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REND. SEM. MAT. UN1v. Papova, Vol. 62 (1980)

Boundary Values of Holomorphic Functions
and Cauchy Problem for ¢ Operator in the Polydisc.

MARrIO LANDUCCI (*)

0. Introduction.

In the first part of the paper (§2) the boundary values of holo-
morphic funetions on the polydise 4 and continuous up to the bound-
ary are studied: in particular we give the necessary and sufficient
conditions in order that a continuous function on § (prop. 2.4) or
on 04 (prop. 2.6) be the boundary value of an analytic function on A.

Then (§ 3) it is proved the existence of a solution of the d-problem,

gu:fa fECStl(Z), 5f207

which is uniformly bounded with its derivatives (theorem 3.1): (in
the proof of the theorem the integral representation formula stated
in [5] is basic).

The careful study of this solution (necessarily unique) allows to
study, instead of Cauchy problem for ¢ operator, another equivalent
problem (see §4). By this method it is possible to give, for the
Cauchy problem, an existence theorem with estimates and further-
more the integral representation of the solution.

(*) Indirizzo dell’A.: Via Caldieri 3 - Firenze (Italia).
University of Modena.
The author is a free collaborator of G.N.S.A.G.A.-C.N.R.
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1. Notations.

Let A be the unitary polydisec in C* centred in (0,...,0),
A= {zeC: |g;|<1,i=1,..,n}.

We shall denote with 04 its boundary, i.e.
n
04 = | {lal <1, ..., 2| <1, Joi] = 1, ...,y J2a] <1}
i=1

and with § its Chilov boundary,
§={eeCr: 2| =1,i=1,...,n}.

If w e L*(S) and I = (44, ..., i,) is a multindex, 4(I) will be the Fourier
coefficient of u of index I, i.e.

M

) = f wW(@)Z L B ey .. dey = f w(z)7 1 de
s 3

I>0 will mean %,>0 for ¥ =1, ..., n.
If » is a differentiable function D’DIu will be as usual

alIH'lJlu d I IDIDJ |
3 e — an U|p»,s = SU . TU| .
021 ... 07ln 0201 ... OZin ule=, A,|1|+|.Il)l<s

0, (1) = {space of forms of type (m,t) with coefficients in C*(4)}

W2s(4) = {space of functions L*(4) with derivatives of order <s
in L¥(4)}

o e = 2 “DIDJu”L’(A)
1] +|J|<s

0(4) = {holomorphic functions on 4j}.
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2. Boundary values of holomorphic functions.

DEF. 2.1. Let we L?(04) and f a (0,1) form whose coefficicnts
are in L2*4). We say that

Opth = f  in weak sense on 04

if
f fhe = f ugp
a4 a4
for every pe Cy,_(4) s.t. dp = 0.
DEF. 2.2. Let we L3*S). We say that « satisfies
Oyt = 0 in weak sense on S

if 4(I) =0 for every I<0.

LeEMMA 2.3. Let we C(04) such that J,u = 0 in weak sense on 04.
Then, for every j = 1, ..., n and |2,| <1, ..., [#;1| <1, [2,41] <1, ..., |24 <1,
we have

W(Ryy ooy Bimyy— Ky Zjsgy ey 2) =0 VE>0

In particular 0, = 0 on N (in weak sense).

Proor. Consider
@ = W(Ray vy 2n) B AZ N\ ... NAZ, ]\ A2

with >0 and ye C>(|z| <1, ..., 2| <1).
Then dp = 0 for every y and by hypothesis,

0 :fu(zl, ey 20) PRy ey ) BB .. B\ d2

EARS!
|zal<1

|zn| <1
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But then F(z,,...,2,) :fu(zl,zz, veeyZn)2idz, = 0 a.e.: hence, as F is
continuos, F = 0. EARS!

Iterating the argument, with convenient ¢, we get the thesis.
For continuous boundary values of holomorphic function the fol-
lowing proposition holds

Prop. 2.4. Let we C(J) then # has an analytic extension to A
if and only if J,u = 0 in weak sense on S

Furthermore the analytic extension @ is defined and continuos
on 94 and satisfies 0,® = 0 in weak sense on 94.

PROOF. Nec.: obvious.

Suff.: take

1 u(?)
Plw0) = (2m‘>ﬂf (o — ) orr (an —0y) 1N P\

8
and we immediatly have

(D|§-:_u

(it is sufficient to use Fejer’s theorem, see for example [2]). For the
second part of the proposition if is sufficient to observe that, in virtue
of Lemma 2.3 and the previous part, if |w,|=1,...,|w| =1,
[Wer1| <1, ooey |w,| <1 we have

el B e

(27”:)”_8 (zs+1 - ws+1) oo (zn - /wn)

lz:+1i =..=|z|=1

dzsﬂ/\.../\dz,, .

So @ is defined and continuous on 04 and satisfies 0, = 0: in fact
on each component of 04, |w,|<1,..., |w] =1, w1 <1,..., [wa| <1
it is possible to expand « in power serie of w;,.

The following basic lemma holds

LeMMA 2.5. Let ve C(04) s.t.
1) v=0 on §
2) 0,v = 0 in weak sense on 94

Then » = 0 on 04.

PROOF. Let f any (n— 1, n— 1) differential form in C*-, where 8
has compact support on |2]|<<1,...,|2.-y| <1, and « the (n,n—1)
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differential form defined by, v
o = — BAAZ,N\d2, + Z, 0B\ dz,

We have 0x = 0, for every f, and hence, by hypothesis

fvoc:().

04

This means,

0 zfvéngﬂAdz" = ,z fi’(zl, veey Bnmyy §) 252, OB Nd2,

|2y <1 |z <1
|z <1 |zn-a|<1
|za| =1 Jan| =1

that is
f@(zl, ey Zne1,0)08 =0
|zl<1
Izn—:'gl
but then 9(z, ..., #,—1, 0) is a holomorphic function of 2, ..., #,—; and

continuous on |#|<1, ..., |#,—|<1; 80, as by hypothesis it is ident-
ically 0 on |z,| =1, ..., |2,—,| = 1, We have

D(Ryy vy 201, 0) =0 Jo5l<1 j=1,..,m—1
Analogously, taking
o = — 2Z,BN\dZ N2, + 70BN A2,

we get 9(#, ..., #n—1,1) = 0 and so on.

Finally we deduce » =0 on [z,] =1, |2)/<1, ¢ =1,..,n—1.
With a suitable choice of & we have that » is 0 also on the other com-
ponents of 04 and hence the thesis.

An important consequence of the lemma is

Prop. 2.6. ue C(04) has an analytic extension to 4 if and only
if J,u — 0 in weak senge on 0A4.
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PROOF. &
Nec.: obvious.

Juff.: By Lemma 2.3 we have 0,u = 0 in weak sense on S so the
holomorphic funetion

_ 1 (2
200 = GGy f e 10) e n ) VA

8

is such that
D(w) |y = uly.

8

In virtue of Prop. 2.4 @ is defined and continuos on 04 and satisfies
0,® = 0 in weak sense on 0A4: from this the continuous funection
v = @ — u fulfils the hypothesis of Lemma 2.5 and we have

Dlos = %|aa

3. Some estimates for the J-problem in the polydisc.

From now on, A will be the unitary polydise in C2 centered in (0, 0).
We have:

THEOREM 3.1. Let fe C5y(4), 0-closed.
Then the 0-equation

ou = f

has a solution % which is 0°(A) and satisfies

u(2) B
(a) fmdzl/\dz2 =0 (’w” 'wz) ed

8

() |ulpe,s<C(4, 8)|flpes

ProoF. Consider the o-problem,

(1) Ove= fe
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where £ (0,1) and f.= f(ez) (since f is O-closed, f, is still J-closed).
As fe is smooth in a neighborhood of A4, (1) always admits solution v,
which is smooth in a neighborhood of Z (see for example [4]).
In [5] has been showed that, if v e 0% 4), the following integral
representation holds,

v(2)
(&7 — wy) (22 — wy)

(2) v(w) = I(dv)(w) + cf de,Ndz,  Y(w,,w,) e

S
where I(ov)(w) is a function bounded uniformly by |9v|,«,.
Hence, appling (2) to v., we get that

we(w) = ve(w) — f(z _;E( ) — )dz,/\dz2

is still a 0=(A4) solution of (1), bounded uniformly by [flzo, (because
[felz=, < |fly=,, for every s) which satisfies the fundamental relation
(see also [5])

Ue(?) .
(3) f - deu\dzy = 0

— W) (Ry — Wg)

for every (w,, w,)e 4.
To finish the proof of the theorem, we need the following lemma,

LEMMA 3.2. If v(2)e C°(A) and satisfies

v(2) _
4) f(zl dz, Ndz, = 0

— W) (%, — w,)

for every (w,,w,)€ 4, then

[]5,, < c(4, s)lgv[L“

s 8

for every integer s>0.

Proor. For ¢ = 0 see[5].
Let s = 1: if we apply (2) respectively to oOv/ow, and ov/ow,
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we get

ov ov 1
é;’: - I(g(azl)) (w) + f 0%, (2, — W) (2, — wz)dZI/\dz2 =JitJs

and

ov ov 1
a_wz N 1(5( )) () + fazz 2y — Wy)(2, — W) ety =Jo 7 Jy

Hence to get the thesis it is sufficient to have the estimates
(5) DAFEFES K,|ov PRI VAPLIES K415'”[1.°°,1

We shall do it for J, (the proof for J, is completely analogous).
By (4) we have that

Jo= ”f az,[ wl)] wy) Yo =

ov z2
02, (%1 — w,)(2, — wy)

dzZ,\dz, = ¢ f dz \dz,

S

B fazl (zl—wl %y — Wy)

(we have used that, on |z| = 1, —Zjdz, = dZ,); now, (2) applied to
— Z3(0v/0Z,) gives the first estimate in (5). To get the thesis for every s,
it is sufficient to iterate the argument.

Let us come back to the proof of theorem 3.1.

Lemma 3.2 is applicable to u.: then we have,
iue|)}°°,a< C(A, 8)lf|ll°°,s .
Setting ¢ = 1—1/k, we have obtained a sequence {u,} such that

(6) [thy | e < €' (4, 8)

where C' is independent of %.
By Banach-Saks theorem: (see [1]), we can extract a subsequence
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of {u;}, again denoted with {u.}, s.t.

1%—1

2,8
U, zkukl~—-w——->u n—>-+oo.
0

n

So u is a solution of Jw = f and satisfies, in virtue of (6), the estimate (b).
In particular, as w(z) has all the derivatives bounded it is C*(A4).
Let V(2) be a 02(A) function, then an elementary argument

shows that

1V 1| 25 <KV || raaa)
then we have
U. I—E(ik w .

But this means, by (4),

u(2) _
f (%1 — 1) (2, — wp) den\dzy = 0

for every (w,,w;)ed. Q.D.E.

REMARK. The argument used in the proof gives the same result
also in the case of f bounded with its derivatives.

4. Cauchy problem for 0-operator.

Let us consider the Cauchy problem for 0 in A4, that is to find a
function « e 0*(4) such that

Ox = f
(4)

aloga = ¢

where fe Oy (4),0f =0, and ge 0*(04) satisfies the necessary com-
patibility condition 0,9 = f in weak sense on 0.
Instead of problem (4), we want to study the following problem (B),
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of finding a function e C*(A4), such that
op = f
(B) f Az) Az Adzy— h(w),  h(w)e C(4)

(21— w,) (2, — wy)

<

8

As in the case of strictly pseudoconvex domains, where Henkin’s
kernel takes the place of Cauchy kernel (see [6]), we have equivalence
between problem (4) and (B). In fact the following lemma holds,

LeEMMA 4.1. Solvability of problem (4) is equivalent to solvability
of problem (B).

PrOOF. (4) =(B).
It is enough to solve the Cauchy problem
o =1
Bloa= h + ulay
where  is the solution of the J-problem 0u = f given by theorem 3.1:
B is then solution of (B).
(B) = (4).
Consider the problem (B) given by
O = f

(2 (@
,f e N _J (e w0,) (s —0y) N2

Observe that

wy) (%2 — W)

9(2)
f(zl — dz,\dz,
8

is continuous with its derivatives in A because it is equal to

f g—4 dz, \dz,

p (21 — wy) (2o — w,)

8
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and g-u is the boundary value of a holomorphic function (see prop. 2.6).
Since « satisfies, for every (w,,w,)€ 4, the identity

o(z) — g(2) _
J(zl — W) (2 — W,) deu\dzy = 0

and furthermore
Op(@—g) =0
we immediatly have

aly=gly

and this implies, by lemma 2.5,

xloa=¢

and this finishes the proof.
For problem (B) the following theorem of existence and unicity
holds,

THEOREM 4.2. Problem (B) always admits a unique solution f

which is C*(4) and satisfies the estimate

(7) |ﬂlL°°,k< C(A’ k)['fllf",k + !h|L°°,k]

for every k<s (where C(4, k) is exactly given by thm 3.1 part (b)).

ProoOF. Let u the solution of ou = f given by theorem 3.1.
Then if we take,

f=u-+h

by part (a) of theorem 3.1 we have

B(2)
dz,\dz, = h(w
J.(zl—wl)(zz_w2) ' ? )
8
and by part (b) the estimate (7).
From theorem 4.2, in virtue of lemma 4.1, we get
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THEOREM 4.3. The Cauchy problem for ¢ in the polydisec A c C2

where fe Cgy(4), f =0 and ge C%d4) s.t. g =f in weak sense
on 04, has unique solution « € C*(4) which satisfies the estimate,

lot| oo, < C(Ay B)[21F |z, + 19]z2(0),)
for every k<s.

REMARK. The estimate follows by maximum’s principle, observ-
ing that

g(z) — u(2)
f(zl - wl)(z?. ) ey /\des _f — W) (R — wp) da\dz,

and g— » is the boundary value of a holomorphic function.
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