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Existence and Attractivity Results for a Class
of Degenerate Functional-Parabolic Problems.

M. Bapm - J. 1. D1az - A. TESEI (*)

1. Introduction.

We want to study existence, uniqueness and asymptotical be-
haviour of the solutions of the following problem:

u(ty &) = Aun(t, z) + a(x)u(t, ) — b(x)u(t, r) —

t
— u(t, m)fdsk(t —s,x)u(s,x) in (0, co) X Q2

— o0

(1.1)
w(t, ) = 0 in (0, oo) X 092
u(t, ) = ue(t,x) in (— oo, 01X 2.

Here 2 cR" is an open bounded subset with smooth boundary 0,
m > 1 and k, b, uo are given nonnegative funetions. We shall always
consider nonnegative solutions of (1.1).

In particular, we are interested in attractivity properties of the
stationary solutions of (1.1)-namely, of the solutions of the elliptic

(*) Indirizzo degli AA.: M. Bap1ni: Dipartimento di Matematica « G. Castel-
nuovo », Universitd di Roma « La Sapienza », 00185 Roma, Italy; J. 1. Diaz:
Facultad de Matematicas, Universidad Complutense, 28040 Madrid, Spain;
A. Teser: Dipartimento di Matematica, Seconda Universitd di Roma, 00173
Roma, Italy.
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problem

Aun(z) + a(z)u(@) — (b(z) + k(@) wi(x) =0 in Q
(1.2) { w(z) =0 on 292,

where k() := f dsk(s, x) (x € 2). As we shall discuss in the following,

0
the support and attractivity properties of solutions of (1.2) are closely
related to the structure of the set (supposed nonempty)

(1.3) P:= {ze 2: a(x) >0} .

The integro-partial differential equation in (1.1) generalizes the
classical Volterra’s population equation [24], in that it includes space
dependence and nonlinear diffusion effects. Such effects were advocated
in population dynamies in [11]; their investigation is a rapidly growing
subject. In the case a = k = b = 0, the equation reduces to the well-
known porous medium equation.

The semilinear case (formally, m = 1) was dealt with in [19]:
under suitable hypotheses, a unique nontrivial nonnegative solution
of (1.2) proved to exist, which attracts in the supremum norm any
(nonnegative) solution of (1.1) not identically vanishing in £2. A major
assumption was that the delay effect be «not too large » in a suitable
sense. This is not needed if we study the asymptotical stability of
stationary solutions (i.e., if we are interested in «local » results) [18].
Related work, concerning the case of Neumann homogeneous boundary
conditions, can be found in [17, 22, 28].

In the present situation, the interplay between nonlinear diffusion
and the source term a(x)u gives the set of solutions of (1.2) a richer
structure than in the case m = 1 (concerning this point, see [14]).
Since we are interested in « global » attractivity results, we require
the delay term to be suitably small. Then we generalize to the present
case the above referred results for the semilinear case (see Sections 2, 4);
the main tools of the proof are monotonicity results [7].

Existence, uniqueness and nonnegativity of solutions to (1.1) are
proved in the quickest way suitable for our purposes, using the con-
traction principle (Section 3). Other approaches are possible, based
on monotonicity or compactness results; we point out that all of these
methods apply to a wide class of degenerate functional-parabolic
problems. Here we limit ourselves to prove a compactness lemma,
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whence existence results follow via Schauder’s fixed point theorem.
Related work, although rather different in spirit, can be found
in [9, 10, 26, 27].

2. Mathematical framework and results.

The following assumptions will be under throughout:

(1) a,b are Holder continuous in £;
(2) b is strictly positive in 2;

(3) k satisfies the following requirements:

(x) measurability with respect to (¢, 2) in (0, co) X 2;

(f) Holder continuity with respect to x € £, uniformly in
(4) the compact subsets of (0, co);

(y) summability from (0, oo) to L*(£2);

(6) nonnegativity in 2, for almost every te (0, oo);

(4) uc belongs to the Banach space C,(— oo, 0; L°(2)) of
bounded continuous maps from (— oo, 0] to L*(£2). For
any t € (— oo, 0], uc(t) belongs to the positive cone L3 (2):=
= {ue L>(2): u>0 a.e. in Q}.

Let Qr:= (0, T1x 2, Zp:= (0, T]x 082 (T > 0). By a solution of
problem (1.1) on [0, T] we mean any ue€ C([0, T]; L'(2)) N L*(Qr)
such that

(2.1) f w(t)o(t) — f J' (0,0 + um Ag) = J ue(0)o(0) + J' f ugo
Q2 Q: Q Q:

for any o€ C*@,), 0>0, 0 =0 on X, (t€[0, T]); here

(2.2) g = g(s, @, u(s, x)) := a(x) — b(x)u(s, r) —

0 8
——fdrk(s — 7, X)uc(ry, ) + —fdrk(s —r,x)ur,z) 0<s<t<T;xe ).
— 00 0

A solution of (1.1) on [0, 7'] for any T > 0 is said to be global.
Upper and lower solutions of (1.1) are similarly defined.



112 M. Badii - J.I. Diaz - A. Tesei

By definition, a solution of (1.2) (i.e., a stationary solution of (1.1))
is any u € L°(Q) such that

(2.3) —|umdo = |u(a — bu — ku)o
frrae]

for any o € C*(2), 0>0, 0 = 0 on 02. Due to assumptions (41), (43),
for any solution % of (1.2) w:= w™ is a classical solution of the
problem

Aw(z) + a(@)wi™(z) — (b(x) + k(x))wm(z) =0 in Q
w(x)=0 on 0.

Set [y, uy) := {we LY(2): uy,<u<u,} (here < denotes the order-
ing induced in L°(Q) by L3(2); uy, u, € L7(L2)). An interval [u,, u,]C
C L% () is said to be Lr-attractive if there exists a subset § C C,(— oo, 0;
L3(£2)) such that: (i) [u,, u,] c §; (ii) for any uc € 8, the corresponding
solution w(¢, uc) of (1.1) exists in L?(2) for any ¢>0 and satisfies

dist (w(t, uc), [4y, us]) = 0 in L?(2) as t > oo (p€E[1, oo]) .

The Lr-instability of a solution to (1.2) is defined in an obvious way.
Following [14], we say that w e L3(£2) is strongly positive in an
open subset Q'C Q if u>v in Q' for some v continuous, strictly po-
sitive in Q'.
Concerning (nonnegative) solutions of problem (1.1), the following
existence and uniqueness result will be proven.

THEOREM 2.1. Let assumption (4) be satisfied. Then for any
o € Cp(— o0, 05 LT(R2)) there exists a unique global nonnegative solu-
tion of problem (1.1).

Now consider the set P defined in (1.3); denote by P; (i€ ICN)
any of its connected components. The following theorem was
proven in [14].

THEOREM 2.2. Let (4) and the assumption
(H1) the set P is nonempty
be satisfied. Then:

(i) nontrivial nonnegative solutions of (1.2) exist;
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(ii) any nonnegative solution of (1.2) is either positive or iden-
tically vanishing in P, (¢€ICN). Moreover, therc exist
solutions of (1.2) positive in P.

It is convenient to point out some ideas underlying the proof of
the above theorem, which play an important réle in the following.
The proof of claim (i) is as follows: assumption (A42) ensures that
«large » upper solutions of (1.2) exist; by (H1), arbitrary small lower
solutions ean be constructed in any open subset of P (see Lemma 4.1).
Thus the claim follows by monotonicity methods [7]. The proof of
(ii) is a rather technical consequence of the maximum prineciple.

As Theorem 2.2 proves, the set P determines to a large extent
the support properties of nontrivial nonnegative solutions of (1.2).
However, different situations are possible if P = Q—in particular,
if P is disconnected.

If this happens and m > 2, solutions of (1.2) having a free boundary
may exist (equivalently, we say that such solutions have a dead
core [8]). Thus we can construct nontrivial nonnegative solutions
of (1.2), which vanish in different connected components P;, so are
not ordered in LY(£2). It follows that the set of such solutions doesn’t
have a minimal element (although it has a maximal one, due to (42)),
and its structure can be fairly complicated.

Similar remarks obviously hold for the problem

) Avm(z) + a(x)v(x) —b(z)v(x) =0 in Q
(2.4) { v(x) =0 on 0.

Let us denote by ¥ its maximal solution, which is positive in the
gset P. We shall need a further assumption, namely

(H2) the set P:= {we Q: a(x) — k(z)#(x) > 0} is nonempty.

Observe that P C P; moreover, (H2) is easily seen to hold whenever
(H3) be)>k@), bk (veQ).

The following result will be proven.

THEOREM 2.3. Let assumptions (4), (H2) be satisfied. Then there
exists an interval [u, v]C L3 (L) such that:

(i) w,ve C*(2) (xe(0,1));
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(i) «>0 in P;

(iii) [#, v] contains any nonnegative solution of (1.2), which is
positive in P.

The couple (%, v) mentioned in Theorem 2.3 solves a system, which
is the limit of a family of «approximating problems» (see (4.1),,
(4.2),, (4.3)). If the set P is disconnected, to each connected com-
ponent P, we can associate an interval [u?, v] C L2(£2) such that [, v] 2
2[u,v] (:€ICNj; see Section 4). However, such an interval may
contain nonnegative solutions of (1.2) vanishing in P, for some
k #1. Such solutions reveal to be unstable [14, 16]—which is a good
reason for considering solutions « with largest support ». In fact, the
following holds.

THEOREM 2.4. Let assumptions (4), (H2) be satisfied. Then the
interval [u, v], whose existence was asserted in Theorem 2.3,

(i) is invariant with respect to solutions of (1.1);
(ii) contains any stable nonnegative solution of (1.2);

(iii) is L»-attractive (pe[l, oo)) if n > 1, or L®-attractiveif n=1,
with respect to solutions of (1.1), such that u.(0) is strongly
positive in an open subset of P, for every ielCN.

The above results become sharper if the interval [u, v] reduces to
a unique element; sufficient conditions for this to happen are given
below.

THEOREM 2.5. Let P= Q and assumptions (4), (H3) be satisfied.
Then the unique solution of (1.2) positive in £ attracts any solution
of (1.1), such that u(0) is strongly positive in an open subset of £.

Theorem 2.5 extends the attractivity results for the semilinear
case mentioned in Section 1 (see[19, Theorem 2]); in the above
statement, attractivity is meant in the sense of Theorem 2.4.

If P c 2, more complicated situations can arise; in this respect, let
us state the following result.

THEOREM 2.6. Let assumption (A4) be satisfied; let u,, u, be two
nontrivial nonnegative solutions of (1.2) suech that «,>wu,. Then
%; = %, in any connected component of supp u, where u, == 0.

The proof is an easy consequence of [14, Theorem 5] and we shall
omit it. If P= Q, Theorems 2.6 and 2.2—(ii) imply that there exists
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a unique nontrivial nonnegative solution of (1.2)—which actually is

positive in 2. However, this need not be true if Pc £ (in particular,
if Pc ; see[14] for details).

3. Existence, uniqueness and nonnegativity.

Let us first prove Theorem 2.1.

PrRoOOF OF THEOREM 2.1. Define

%t := max {[ug(())]oo,

a
7 )
©

b

it is easy to see that w* is an upper solution, u = 0 a lower solution
of problem (1.1). Set

{0, ut}:= {e € O([0, T]; L(Q)): #(2) € [0, u*] Ve [0, TT} (T > 0);

it is easily checked that {0, u*} is a closed subset in C([0, T']; L'(Q)).
For any ze {0, u*} consider the problem:

O:u(t, x) — Aum(t, x) + Mu(t, x) =
— 2t @) [g{t, 2,2(t, @) + M] in @,

(3-1) u(t, &) =0 in %,

{0, ) = uc(0,2) in Q,
where M is any constant larger than
MO:Z (2Ib]m + lle’(O,oo;L‘”(Q))) ’l,l/+ -I— Ik]L‘(0,00;Lm(ﬂ))[uclab(—m,O;Lm(Q)) .

Since the right-hand side of the differential equation in (3.1) belongs
to L'(Qr), there exists a unique solution u e C([0, T'1; L} (L)) of the
same problem. Define

N: {0, ut}— O([0, T]; LN(RQ)), 2—>Nz:=u.
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Due to the above choice of the constant M, it is easily seen that
0<ffz[g(s, (s ) + M]a<ffu+Ma (ter0, T7)
Q: Q:

for any test function ¢ chosen as in Section 2. It follows that «* is
an upper, 4 = 0 a lower solution of problem (3.1); then

N({0, w+}) € {0, ut}

by known comparison results [1].
Now observe that, for any z,%e C([0, T]; L(f2)), the following
inequality holds:

<
1LY(£2)

fds’ fdr k(s —r, -)[2(ry -) — &(r, ')]l
0 (1]

8

t
<fd3 drlk(s — 1, *)|po@l2(r, ) —&(r, *)|pe<
0 0

t ¢
< [asli(s, -l [dslets, ) — 25, e (L0, T0) -
0 0

It follows easily that N is a contraction in C([0, T']; LY(£2)) for any
T > 0 sufficiently small. Then there exists a unique local solution of
(1.1) in {0, »*}, which can be prolonged to [0, o) by standard argu-
ments. This completes the proof.

Similar results holds for the problem

o.u(t, x) = Agp(u)(t, x) + u(t, 2)g(t, », w(t,)) in Qr
(3.2) u(t,z) =0 in 2,
(0, ) = uc(0,2) in Q

with g defined as in (2.2) (namely, for problem (1.1) with »™ replaced
by @(u)), whenever ¢ is locally Lipschitz continuous, nondecreasing
and such that ¢(0) = 0.

As already remarked, the existence of solutions to problem (3.2)
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can be also proven by monotonicity or compactness methods. These
have been used in [3, 13, 23] for the semilinear case; under the above
assumptions on ¢, due to the comparison results in [1], the arguments
carry over to the present situation. As for compactness, suffice it to
prove the following Proposition 3.1: then existence follows easily
by Schauder’s fixed point theorem.
Let us make the following assumption:
() e O (R~ {0}); ¢'(u)>clul>~* (with p>0 if n<2, or p>

> (n—2)[n if n>2; ¢>0); 0)=0.
As is well-known, the operator A4 defined as follows:

D(A) 1= {u € L}Q): p(u) € W), Ag(u) € LH(Q)}
Au:= Ap(u) (u€D(A))

is m-aceretive in L'(£) since ¢ is nondecreasing [6]. Denote by {8()}~,
the corresponding nonlinear semigroup. The following proposition
generalizes the results of [2] (see also [5, 25]).

PROPOSITION 3.1. Let assumption (¢) be satisfied. Then the
map S(t): LY(02) — LY(L2) is compact for any ¢ > 0.

PrOOF. According to [4], it suffices to prove that
(a) (I4+ AA)1: LY(Q) — LY (L) is compact for any 1> 0;

(b) for any bounded subset ZC D(A) and t__> 0, the mapt —
— 8(t)uw (u € Z) is equicontinuous at ¢ = ¢.

We shall only discuss the case n > 2.

(a) Let us prove that the level sets
L,:= {u€ D(A): |u|poy<m, |[Adp(u)|poy<m}  (m>0)
are relatively compact in L(Q)[4]. Since
D:= {we W;'(2): Adwe LY(Q)} C W} (2)

for any ge[1,n/(n —1)][21] and Wy%(Q) is compactly embedded
in L¥2) for any k € [1, ng/(n — q)] if ¢ < n, @(u) belongs to a compact
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subset of L*) (for any ke [1,n/(n — 2)] whenever u € L, (m > 0)).
As assumption (¢) holds, (a) easily follows.

(b) Consider the problem whose semigroup solution is 8(t)u,,
namely

o:u(t, x) = Ap(u)(t, ) in Qp
u(t,z) =0 in X,
(0, x) = uy(x) in Q.

It can be shown by a standard approximation psocedure that

fdtfdwt(p'(u)uf<_’-d$ﬂ(u1) )
0 Q Q

where

w

Hu):= f pv)dv .

0

Thus the conclusion follows by assumption (@) as in [2].

4. Support and attractivity properties.

In Section 2 we mentioned that arbitrarily small lower solutions
of (1.2) can be constructed in any open subset of P (supposed non-
empty). We give for convenience of the reader the proof of this
claim [14], which will be used several times in the following.

LEMMA 4.1. Let assumptions (4), (H1) be satisfied. Then, for
any Z € P and any neighbourhood U C P of 7, there exist nontrivial
nonnegative lower solutions u, of (1.2) (¢ € (0, g); ¢ > 0), such that
%,(Z) > 0, supp %,C U and |uy|, —=5> 0.

Proor. Fix any open ball BC U which contains Z; denote by A,
the first eigenvalue, by &, the corresponsing eigenfunction of the
Laplacian in B with homogeneous Dirichlet boundary conditions
(namely, A&+ A,&,= 0 in B, &> 0 in B, |&|,=1, &= 0 on 0B).
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Define
[0éo(x)]'m  x€B (0>0).
(@)= o zeQ~B

For any o€ %), 0>0 in 2,6 = 0 on 02 we have
J.[u;"Ao' + up(a — bup — kuy) o] =
o
= —[2uup) o + [14ug + uola — bu, — bup)lo>
oB B

> [l 257 4 (@ — bug — Fup) g0
B

(where 0, denotes the outward normal derivative at 0B).
Now let @:= min a(r) > 0. It is easy to see that g> 0 exists,
such that w8

[— Aoup™ + (& — bup — lewe)](2) >

1R

for any x € B and p € (0, §). This proves the claim.
Now consider the following families of problems in Q:

(1), A7+ vy —kuy v, — 03 =0 (p=0,1,2,..5 %=0)
(4.2), Aur + aw, — kv,u, —bui =0 (p=1,2,..),

endowed with homogeneous Dirichlet boundary conditions. The fol-
lowing result will be proven.

LeEMMA 4.2. Let assumptions (4), (H2) be satisfied. Then for any
integer p>1 there exists a couple (u,,v,) such that:

(1) u,,v,€ O“(Q) (“ € (0, 1))3
(ii) v, is the maximal solution of (4.1), in the interval [0, |a/b|.];

(iii) u, is minimal among solutions of (4.2),, which are positive
in the set P;

(IV) Up < Up 1 <Vp1 < Vps

(V) w,<%<w, for any solution % of (1.2) positive in P.
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PROOF. — Observe that (4.1), coincides with the differential equa-
tion in (2.4); choose v, = #. Since (H2) holds, it follows by mono-
tonicity arguments that solutions of (4.2), positive in P exist (see
Section 2 and Lemma 4.1]; the existence of u, > 0 in P, minimal
among them, follows by [14, Theorem 4].

Due to the inequality

Av™ + av, — kot — b0 = — ko’ <0,

v, is an upper solution of (4.2),; since v, > 0 in P2 P, the asserted
minimality of #, implies u,<v,. Then the inequality

a— ku,>a — ko,
and (H2) entail the existence of solutions of (4.1),, which are positive

in P; let us denote by v, the maximal one. It follows from the
inequality

Av" 4 av, — bv2 = ku,v,>0
that v, is a lower solution for (4.1),; since v, is maximal in P, thus

in 15, this proves that v,<v,.
Now the inequality

a— kv,>a — ko,

implies the existence of a minimal solution %, of (4.2),, which is
positive in P. Since

Au + au, — kv, uy, — bul = k(v,— v,)u, <0,
u, 18 an upper solution t;or (4.2),; hence u,>wu, as %, is minimal among
solutions positive in P.
Let % denote any solution of (1.2) positive in P. The inequality
Aum + ati — b2 = k>0

clearly implies % <w,; since

Aum + aw — ko, @ — buz = k(@ — v,)u<0,
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this in turn implies w>wu,. The inequality u,<u<v, follows easily
by similar arguments.

The above procedure can be iterated at any order, thus proving
claims (ii)-(v). Claim (i) is an immediate consequence of the regularity
assumptions in (4) (observe that these allow to use strong differential
inequalities, as we did; see Section 2). The proof is complete.

Now we can prove Theorem 2.3.

Proor OoF THEOREM 2.3. Define »:= limw,, v:=limwv,; due to
Lemma 4.2, the limits exist pointwise and in L?(2) for any p>1.
Then the couple (u, v) satisfies (in the weak sense) the problem in Q:

(4.3) {Avm—l—av—kuv—bvzzo

Aum 4+ auw — kru — bu= 0

with 4 = v = 0 on 02. As pointed out in Section 2, standard regularity
arguments show that (wm,v™) is a classical solution of (4.3), which
implies claim (i). Claims (ii) and (iii) are an immediate consequence
consequence of Lemma 4.2. This completes the proof.

Suppose that P is disconnected and consider any connected com-
ponent P,. According to the above remarks, there exists a solution !
of (4.2),, which is minimal among solutions positive in P,. Follow
the iteration procedure used in the proof of Lemma 4.2, with initial
steps %, = 0 = v, = ¥ = u; = ...; take at any step solutions of (4.2),,
which are minimal among solutions positive in P,. It should now
be clear, how to get the interval [u’, v]2 [u,v] mentioned in Sec-
tion 2 (1€ ICN).

The proof of Theorem 2.4 is similar to that given for the semi-
linear case in [19], or for a degenerate parabolic system in [15]—thus
we omit it. Let us only mention that the main idea is to compare
solutions of (1.1) with those of the parabolic problems

ath)+1 - Aw;n+1 + AWypt1 — ]zuwwm—'rl - bw12a+1 in (Oy oo) X Q2
Wppr = 0 in (0, co) X002
Wppr = Wppy  i0 {0{X 02
(p=0,1,2,...; uo= 0) and, respectively,
0.2, = A2 4 az, — kv,2, — bz2  in(0, co) x 2
2,= 0 in (0, o0) X002
z, =12y in {0} xQ.
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Then the conclusion follows by the attractivity results in [7].
Finally, let us prove Theorem 2.5.

PROOF OF THEOREM 2.5. Due to Theorems 2.3 and 2.4, the con-
clusion follows if we prove that 4 = v in £ under the present assump-
tions. For this purpose, observe that the functions [20]

pi=umt, ="t
satisfy the problem
1 |Vypr_m—1 1/(m—1) 1
— . m— /m—1)
Ay + m—1 p pon {—a+ 'IEX + by }
1 |V%l2 . m—1 1/(m—1) 1/(m—1) 3
Ay + —— = {—a+ky + bym-v}  in Q

Observe that now 0 < <y by Theorem 2.3. It follows from the
above that

Ay — ) + m—1 " P

1 I{E’ﬂf_lv_xlz}_

—1 A
_?_n_m__ (b _ k) {y)ll(m—l)_ xl/(m—l)} =0 in Q

py—yx=0 on 0.

Due to assumption (H3), the conclusion follows by the maximum
principle.
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