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A Non-Commutative Free Algebra of Rank 0.

JAMES WIEGOLD (*)

1. Varieties of algebras.

Every algebra A has a set ,~2 = U S~n of operations, where each a
in is n-ary, that is, it gives rise to a mapping a: An --&#x3E; A. A variety ?
of algebras with domain S~ is the class of all algebras A having Q as
set of operations and satisfying some set of laws. Thus, the variety
of semigroups is the class of algebras A where for n ~ 2, ,
Q2 - and the associative law holds:

for all Groups can be viewed in a number of different .

ways (see [4]). The way that we shall be concerned with here has

S2n = 0 f or n &#x3E; 2, Q2 = {03BC}, SZl = S2o = M’ Here 03BC is multi-

plication, t is inversion, and v is the nullary operator that acts on the
empty set to produce the group identity : ~ ~ v = 1. The group laws .
read

with suitable quantifiers; as indicated, 1 stands 
An algebra A in a variety s8 is said to be B-free on a set X if A

is generated by X qua Q-algebra and every map Y:X-&#x3E;B,

(*) Indirizzo dell’A.: Department of Pure Mathematics, University Col-
lege, Cardiff CF1 IXL, Wales, Gran Bretagna.
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extends to an S2-homomorphism. We shall need the following fun-
damental result of Birkhoff [1]:

THEOREM. For every set X and every of algebras, there
exists a algebra on X.

It is this simple but profound result that led to this note.

2. A special variety.

We consider the variety 0 of d-algebras, y where

and the following laws are satisfied:

1) laws (1.1) for v, i, p, so that the algebras in Z are groups
with respect to these operations;

2) for each n, a law stating that xf2n is an n-th root for x
relative to p:

for all x. We shall use juxtaposition for for x and 1 
in all cases, for simplicity. Thus law 2) becomes

It is clear that ~J is simply the class of all divisible groups, in dis-
guise. Every divisible group (~ becomes an algebra in Oy in many
different ways, of course. For each positive integer n and each x 
one simply has to specify which of the n-th roots of x we choose to
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be In [3], J. D. Ledlie considered the class of divisible groups
with unique roots as a variety of algebras, and he proved some repre-
sentation theorems in the metabelian case.

By Birkhoff’s theorem, free algebras exist in our variety C. Their
structure is obscure, and even the free algebra F of rank 0 is more
complicated and 4 ilon- commutative ) than one might expect. We
shall give some small insight into the group-theoretical structure
of If to illustrate this point.

Much depends on the following lemma, which can be found in
Kargapolov, Merzlyakov and Remeslennikov [2]:

LEMMA 2.1. Every group G is embeddable in a divisible group D
such that var (D’ ) = var (G’ ) . In particular, every soluble group G can
be embedded in a divisible soluble group of the same solubility length
as G.

3. Properties of F.

3.1. The group F is insoluble, indeed &#x3E; for all n.

Here 6,,(F) is the n-th term of the derived series of F: we remind
the reader that we are referring to the canonical group structure
of F relative to ~v, c, 91.

For arbitrary n, let A be a soluble group of length n generated
by an element a of order 2 and an element b of order 3. Use Lemma 2.1
to embed A in a divisible group D of solubility length n. Make D
into a A-algebra by assigning roots to the elements of D, ensuring
that 1e2 = a, 1p3 = b. Then the A-subalgebra S generated by the
empty set contains the group identity 1 = ~ ~ v and therefore it

contains = a, 1e3 = b, and thus it contains the original group A.
But there is a d-homomorphism, in particular a group homomorphism,
of F onto S, and this is enough to establish 3.1.

3.2. The subgroup V of F generated by the elements i = 2, 3, ...)
is the free product of the cyclic groups Thus F has absolutely
free subgroups.

Let Y = Z~ ~ Z3 ~ ... be the free product of cyclic groups Z; =
== = 1 ~, and Y a divisible group containing Y. Make Y into
a 0-algebra, ensuring that = ai for each i. The subalgebra U
of Y generated by the empty set contains Y, and V maps to Y under
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the L1-homomorphism from .F to Y. By the definition of free product,
V and Y are isomorphic as groups.

3.3. Let Fe denote the free algebra of rank 0 of the variety of p-com-
mutative algebras in û. As group, Fe is periodic, and for each prime p,
the Sylow p-subgroup of F, is a divisible p-group o f rank The com-
mutator factor-group is isomorphic to Fe as group.

First of all, the group Fe is periodic. This is because the elements
of finite order in Fe form a subgroup, since Fe is commutative. They
form a L1-subalgebra since roots of elements of finite order are of
finite order. Like F, Fe has no proper subalgebras, so that is equal
to its periodic part. Finally, all we need do is to turn the periodic
group A whose Sylow p-subgroup is a divisible group of rank No
into an algebra of rank 0 in C.

Present A on generators and p runs over the
set II of all primes, with defining relations:

Make A into an algebra in C, ensuring that

The d-subalgebra generated by the empty set contains the group
identity and thus all the elements annp. It therefore contains all 
with k ~ n. Since these elements generate A qua group, this means
that A is generated by the empty set qua A-algebra.

Since .F~ maps to A, and A are isomorphic groups since .F’~ is
countable. To prove that and .F’~ are isomorphic groups, y it

sufhces to prove that FfF’ is periodic. To see this, let ai stand for the
element of 1~’. Then elements of the form ... a:: = : x are
of finite order mod .~’, where the ei are integers. Thus, so are elements
of the form ... ~O~k . But F is built up of expressions of this
form using roots, inverses and products, and thus periodicity mod F’
is ensured.
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We end by posing the following problem, y where the answer is

probably yes.

PROBLEM. Is the group F residually soluble
Clearly, y .~’ is not residually nilpotent since is periodic and

divisible and thus every nilpotent image of F is abelian. A possible
approach to solving the problem (and others like it) would be to
establish a normal form for the elements of I’, based on the elements

ai . But this is a task of very great notational and combinatorial
complexity which we do not tackle here.

I thank M. F. Newman for some useful conversations on this

topic.
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