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On a Characterization of Reflexive Banach Spaces.

EMILIA PERRI (*)

. Introduction.

Let X be a Banach space. Consider the Cauchy problem

where and (here the symbol (- ~&#x3E; denotes the

strong derivative).
Let C be the space of all strongly continuous functions from R X X

into X, with supremum norm. It is well known that, when X is finite
dimensional, (1) has a solution for every f E C and Xo ’E X.

Dieudonné ([3]) remarked that in the case X = co the existence of
solutions is not guaranted for every continuous function f.

Recent results assure that in the infinite dimensional case the set
of all f E C for which problem (1) has no solution is a non-empty,
dense, of first category subset of C (see [7], [5], [8], [4]).

In this paper we are interested in nonexistence of weak solutions
of problem (1). Lest 13 be the set of all continuous functions from

R x (X, r) into (X, T), where r denotes the weak topology of X. For
and denote by the weak version of

problem ( 1 ) . Let C the set of all for which the problem
has no weak solution.

It is well known that in reflexive Banach spaces the problem
[ f ; to , xo] has a weak solution for every f E 13 ([9]). Moreover, it has

(*) Indirizzo dell’A. : Via Caldieri 3 - Firenze.
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been shown that for every non reflexive retractive Banach space the
set C is non empty.

In this paper we state that the non reflexivity is in itself suffi-
cient to imply C # 0, and hence that the existence of a weak solu-
tion for every f e 13 is a characterization of the reflexive Banach spaces.
Furthermore we prove that C and are dense in 13.

1. Definitions.

Let X be a Banach space, r the weak topology of X and D an
open subset of R X (X, í). We recall some definitions Which We shall
use in the following.

DEFINITION 1. We shall call í-neighbourhood of the set

where 8 &#x3E; 0 and Y* is a finite subset of the dual space X* of X.

DEFINITION 2. The map f : is continuous from into

-r) if for every (t’, x) c- Q and arbitrary z-neighbourhood U of
the point f (t’, x’), there exist 6 &#x3E; 0 and a -r-neighbourhood TT of x‘
such that if XEV, ~t - t’ ~  ~ and 

Denote by 13 the set of all continuous functions 
into (X, i).

DEFINITION 3. x : R - X is weakly continuous at to if t - to implies

DEFINITION 4. x : ~ --~ ~ is weakly differentiable at to if there

exists such that t - to implies

We shall say that y is the weak derivative of x at to and we shall
denote it by x(to).
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DEFINITION 5. s : R - .X is weakly integrable in [a, b] if the func-
tion defined by x*x(t) = x*(x(t)), is Riemann-integrable
in [a, b] for every x* E X* and there exists x E .~‘ such that

DEFINITION 6. x : is a weak solution of [ f ; to , so] if there
exists 6 &#x3E; 0 such that for every t E [to , to + ð]

a) (t, x(t)) E Q,
b) x is weakly differentiable at t,

c) x(t) = f (t, x(t)) in the sense of definition 4,
d) x(to) = xo .

Hence if x is a weak solution of [ f ; to, this implies that, for
every X* E X*

2. Nonexistence of weak solutions.

THEOREM 1. Let X be a nonreflexive Banach space with norm 11./1.
Given a E X and ( to , .R X X, there exists f E 13 such that f ( to , yo ) = a
and the problem [f; to , has no -r-solution.

REMARK 1. In the case of X retractive, the result has been ob-
tained in [10] : the additional hypotesis guarantees the crucial fact,
required by the tecnique used there, y that a continuous function de-
fined on a subspace of (X, -r) can be extended to the whole space.
The strategy here is, instead, the direct construction of a family of
continuous functions defined on the whole space and, from this, of
the f which satisfies the statement.

Proof of Theorem 1. Let B be the closed ball with center at y,,
and radius 1. Let ~S* be the boundary of the unite ball of X*. From
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the James’ characterization of reflexivity ([2]) there exists v E ~’*
such that lv(x - C 1 for every x E B.

If = b, by definition of the norm of v, we can get a sequence
in the boundary of B, with si = yo + xl 11 x ~~ (x E ker v), such that

v(xn)  V(Xn+l)’ v(xn) -¿.1 + b.
Let 0 be the pseudonormed topology generated by v (lx 1. == lv(x) I) ~

Let and 
Note that the sets

are non-empty (for every x, with 
0-open, and their union is a point finite cover of Bo. In fact it is.
not difficult to check that every point x E Bo belongs to at most

two On and moreover that
Define

and

It is easy to prove that the functions cpo, cpr¿: X - R have the following
properties:

a) for every is continuous from (X, #) into 

b) qo is continuous on (X, ~) and 9?o(x) E [0, 1) if ; 1

. for every x E X and in particular
m

Consider the function g : X - X given by
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g being continuous from (X, ~) into X, g is in fact continuous from
(X, t) into (X, t) because the topology V is weaker than the t-topology.

For every x E X, g(x) E B. In fact:

if x E B. and n’ is such that x belongs at most to 0n,_1 and y then

Moreover, y for every s e Bo,

Let

We claim that the function f : given by

satisfies the statement of the theorem. Indeed, for 

g(h) E 13, and for every x* E S* we have

So Furthermore, if is a weak solution of [ f ; to, yo],
then there exists 8 &#x3E; 0 such that for any 
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hence h(t, y(t)) E B. Consequently (see [3]),

and so

Since the only solution of

such that

and q(to) = b, is given by

then

But this is a contradiction as h(t, x(t)) E .8~. This completes the proof.

3. Density result.

LEMMA 1. Let X be a Banach space and U a t-neighbourhood of the
origin of X. If F, ‘~ are such that Yo) = yo ), where

(to, yo) is any f ixed point of then there exist a &#x3E; 0, F"E 
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a i-neighbourhood V of Yo such that

PROOF. Let Since

(F - F’) E 13, there exist 6 &#x3E; 0, or &#x3E; 0 and a finite subset Y* of X*

Set Clearly .K is a continuous func-

tion from (X, -r) into R and moreover, if and K(x)  6,
then F(t, x ) - .F" ( t, x ) E U.

Let
r -1. -1

and consider the function G : .I given by

We claim that + U for every Indeed, if
( t, x ) E A u C it is obvious; if ( t, B then

Moreover G is continuous from into (~, ~ ).
Define a function y : I x X - U by
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Let r be a continuous function from R into I such that r(t) = t if t E I.
The function given by

is the required function, provided that oc = ~ j2 and 

lx*(x - C a/2, x* E Y*I. In fact, .F’"(t, x) - F(t, x) = y(r(t), x) E U
for every In addition, if (t, x) E A then y(r(t), x) =
= y(t, x) and so x) = G(t, x) = F’(t, x). This completes the proof.

DEFINITION 7. A subset A of C is said to be r-dense in 13 if, I
for every 1~’ E 13 and for every z-neighbourhood U of the origin of X,
there exists f E 13 such that f ( t, x ) E F(t, x ) + U for every (t, x ) E 

[f; to , yo] has no weak solution}.
REMARK 2. Given a e X and (to , yo) E R X X, there exists ~ E 7YgC

such that $(to, yo) = a; in fact the function y(t) = + yo
is a weak solution of the problem [~; to, yo] with ~(t, x) = x - yo + a.

THEOREM 2. In nonreflexive Banach spaces, C is 7:-dense in C.

PROOF. Given and an arbitrary z-neigh-
bourhood U of the origin of X, by Theorem 1, there exists such
that Thence, by Lemma 1, there exist oc&#x3E;0,

13 and V c X such that .F’"(t, x) EF(t, x) + U for (t, x) E R X X and
.~.""(t, x) = f (t, x) f or z e V and 

Suppose C. Then there exist 6’&#x3E; 0 and y : R -X such that

(see [2]) for every X*EX*,

Since y is weakly continuous, there exists y&#x3E;0 such that y(t) E V
for It - to ( C 6’. Hence Fff (s, y(s)) = f (s, y(s)) for is - t C min (a, 61, 6’)
and so y(t) is a weak solution of [ f ; to, yo] : a contradiction. The theorem
is proved.

THEOREM 3. In non re f lexive Banach spaces the set is
i -dense in 13.

PROOF. Given F E C, (t0, y0) E R x X and an arbitrary r-neigh-
,bourhood U of the origin of X, by Remark 2 there exists E E 
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such that ~(t,, yo) == Yo). By Lemma 1 there exist a &#x3E; 0, 13

and such that U for (t, x) E and .F"’(t, x) -
- ~( t, x ) for x E Y and It - to C a. Since ~ E there exist ~’ &#x3E; 0
and a weak solution y of [~ ; to , yo], 9 defined in [to, to + 6’], which is
weakly continuous. Consequently there exists b"&#x3E; 0 such that

y ( t ) E V if It - to C 6’. Set 6 = min ( a, 6’, ~") . Then, for every x* E X*,
we have (see [2])

So and the proof is complete.
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