG is a Cernikov group by Theorem 5.5.
Since A and B are Cernikov groups, the groups and B/ZB are
finite. By Lemma 5.1 also is finite. Hence G is a 6ernikov
group, and (b) follows.

The following theorem which corresponds to Theorem 4.4 for poly-
cyclic groups, contains some useful properties for soluble Cernikov
groups which are factorized by two locally nilpotent subgroups.

THEOREM 5.7. Let the soluble group G = AB be factorized
by two locally nilpotent subgroups A and B.

(a) Each term of the ascending radical series of G is factorized,

(b) I f N is a normal subgroup of G, then X(N) = AN r1 BN is
ascendant in G; in particular A r1 B is ascendant in G,

(e) If G =A 1, then there exists a subnormal subgroup S 0 1 of G
which is contained in A or B,

(d) If N is a locally nilpotent normal subgroups of G, then X(N)
= AN r1 BN is contained in the Hirsch-Plotkin radical of G and is

therefore a locally nilpotent ascendant subgroup of G.

PROOF. (a) Assume that the theorem is false, and let G = AB
be a counterexample with minimal derived length. Let R = RG be
the Hirsch-Plotkin radical of G. By Theorem 1.7 (b)

where A* = A n BR and B* = B n AR. 1 is 1.

If p is a prime, the maximal p-subgroups of A*, B* and R are normal,
since these groups are locally nilpotent. Since X is a Cernikov group,
it follows from Kegel [5], Theorem 1.9, p. 540, that X possesses normal
Sylow-p-subgroups for every prime p. Since X is locally finite, this
implies that X is locally nilpotent; see for instance Robinson [8],
chapter 6. By induction the Hirsch-Plotkin radical HjR of is

factorized, so that by Lemma 1.5 g = A.H r1 BH. It follows that
R C X C H. Since every subgroup of a locally nilpotent Cernikov
group is ascendant, X is ascendant in (H and) G. Hence X is an

ascendant locally nilpotent subgroup of G, so and there-
fore X = R ; see for instance Robinson [7], Theorem 2.31, p. 57. Thus
.R is factorized by Theorem 1.7 (a). This proves (a).
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(b) By (a) the Hirsch-Plotkin radical of G/N = 
is factorized. Hence by Lemma 1.1 it contains (AN/N) r)

r1 (BN/N). Since is hypercentral, (AN/N) n (BN/N) is ascen-
dant in and G/N.

By Theorem 1.7 (b) X = X(N) = N(A n BN) = N(B n AN). Hence
X/N is contained in (AN/N) r1 (BN/N) which is ascendant in G/N.
Since (ANIN) n is hypercentral, is ascendant in 

Hence X is ascendant in G.

(c) If G is finite, statement (c) is contained in Theorem 4.4 (c).
If G is infinite, by Lemma 5.6 DG = (DA)(£B), and SÐG is abelian.
Since IZG is infinite, IZA 0 1 or 1. Thus there exists a non-
trivial element in SÐA or :ÐB which generates a subnormal subgroup
of defect 2 in G.

(d) By Theorem 1.7 (b)

Since N, A r1 BN and B r1 AN are locally nilpotent, their Sylow-p-
subgroups are normal for each prime p. Since X is a Cernikov group,
application of Kegel [5], Theorem 1.9, p. 540, yields that X contains
normal Sylow-p-subgroups for each prime p. Since X is locally finite,
this implies that X is locally nilpotent; see for instance Robinson [8],
section 6. By (b) X(N) is ascendant in ~. Hence = 

see for instance Robinson [7], Theorem 2.31, p. 57.

REMARK 5.8. The special case of Theorem 5.5 that a group fac-
torized by two artinian abelian subgroups is artinian was also proved
by Sesekin in [9].
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