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An Existence Result

for a Linear Abstract Stochastic Equation
in Hilbert Spaces.

G. DA PRATO (*) - M. IANNELLI (**) - L. TUBARO (**)

1. Introduction.

We consider the problem

where W(t) _ (W1(t), ..., WN(t)) is a N-dimensional Wiener process in
a probability space (Q, 8, P) and A = ~A(t), t E [0, T]}, 93~i&#x3E; _ {B(i)(t),
t E [0, T]} (i = 1, ... , N) are linear (generally unbounded) operators in
a Hilbert space H.

This equation naturally arises in the filtering theory ([l], [7], [8])
and has been studied by variational methods by ([6]y [8]) and, using
the semigroup theory, y by ([3] and [4]).

In some previous papers ([4]) we consider the case where N = 1
and B(t) = F (i.e. independent on t) is the infinitesimal generator of
a strongly continuous group; under these hypotheses (and some addi-
tional else) we are able to solve (P) reducing it to a deterministic
problem. In this paper, using a method like in [2], we prove some
existence and uniqueness result for (P). We assume, roughly speaking,

(*) Indirizzo dell’A.: Scuola Normale Superiore - 56100 Pisa, Italia.

(**) Indirizzo degli AA.: Libera Università di Trento - 38050 Povo, Italia.
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that

regarding A(t) and B(t) as linear operators in the space H and in an
other Hilbert space Y contained in all the domains of A(t).

These hypotheses can be verified also if degenerates as we
show in Example 1. In Example 2 we give an application to a hyper-
bolic case.

2. Notations and hypotheses.

Let A = {A(t), e[0, T]} ($(1), ..., with 

= fB(i)(t), t E [0, T]} families of linear operators in the Hilbert space H.
We say that (A, 93) fulfils the hypotesis cv) if

a) the resolvent set of A(t) contains 

e[0,T] and (~, - A( ~ ))-1 is strongly meas-
urable, VA E 

--

for every t E [0, T] we have

c) for any x E D(A(t)) and t E [0, T] we have 1

It is well-known that if (1) holds then it is

Let us define

The proof of the following lemma is straightforward.
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LEMMA 1. Assume that 93) fulfils T(H, and moreover

then i f and x E D(A(t)) we have:

Consider now the approximating 

LEMMA 2. Assume that (A, %) fulfils co) and that uo E

E Z2(S2, .g) (1). Then the problem (Pn) has a unique solution and
the following estimate holds

PROOF. The existence and uniqueness follow from general existence
theorems (see for example [1]). Moreover by the It6 formula it fol-
lows

(1) is the a-algebra generated by ~~P(s), 0 c s ~ t~. L2(Q, ~’W, P; H)
is the space of FWt-measurable functions X: Q - H that are square-integrable
with respect to P, endowed with the usual norm.
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On the other hand we have, if n &#x3E; 2co

Using this estimate, we have from (8) that

and the thesis follows by the Gronwall’s lemma.

3. Existence.

THEOREM 1. Assume that ( ~, 93) f uZ f ils T(H, co) and 
moreover that :

a) there exists a Hilbert space Y with

and 77 E l!g such that (AY, 93p) ( 2 ) f ul f ils .1~( Y, ~ ) ,

b) there exists M &#x3E; 0 such that

Then if uo E 3f::’, P; Y) (3) there exists a unique (classical) solu-

(2) If L is a linear operator in H we put

Moreover by .~p we denote the family 
(3) X(S2, 6, P; Y) is the space of 6-measurable function X: Q - Y.
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tion u to the equation :

PROOF. One needs only to consider the case where Uo e L2(Q, 
P; J~’’) : the general case is proved by standard arguments (cfr. [5]).

1° STEP (estimates). From Lemmas 1 and 2 we get

Besides, using (10 b), we have

20 STEP. It is

By It6 f ormula we have:
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On the other hand it is

Hence by estimate (1) c) we have:

Using (12), (13), (14), (15), (17) we get
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Then by Gronwall lemma we obtain (16).

3° STEP. Put u(t) = lim un(t), here the limit is in H)
uniformly in t E [o, T]. 

Now owing to (14) it is Vi E [0, T]

In fact the operator:

is the infinitesimal generator of a linear contraction semigroup in

L~(1°, Il i L~(Q, Y7, P, H)).
As far as the sequence is concerned we remark that

and

then also 

Finally VTe[0,T]
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This latter follows from the fact that the mapping

is continuous from L2 ([o, 1] ; P, H)) to itself.
(22) and (23) imply (11).

40 STEP (uniqueness). Let v another solution to (P), put z = 
then by It6 formula we have

and the thesis follows from Gronwall’s lemma.

REMARK. Actually the solution u(t) is a Markov process with

respect to the family T~}; .in fact

and u,, is the solution to a linear problem with bounded coefficients
(cfr. for example [5]).

Examples.

EXAMPLE 1. Consider the problem

We put
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where for simplicity we assume h E C’(R2). We have

It is easy to verify the hypotheses of Theorem 1.

EXAMPLE 2. The previous theory can be extended to complex
Hilbert spaces, changing only condition (1) e) as it follows:

Then we can give the following example:

with and a(t, r) &#x3E; s &#x3E; 0 .
In such a case (1’ ) c) is fulfilled with co = 0 and all the hypotheses

of Theorem 1 with 1’" _ H2 (R) are fulfilled.

REFERENCES

[1] R. F. CURTAIN - A. J. RITCHARD, Infinite dimensional linear systems theory
Springer-Verlag (1978).

[2] G. DA PRATO - M. IANNELLI - L. TUBARO, Dissipative functions and finite-
dimensional stochastic differential equations., J. Math. Pures et Appl.,
57 (1978), pp. 173-180.

[3] G. DA PRATO - M. IANNELLI - L. TUBARO, Linear stochastic differential
equations in Hilbert space II, Rend. Acc. Naz. Lincei, serie VIII, vol. LXV
(1978).

[4] G. DA PRATO - M. IANNELLI - L. TUBARO, Some results on linear stochastic

equations in Hilbert space, to appear in Stochastics.
[5] A. FRIEDMAN, Stochastic differential equations and applications Academic

Press (1976).



180

[6] A. ICHIKAWA, Linear stochastic evolution equations in Hilbert space, J. Diff.
Eq.

[7] R. S. LIPTSER - SHIRYAYEV, Statistic of random processes. Theory and ap-
plications, Springer-Verlag (1978).

[8] E. PARDOUX, Equations aux déribées partielles stochastiques non-linéaires
monotones, Thèse, Université de Paris VI (1975).

Manoscritto pervenuto in redazione il 22 giugno 1981.


