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Repelling Conditions for Boundary Sets

Using Liapunov-Like Functions.

I. - Flow-Invariance, Terminal Value Problem.
and Weak Persistence.

M. L. C. FERNANDES - F. ZANOLIN (*)

1. Introduction and notation.

Let be a continuous function, where J is a non-

degenerate real interval an d is a nonempty open set. Rd is
the d-dimensional real euclidean space endowed with the usual inner

product (- I - ), norm ( _ (.1.)1 and distance dist (., .). For given
subsets .~, Me Rei, with A c .D~1, we denote by int,, .~, fr. ~. and el, ~,
respectively the interior, boundary and closure of A, relatively to M.
The subscript is omitted when the topological operations are con-
sidered with respect to Rei. B(x, r) is the open ball of center x E Rd
and radius r &#x3E; 0 and B[x, r] : = cl B(x, r) is its closure. For a (non-
empty) set .K c Rð, we also define

(*) Indirizzo degli AA.: M. L. C. FERNANDES: International School for
Advanced Studies, Strada Costiera 11, 34014 Trieste (Italy). On leave of
absence from Faculdade de Ci6neias da Universidade de Lisboa with a schol-

arship of Fundação Calouste Gulbenkian; F. ZANOLIN : Dipartimento di Mate-
matica e Informatica, Università, Via Zanon 6-8, 33100 Udine (Italy). Work
performed under the auspices of GNAFA-CNR and partially supported by
the fund ZAN 6Q4 (MPI 60%).
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and

We recall that B[K, r] = r) when .g is compact.
Let a := inf J and b := sup J (possibly or b = -f- oo).

For a given noncontinuable solution x( ~ ) of the equation

satisfying the initial condition

we denote by Ix the right maximal interval of existence of x( ~ ), and
= sup The uniqueness of solutions to (1)-(2) is not assumed.

All the considered solutions are supposed noncontinuable.
In the case of the autonomous system, i.e. f (t, x) - f (a~), f : Q - Rd,

we’ll assume throughout the paper J= R~_.

Let G, S c Rd be nonempty sets, with G c S2 and S n G == 0. Our
purpose is to find various criteria relating the behaviour of the solu-
tions of (1)-(2), for x(to) E G, with the set S.

More precisely, we’ll consider the following situations:

1) solutions of (1) never reach S from the set G;

2) there are not solutions x( ~ ) of (1 ) , with x(t) E G for all t E Ix
and such that

3) solutions of (1), with x(t) E G for all t E Ix, are asymptoti-
cally far from ~’;

4) ~S is a repeller for the solutions of (1) which remain in G.

The cases listed above are significant for studying, respectively,
flow-invariance for G ([8] ), terminal value problems ([20] ), weak per-
sistence ([17]) and uniform persistence ([5]). In each of these exam-

ples the most interesting situation is when the set is a piece, or
even the whole boundary, of G. The set G will be assumed open with
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respect to a suitable flow-invariant set N C Q (possibly N = 0). A
motivation for such a choice is the following:

It is well known that flow-invariant sets play a fundamental role
in the study of the qualitative behaviour of the solutions of (1) and
they represent an useful tool for investigating global existence, sta-
bility and periodicity problems ([26], [43]). For this reason, so far
the theory has been extensively developed for closed (or relatively
closed with respect to D) sets ([42], [8], [33], [40]), beginning with the
pioneering work of M. Nagumo ([31]). In more recent years, various

concepts stronger than flow-invariance, like e.g. persistence, have been
proposed in order to deal with differential systems modeling ecolo-
gical or biochemical phenomena ([14], [18], [37] ). A common feature
of all these definitions, related to persistence-type problems is that

they require, for any solution x( ~ ) of (1)-(2) with x(t,) - x, c- int X
(M being a suitable set), that x(t) remains far away from the bound-
ary of M as time evolves. Indeed, the ecological explaination of this
requirement is that, in the concrete models, points of fr l!~ represent
extintion states for some of the considered species. Then, from this
point of view, conditions ensuring the flow-invariance of open sets,
like G = int M, or the repulsivity of the boundary, are significant as
well. On the other hand, dealing with the terminal value problem
the assumption that G is open (for instance, G = Q) is very natural
and commonly considered in the literature ([20], [39], [3]). In this

framework conditions of repulsivity of the set S with respect to the
solutions of (1) will be used to get nonexistence results for the termi-
nal value problems with end point in S.

The proof of the results makes use of families of Liapunov-like
functions and differential inequalities. This method, which is very
classical for studying stability ([36], [35]), flow-invariance of closed

sets ([27], [2]) or existence of periodic solutions ([34], [24], [2]), has
been recently proposed also in the study of various definitions of

persistence ([37], [22], [23], [13]), but, in all these latter quoted papers
only one Liapunov function is considered.

Our approach is more linked to the concepts of bound set and of
bounding functions introduced by R. E. Gaines (see [28]) and employed
by R. E. Gaines and J. Mawhin [15] and J. Mawhin [29] in the search
of periodic solutions of equation (1) via the coincidence degree theory.
However, we stress the fact that compared with [15] and [29], our
conditions on the bounding functions are not contained in the pre-
ceding ones. In particular, the assumptions considered here are more



98

general than the analogous ones concerning the «attractive bound
sets &#x3E;&#x3E; ([28] ) and, when applied to the periodic problem, allow us to
get new results. Moreover, these tools, already exploited in our re-
cent paper ([10]), dealing with persistence for nonautonomous sys-
tems, y can be also applied for getting weak How-invariance of closed
sets. We show, by examples, that classical theorems can be rede-
monstrated or improved along this way.

Dealing with the terminal value problem, we get nonexistence
results, while, in what concerns weak persistence (see sect. 6 for the
pertinent definition), we obtain new conditions for nonautonomous

systems as well as we improve the previous ones.
We recall that, in [10], we have shown that many natural the-

orems which hold for the autonomous systems cannot be extended
to equation (1). From this point of view, our result seems to be si-
gnificant.

Finally, we point out that although we restrict ourselves to the
assumption that f is continuous, most of the results of the paper
could be extended to the case of a function f( . ; ) verifying the Cara-
th6odory assumptions.

In a subsequent paper ([12]), using the same technique, we study
persistence and existence of periodic solutions.

2. Basic definitions.

Let N be a nonempty set. We say that N is a flow-invariant
set (or a positively invariant set) for equation (1) if for each (to, xo) E
E J’ X N and each (1)(.) solution of (1), with x(to) we have

for every In a similar manner, one defines N nega-
tively invariant.

Troughout the paper we assume:

N c Q is a f low-invariant set for (1),

G c N is nonempty and open relatively to N,

ScRd is nonempty with S r1 G = 0.

In what follows we give various conditions ensuring that solu-
tions of (1) do not reach or approach ~’ from the set G. Of course,
the most significant situation (which will be considered in all the ap-
plications) is that S r1 fr G # 0. Repulsivity conditions for S, with
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respect to G, will be obtained by means of families of Liapunov-like
functions. To this purpose, we recall some basic facts from Liapunov
theory.

For a function V = V(t, x) E C(J’ X R) (the space of continuous
functions from J’ xD’ into R), where J’ c J, S2’ c SZ and J’ is an

open subset of Rd+1, we define

It is known that for x(t) a solution of (1) we have

provided that V is locally lipschitzian with respect to x (see [43]).
Here, D+ denotes the lower right Dini derivative (however, in all

the results of the paper, any other Dini derivative could be consi-
dered instead of D+). We also recall that, if V is of class C1, then

In the particular case in which V = V(z) is independent on the t-va-
riable, y we denote by V V the gradient of V, wherever it is defined

and, for c E R, by [V’  c] : :_ (z E dom V: Y(x)  c}. The sets [Ycc],
[V = c] and [V &#x3E; c] are defined analogously.

3. Nonreachable sets and now-invariance.

In this section we propose some sufficient criteria which guarantee
that points of S are not reached from G along the solutions of equa-
tion (1). Such conditions are then used in order to get the flow-in-
variance of G, by choosing S = frN G.

DEFINITION 1. Let u 0 G. We say that u is reachable through G
if there is a solution x( ~ ) of equation (1) such that x(to) = xo E G,

_ ~c for some to  t1 E Ix and x(t) E G for all t E [to, t1[. The set S
is said to be nonreachable through G if there is no point u E S which
is reachable through G.

Since G c N, with N a flow-invariant set, we have that x(t) E N
for each t E Ix, and x( ~ ) solution to (1)-(2) with Accordingly,
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no point belonging to G is reachable through G. Then it will
be enough to find sufficent conditions for the nonreachability of the
set

Some obvious consequences of the definition are the following:

(a) G is flow-invariant if and only if there is 8 D frN G with S
nonreachable through G.

(b) If S r’1 N is negatively invariant, then S is nonreachable
through G.

The main result of this section is:

THEOREM 1. Suppose that for each t E and u E S* there are
an s = 0 and two continuous. functions V = V’t,u and 1p = 
with

locally lipschitzian in x

and

such that

and

hold.
Then S is nonreachable through G provided that there is q = 7

with 0  17 (C s), such that

(cl) for every 0  h, k C r~, the problem

has a maximal solution r = r(s), with lim inf r(s)  0.
s - tr-
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PROOF. Suppose, by contradiction, thath there exists a point ui E ~’
which is reachable through G. This means that equation (1) has a
solution x( ~ ) with x(to) = xo E G and x(tl) = u,, for some to  t1 E Ix, 7
such that x(s) E G for all s E [to, t1[. Obviously, t1 &#x3E; a = inf J, and
x(s) E N for all g E [to, t,] (as N is flow-invariant) , so that U1 E ~’* (de-
fined by (3)).

Let 8, ~, V and y be chosen according to the assumptions for

the pair (t1, ui). By (i1) and (i2) there is 81’ with 0  e,  E, such that

- q  V(s, x)  0 for all s E ]t1- t1[ and x E G r1 B(u, £1).
Let h1, with 0  hl  min f?7 El, tj - be such that x(s) E si)

for each s E [t1- hi , ti[.
Then the scalar function v : [t1- hi, t1[ ~ R, defined by

satisfies the following conditions:

Moreover, by (i3), we can compute the right Dini derivative of v( ~ ~
and have

Let r = r(s) be a maximal solution of the problem

according to (Cl) and denote by Ir the right maximal interval of exist-
ence of z(’). By the assumptions, we can take r( ~ ) such that r(s)  0

for all s E Ir and

sup 
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With (8) and a classical comparison theorem ([25, th. 1.4.1]), we
get

Now, two possibilities arise. Either r( ~ ) is defined on [t1- hI, tl[
and then, by (9) and (10) we have lim inf v ( s )  0, contradicting ( 7 ) , or

s - t1-

tr C t1. In this case, lim r(s) _ - oo and hence, by (10), lim v(s) - oo
s-t- 

too, contradicting (6).
The proof is complete.

REMARK 1. From the proof of the theorem it is clear that it would
be sufficient to require that the function V is defined on [t - s, tj X

assuming, instead of (i1), the more general condition

We list now some easily verifiable hypotheses on the function 1p
which ensure the validity of (ci).

A first condition we propose, which obviously implies (c,), is

(c2) for every 0  h, k  r~, the problem (4) has a maximal solution
bounded away from 0 on its right maximat interval of existence.

Assumption (Cz) is related to an analogous one for the compari-
son equation in the Cafiero uniqueness theorem ([6], [32, p. 188]). In
particular (c2) (and hence (ci) ) is verified whenever admits the fac-
torization

with

continuous functions such that
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and

Indeed, let r = r(s) be a maximal solution of (4) and let 
be such that r(s)  0 for all s E [t - h, a[, with a maximal. From (11)
and (13), we easily get, for s E [t - h, x[,

Hence, (12) ensures that there is 3 &#x3E; 0 such that i.e.

Finally, (14) implies a = tr and ( c2 ) follows, a

In particular, (11), (12) and (13) allow to take 1p(s, z) = 0.
For other conditions related to the Cafiero uniqueness theorem,

see [32].
A significant example is when 1p can be continuously extended to

[t - E, t] X ]- oo, 0], with y(s, 0) = 0 for all Then, condition (cl}
is satisfied provided that the equation ~,v’ = 1p(s, w) fulfills the back-
ward uniqueness of the solutions to Cauchy problems. Criteria for
the validity of such situation can be easily adapted from the known
results of forward uniqueness, like e.g. [30], [41], [4], [3] and [16].
However, we stress the fact that assumption (c1) is more general than
the request of backward uniqueness. In the case in which 1p can be
defined continuously on [t - e, t] X ]- oo, 0], the condition (c1) is triv-
ially satisfied if 0)  0, while it is not verified when 1p(t, 0) &#x3E; 0.

We present now an application of theorem 1 to the flow-invar-
iance of the set G, in which S = frN G is chosen. For the sake of sim-
plicity and in order to have a comparison with other results pre-
viously appeared in the literature, we consider only the case in which
the functions V are independent of the time variable, i.e. V(s, x) = 

COROLLARY 1. Suppose that for each t E and ~c E frN G, there
are and two continuous functions 
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V: B(u, 8) - with V(u) = 0, such that

and

Then G is a flow-invariant set for equation (1).

PROOF. We apply theorem 1 with S = frN G, V(8, x) = and

1p(s, z) = - e(s)lzltX. Then we have only to check that condition (cl)
is fulfilled. To this purpose, we just observe that (cl) is implied by (e,)
and this last assumption holds since decomposes as in (11), with
g~(~) = $1 and 99, e satisfy (12) and (13) respectively (in particular (13)
holds as e is continuous and defined on J ). Then frN G is not reachable
through G and so G is flow-invariant.

REMARK 2. A careful reading of the proof of theorem 1 shows
that hypothesis could be relaxed to

(j’) V is differentiable on G r1 B(u, s) .

We also observe that if there is a compact set .g, with G c K c SZ,
then corollary 1 also provides (via a classical result of continuability)
the global existence in the future of all the solutions to the initial
value problem (1)-(2), for each From this point of

view, corollary 1 extends and improves [28, th. 7.4], where it is as-
sumed, in particular, that

An obvious continuity argument shows that ( j5 ) implies ( j3 ) , with
~ _--_ 0, for some s = 

In [15] and [28], an open bounded set (~ for which (j§) holds with
respect to a family of Liapunov-like functions V’s is called an attrac-
tive bound set and the functions are called bounding functions. Argu-
ments based on the use of bound sets have been considered in the

study of boundary value problems ([15], [28], [29] ) and singular per-
turbation theory ([38], [7] ); the case of TT not differentiable is discus-
sed in [44]. The possibility of replacing (j’) (considered in [15], [28])
with (j3) (proposed here) suggests the possibility to get improvements
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or new applications of the concept of bound set, in the case of boun-
ary value problems. An example in this direction is outlined in [12].

We finally note that the assumptions in corollary 1 are, in some
sense, sharp. In particular, an easy example on the real line shows
that our result is false if (~2) is replaced with 
However, by a direct proof, a variant of corollary 1 could be ob-
tained, assuming, instead of and (~3),

and

respectively.
For applications of corollary 1 and related results, see, for in-

stance, [9] and [11].

4. Application to weakly flow.invariant sets.

A set Me S~ is said to be weakly flow-invariant (or weakly posi-
tively invariant) for equation (1) if for each there is
a solution x( ~ ) of (1), with such that for

every t E Ix (see [42] ). Weak flow-invariance for closed sets has been
widely explored in the literature, starting with M. Nagumo ([31]).
We give two simple applications of corollary 1 and get weak flow-
invariance for closed sets which can be obtained as closure of open
flow-invariant sets. The results are achieved via the following lemma
which can be easily deduced from classical facts (Kamke’s lemma [21,
p. 14]).

LEMMA. 1. Let sequence of continuous functions,
f n : J x S2 -~ ~’~ converging uniformly to f on compact subsets of J X S2.
Suppose that, for each n E fiT, M(c N) is weakly flow-invariant for

T hen CIN M is weakly flow-invariant for (1).
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In particular (see [42]), the closure of a weakly flow-invariant set
is weakly flow-invariant and there are easy examples showing that
the closure does not preserve the fiow-invariance. Indeed, even in
the situation described in corollary 1, clN G need not be positively
invariant.

EXAMPLE 1. Let J = R, Q = R2 and

for every t and x = (xl , x2 ) . Take N = D and

Choosing, for

defined by

we easily check that (ji), (j2) and (j§) are satisfied and hence G is pos-
itively invariant and clN G = cl G is weakly flow-invariant. But cl G
is not flow-invariant as x(t) = (t, t2) is a solution of (1 ) on [0, + 
with = (0, 0) e cl G and cl G for t &#x3E; 0.

Our first application is a classical result (see, e.g. [27], [1]).

COROLLARY 2. Let K _ [F0]y where V: Q -+ R is a C~ function,
such f or each 0] (i.e. 0 is a regular value
for V). Then K is that

holds.

PROOF. First observe that into B’ _ [Y 0], frn (intp K) = [V = 0]
and cln (into g) _ .g, that is .g’ is a regularly closed set. Then de-

fine, on J f n(t, x) : = f (t, x) - and observe that ( f n)n
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converges to f uniformly on compact subsets of J X S2. Now we are
in position to apply, for each n E N, corollary 1 (with ( j~ ) instead of
( j3)) to the equation x’ = fn(t, x), with respect to N = S~, = into K

and Yu = V (constant with respect to u). Hence, lemma 1 provides
the thesis. r

Corollary 2 can be found in [1, th. 16.9], with a different proof.
However, in [1], uniqueness of the solutions to Cauchy problems (in
fact lipschitzianity) is assumed. Our result also improves [28, cor. 7.2]
Corollary 2 may be also derived by Nagumo theorem.

For the next application, we recall that a vector q # 0 is said
to be an outer normal to a convex set K, at a point u E fr .g’, if

(x - 
COROLLARY be a convex set, closed relatively to SZ and

with non empty interior. Suppose that, for each u E frQ K, there is an
outer normal ’YJu =1= 0 (to g at u), such that

(/(~~)j~)0? for each 
holds. Then K is weakly flow-invariant.

PROOF. First note that, by convexity,

Take p E int K and let 8 &#x3E; 0 be such that B(p, e) c K. Then, for
each u E frD .g’, (p + (--/2),q. - ’UlfJu)  0, and so

Define, 7 on = + and observe that

converges to f uniformly on compact subsets of Now we

apply, for each corollary 1 to the equation x’ = x), with
respect to N = Q, (~’ = into K and Y(x) = = (x - (see
[28, p. 156]). Then assumption (j’), with respect to equation (1n),
follows immediately from ( k2 ) and (15). Hence lemma 1 gives the
result.

Corollary 3 extends ([28, cor. 7.1.]). We notice that it seems not
possible to get corollary 3 as a direct consequence of Nagumo the-
orem. Indeed, Nagumo theorem, in its equivalent geometric ver-
sion ([2]), requires that f (t, u) E Tir(u) 9 for each t E J and a E fro K,



108

where T,(u) is the Bouligand’s contingent cone to K at u. In terms
of outer normals, such condition reads as (f(t,  0, for each

and each outer normal nu (to K at u). Therefore, co-
rollary 3 could be obtained from Nagumo theorem only after using
some continuity and density argument (like, for instance, Mazur den-
sity theorem [19]). Corollary 3 also improves [38, th. 2.1] (at least
in the case of convex sets with nonempty interior), where the case
of f ( ~ , ~ ) locally lipschitzian is considered. A less general version of
corollary 3 is implicitly used in [24, proof th. 3.2].

We finally observe that example 2 shows that a strict inequality
in (k2) is not sufficient to ensure the flow-invariance of K.

5. Nonexistence results for the terminal value problem.

Let N, G and be as in section 2 and suppose b 0 J.

DEFINITION 2. Let u 0 G. We say that u is asymptotically reach-
able through G if there is a solution x( ~ ) of equation (1) such that
x(to) = xo E G, x(t) E G, for all t E [to, tx[ and lim x(t) == u.

i-tz
We observe that this concept is independent of that of reach-

ability through G.
It is obvious that points of ~fr G are not asymptotically reach-

able through G.
The above definition is significant in dealing with terminal value

problems. Indeed, the TVP

has no solution if u is not asymptotically reachable through C. We
notice that if one is interested in obtaining nonexistence results for
the TVP, then it is sufficient to consider in the definition of « asymp-
totic reachability» only solutions x( ~ ) of (1) with tx = b (i.e. solu-
tions globally defined in the future).

A slight modification of the proof of theorem 1 gives the following

THEOREM 2. that for each
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there are 8 = 0, or = ug u  t and two continuous functions V = Yt,u
and y == 1pt,u, with 

locally lipschitzian in x (uni f ormly in s) and

such that

Then there is no point u E S which is asymptoticactty reachable

through G, provided that

for every a  í  t and 0  k  s, the problem

has a maximal solution

PROOF. Suppose, by contradiction, that there exists a point U E S
such that 11 is asymptotically reachable through G. Accordingly, let
x( ~ ) be a solution of equation (1) with x(to) = xo E G, such that x(s) E G
f or s E [to , tx[ and lim = 11. Observe that ll E S r1 f r G and tx = b
whenever 11 E S~, 

Now, we just repeat the argument employed in the proof of theo-
rem 1 (choosing or, 8, V and y depending on the pair (tx, 11)) to achieve
a contradiction.

In [20] and [39], it is assumed J = b[and G = D and the ter-
minal value problem
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is considered. In order to get a nonexistence result for the TVP (17),
an obvious variant of theorem 2 can be derived, just assuming the
hypotheses to hold for the sole pair (b, u) (take ~S = fu} and con-
sider only the solutions x( ~ ) with tx = b) . In particular, we have

COROLLARY 4. Let u E fr Q. Suppose that there are constants 8 &#x3E; 0, I
c~  b, a&#x3E; 1 and two continuous f unctions

8uch that

and

Then the TVP (17) has no solution provided that there is a constant
m ~ 0 such that

PROOF. We apply the above described variant of theorem 2, with
V(s, x) = Y(x) and z) = - In order to check condition

(c3), it is sufficient to recall remark 1.

Corollary 4 is, in some sense, complementary to analogous ex-
istence results for (17), obtained by comparison principles. See, for
instance, [20] and [39].

6. Weakly repelling sets and weak persistence.

Let N, (~, S and S* be as in section 2. Furthemore, we suppose
b = sup 
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DEFINITION 3. We say that S is weakly repelling with respect to G
if there is an open neighbourhood A of ~S such that, for each x( - )
solution of equation (1), with for all t E [to, tx[, and to E J,
there is t1 E [to, such that x(t,,) 0 A.

This definition is strictly related to the concept of weak persist-
ence previously considered in the literature (see [17], [5]). Precisely,
for a set M c N, with intN 0, we say that the system (1) is 
persistent in N with respect to the set M, if for each (to, xo) E J X intN M
and x(·) solution of (1)-(2), we have x(t) E intN M, for each t E [to, tx[,
and lim sup dist (x(t), frN M) &#x3E; 0.

t-q
Weak persistence was introduced by H. Freedman and P. Waltman

in [14] for a particular class of equations and subsequently considered
in the present generality by T. C. Gard in [17], who named it as strong
flow-invariance. A definition in terms of dynamical systems in metric
spaces has been used recently in [5].

It is clear that if S is compact and weakly repelling with respect
to G, then there is 6 &#x3E; 0 (independent of the solutions) such that
lim sup dist (x(t), S)&#x3E;d&#x3E;0, for each x(·) solution of (1) such that

t - t-x

x(t) E G, for all t E [to, tx[. Hence, as frN (intN M) c frN .M’, we get that,
if frN is compact, then a sufficient condition for the weak persist-
ence with respect to the set .lYl, is that, for the choice G = intN M
and = frN G, G is flow-invariant and S is weakly repelling with
respect to G (indeed, in this case, we have uniform weak persistence
with respect to M).

Motivated by the problems coming from the ecological applications
(population dynamics, [14], [17], [18]), we suppose, through this sec-
tion that

N is closed with respect to Q and S c f2.
The case S g S~ is implicitly considered in section 5 dealing with

the terminal value problem and results, in this situation, can be ob-
tained combining the arguments in theorems 2 and 3.

THEOREM 3. Assume S* = ~S r1 frN G compact and suppose that there
are an open set Q’, with S* c Q’ c Q and two continuous f unctions V
and y,

locally lipschitzian in x

and
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such that

Then S is weakly repelling with respect to G provided that there is
6 &#x3E; 0 such that

(r) for every 0  k and a r  b, the problem

PROOF. First we observe that it is sufficient to prove that S* is

weakly repelling with respect to G. In fact, let A be an open neigh-
bourhood of S* such that, according to the definition, each solution
of (1), remaining in G for the future, escapes from A at some time.
Consider the set A’:= A r1 G). As N is (relatively) closed
and S c S~, we have that A’ is an open set and A’ c S. Now, let x( ~ )
be a solution of (1), such that x(t) E G, for all t E [to, tx[. Then, x(t) 0

for all t ~ to and there is t1 ~ to such that A. Hence

A’ and so we have proved that ~S is weakly repelling with re-
spect to G.

Fix an e such that 0  e  6 and let eo &#x3E; 0 be such that

B[S*, c S2’ (as S* is compact). Using (i) we find B and e such
that  b and 0  with

Now, let x( ~ ) be a solution of (1)-(2) such that for all
We want to prove that there is such that

B(s*, e).
Suppose, by contradiction, that x(t) E B[S*, ~o], for all t E [to, tx[.

Then, as B[S*, e] c S2 is compact, we have t. = b. Consider the func-
tion v(t) := V(t, x(t)), with v: [y, b[- R, where y:= max {to, We
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have

(19)

(20)

and

Let r( ~ ) be a maximal solution, according to (r), of

By a comparison theorem, for all Hence,
from (20) and (21), and a con-

tradiction is achieved with respect to condition (r).
Then, for some = B(S*, ego). Hence, S* is weakly

repelling with respect to G.
Theorem 3 is similar to a previous result obtained by T. C. Gard

([17, th. 2]). The main differences consist in the fact that in [17]
the compactness assumption is replaced by the global existence of
the solutions of the comparison equation and that a type of weak
persistence (namely, of « uniform » type) stronger then the one in [17],
is considered here. Variants of theorem 3 can be easily derived. In

particular, an extension of [17, th. 2] can be obtained.
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