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Groups with Finite Conjugacy Classes
of Subnormal Subgroups.

CARLO CASOLO (*)

1. Introduction.

In papers published in 1954-55 [10, 11], B. H. Neumann proved,
together with many other results, the following fundamental Theo-
rems :

1.1 I f in a group G every subgroup has a f inite number o f conju-
gates, then the centre Z(G) has f inite index in G.

1.2. It in a group G every subgroup has f inite index in its normal
closure, then the derived subgroup G’ is f inite.

Sometime later, such results were in some sense specified by I. D.
Macdonald [9], as follows :

1.3. There exist f unctions u, ¡1 o f N in 1~T, such that:

(i) I f G is a group in which every subgroup has at most m
conjugates then 

(ii) I f G is a group in which every subgroup has index at most m
in its normal closure, then ,u (m ) .

Subsequently, the literature on the argument has been enriched
by several authors. In the present paper, we study the case in which

(*) Indirizzo dell’A.: Dipartimento di Matematica e Informatica, Univer-
sità di Udine, Via Zanon 6, 33100 Udine, Italy.
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similar conditions are imposed not to all subgroups of a group, but
just to subnormal subgroups. To this purpose let us introduce the

following classes of groups.

DEFINITIONS. Let G be a group, m a positive integer. Then:

1) G E T* if every subnormal subgroup of G has finite index in
its normal closure; that is if oo for every H sn G;

2) if IHG:H/::S m for every H sn G;

3) V E V if every subnormal subgroup of G has a finite number
of conjugates; that is if oo for every H sn G;

4) if for every H sn G.

We will occasionally refer to two other classes, namely:

for every H sn G;

for every H sn G.

The following diagram illustrates the inclusions among these classes.

Where all inclusions are proper, and no other inclusion holds.
In fact:

(a) Let ~’ be a group; If then
Hence Um C Tm r1 Ym ; moreover
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Conversely, suppose that = and r  oo;
if H = 

... , H,. are the distinct conjugates of ~1 in G, then:

Thus Vr C Unt and T* r~ Y ~ U. In conclusion we have

(b ) U ~ U Um : In fact, the infinite dihedral group D~ _ ~x, y ;
meN

= y2 = 2) is an U-group, but it does not belong to any Um,
n E N.

(c) U Vmg T*. For example, the standard wreath product
meN

wr C9; where is a Priifer group of type p°° and Of) is a cyclic
group of order p, p a prime, belongs to Yp but not to T*.

(d) U Tm rt Y. The central product of an infinite number of
m E N

groups isomorphic to the quaternion group of order 8, belongs to T2
but not to V.

Clearly, every T-group, that is every group in which each sub-
normal subgroup is normal, belongs to all the classes above defined.
These classes can therefore be viewed as generalizations of the class
of T-groups. Also, if we denote by Bn the class of groups in which
every subnormal subgroup has defect at most n, Tn C Bn ,
for every n E N. Inclusion Tn C B,~ is obvious, and Yn S Bn follows
from the fact that if H is a subnormal subgroup of a group G, and
G = Ho R!: Hi o ... o gn = H is the normal closure series of g in G,
then Na(Hn_1) .~.... ~ Na(H1) = G (by contrast, we observe
that the infinite dihedral group belongs to U but not to the class of
groups in which the intersection of any family of subnormal subgroups
is subnormal). Furthermore, we recall that a subgroup g of G is said
to be almost normal if is finite, and almost subnormal if

is finite for some subnormal subgroup K of G. Then T* is

precisely the class of those groups in which every almost subnormal
subgroup is almost normal. Indeed, T* is the class of groups in which
the relation of almost normality is transitive, see [2].
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We finally observe that IT-groups, that is groups in which every
infinite subnormal is normal (see De Giovanni and Franciosi [4]) are

U groups (see Heineken [6, Corollary 3]); and that a special subclass
of has been recently considered by Heineken and Lennox in [7].
meN

In common with other investigations about the subnormal struc-
ture of a group (see for instance, the treatment of T-groups by
D. Robinson in [12]), it is reasonable to restrict to the soluble case
the classes under consideration. In this paper, we will mainly con-
sider soluble groups belonging to T*, V, and Y~ (m e N). Therefore
we will deal with non trivial abelian normal sections of a group G,
over which acts by conjugation. Hence it is of particular relevance
the study of the action of a group of automorphisms T of an abelian
group ~, such that jr:Nr(H)l or is finite (and possibly
bounded) for every subgroup H of .A. This is the object of Section 2,
from which we quote, as an example, a single result, namely:

THEOREM 2.15. If A is an abelian group, and r-s. Aut (A) such
that  m for every H  A, then there exists ac normal sub-

group of 7~ such normalizes every subgroup of A and the index
¡r:r¡1 is finite and bounded by a function of m.

On the basis of the results obtained in Section 2, in Section 3 we
first study hyperabelian p-groups in T* V Y (Theorem 3.2); after-

wards, we give some structural properties of soluble groups in T*
and V. In particular, we prove (Corollaries 3,4 and 3.7) that a soluble
V-group (respectively T*-group) is metabelian by finite (finite by
metabelian). Recalling that a soluble T-group is always metabelian
(Robinson [12, Theorem 2.3.1]), one might suspect that every soluble
V-group (or T*-group) is a finite extension of a T-group (respectively
is finite by T-group). That this is not the case, not even for the

smaller class U, is shown by some examples at the end of Section 3.
In Section 4, we study soluble V.-groups, m e N. Our main result

is the following.

THEOREM 4.8. If G is a soluble Vm-group, then y(m).

Where y is a function of N in itself, and ro(G), the Wielandt sub-
group of (~, is the intersection of the normalizers of the subnormal

subgroups of (~. It there follows that a group G has a bound on the
number of conjugates of its subnormal subgroups if and only if

is finite. This result can be viewed as an analogous for
soluble groups, of the quoted Theorem 1.3 (i) of I. D. Macdonald,
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with ro(G) instead of Z(G). However, this analogy cannot be extended
to Theorem 1.1 of B. Neumann; in fact, in order to have J
finite, it is essential to assume that I is not only finite, but
also bounded, for every H sn G: if G is the infinite dihedral group,
then oo for every H sn G, but Less obvi-

ously, it is also not possible to drop the hypothesis of solubility in
Theorem 4.8. Indeed, there exist locally finite V,-groups (p a prime)
in which the Wielandt subgroup has infinite index; a family of them
is constructed at the end of the paper.

NOTATIONS. Let G be a group, Then Zn(G) is the n-th
term of the upper central series of G, = U Zn ( G ) ; is the

n E N

n-th term of the lower central series of G, G N n y,,(G); n(G) is the
neN

set of primes p, such that G has at least one element of order p;
is the Wielandt subgroup of G. Further, we say

ssna

that G is reduced if it does not admit non trivial normal divisible
abelian subgroups. If G is an abelian group, by rank of G we mean
the Prufer rank, that is the supremum among the cardinalities of

the minimal generating sets of the finitely generated subgroups of G;
by total rank of G we mean the sum of the ranks of all the distinct
primary components of G and of the cardinality of a maximal indi-
pendent subset of elements of infinite order of G.

We denote by P the set of prime numbers; P, then n’= 
Let A be a nilpotent group, then An is the a-component of A ;

as usual, ~p~, we write An = A9 and A,,, = A,,,. If A is a

p-group, p E P, and n e N, we put 
Let .1~ be a group of operators on the group G, and .H  G; we

write Nr(H) _ H" = H}  F (and Nr(x) instead of 
if G) . Moreover, we put Hr = (HlX; and Hr= in

a E T

particular, if .1~ = G in its action by conjugation, then Ha and ga
are, respectively, the normal closure and the normal core of .H in G.

Further, Paut (G) = {x E Aut (G); .Ha = H, for every H  G) is the

group of power automorphism of G. We will freely use the fact that
Paut (G) is a normal abelian subgroup of Aut (G), and, if G is abe-
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lian, Paut (C~) ~ Z(A.ut (Q’-)) (see [3] and [8] for the relevant facts on
power automorphism.s) .

For the properties of abelian groups that we will need, we refer to
the two volumes of Fuchs [5] ; with the notice that we use a direct
product » and « cartesian product » instead of, respectively, ~c direct
sum » and « direct product », and that we denote by the Priifer

group of type p°°. The standard reference for soluble T-groups is

paper [12] by D. Robinson.
We will use without any further comment the obvious fact that

subnormal subgroups and homomorphic images of a group belonging
to any of the classes under consideration, belong to the same class.

2. Automorphisms of abelian groups.

In this section, we collect some results on the action of those par-
ticular types of automorphisms groups of abelian groups, which are
relevant in our subsequent discussion of soluble groups belonging to
the class V, T*, and Ym (m 

2.1. LEMMA. . Let N be a periodic nilpotent group, .1~  Aut (N).

(a) If  oo for every H  N, then there exists a finite
set n of prime numbers, such that |r:Pautr (Nn’)| I is f inite.

(b) If there exists such that m for every x E N,
then there exists a of prime numbers, such that ini  m, and

|r:Pautr (Nn’)| s m.

(c) If oo for every H ~ N, then there exists a finite
set n of prime numbers, such that r = Pautr (N 31’).

PROOF. In view of the elementarity of these observations, we
only prove (~b ) . We argue by induction on m. If m = 1, then

h = Pautr (N) and n = 0. Let m &#x3E; 1; then there exists a prime p,
such that 1’ does not fix all cyclic subgroups of Nf). Let be
such that r = &#x3E; 1 and write r1 = Nr(x). If y E since
x and y commute and have coprime order, we have:
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Hence, for 

that is:

By inductive hypothesis, there exists a set of primes such that

Inti  m - 1 and IFt:pautr1 [m/r]. Now, setting n = {p} U ni ,
we have and, clearly, so :

The following is essentially Proposition 34.1 in Fuchs [5].

2.2. Let A be a reduced abelian p-group ; let B be a sub-

group of A such that AIB is divisible. Assume that a is an automor-

phism of A leaving B invariant and acting as a power automorphism
on it. Then ex is a powerr automorphism of A.

PROOF. We observe that exp (B) = exp (A). In fact, if exp (B) = pn,
then B  and so A /Dn (A) is divisible ; since A is reduced,
We get Qn(A) = A, that is exp (A) = p n. If exp (B) = co, clearly
exp (A) = oo. We can therefore define a power automorphism v of A
by putting, for a E A, v(a) = a’’x, where v*~ is a positive integer such
that a(b) = bvx if b is an element of B of the same order pk of a. Now,
the kernel K of the endomorphism v - a of A contains B. Since AIB
is divisible and A is reduced, this implies .K = A and so a = v is a
power automorphism of A, m

We discuss now the case in which r is a group of automorphisms
of an abelian group A, and I is finite for every .H  A.
The description of the general case is preceded by some particular
cases.

2.3. LEMMA. Let A be a divisible abelian p-group, .1~  Aut (A)
such that C oo for every H  A. Then Ir:Pautr (A) I is

finite. If m (m E N) for every x E A, then m.
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PROOF. Suppose that there exists a sequence xl , x2 , ... of elements
of A, 7 such that, 9 for all i: = xi for some positive integer ni, and

Nr(xi). Then H = i E N) is a subgroup of A isomor-
phic to a Priifer group of type p°° ; whence and

i EN

the index is infinite, contradicting our hypotheses. Thus,
there exists an element such that

(If for just take xl E A such that I
is maximal).

Put then, is finite (and in the

second case). We prove that  Paut (A).
Let if then 1~1 normalizes ~y? by (1). Otherwise,

let x3 E A such that 
= Xl. By (1 ), 7B normalizes x3~ (and x2~) . Also =

= and so 1’1 normalizes In particular, rl acts
on the group Moreover, r1 induces on V a group
of power automorphisms; in fact, if a, b E N and a # 0 (mod pk) :

whence is normalized by 
Let now then:

and, since x2 y is normalized by r1:

By comparing (2) and (3), we get: x~ ~ yt = x2 y8, hence

This yields t - s (mod pk) and u + I = t (mod pk) ; together with
t - s (mod pk), we have u = 0 (mod pk). Thus:

Let now y, E d such that = y, where
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Now, for some 

This proves that Paut (A)..

2.4. THEOREM. Let A be a periodic abelian group, r  Aut (A)
such that Ir:Nr(H)1 for every H  A. Then is

finite.

PROOF. A is the direct product of its primary components Åp.
By 2.1 (a), there exists a subgroup of finite index in F, which acts
as a group of power automorphisms on each component Åp, except
at most a finite number of them. Since, clearly,

it is sufficient to prove the Theorem in the case in which A is a

p-group, for some prime p.

1) I f A is divisible, then we apply Lemma 2.3.

2) Let A be reduced. In this case, by Lemma 2.2, Pautr (A) =
- Pautr (B), where B is a basic subgroup of A. Put = Nr(B),
then  oo. Assume that = Pautr, (M), for some r1-inva-
riant subgroup M of B, of finite index in B. If Y is a transversal

(i.e. a set of representatives) of if in B, then is finite, say of
exponent pr; then ~Y~r~  S2r(B). Now, Ti = Pautr1 implies that

is finite, and so r2 = Or1(Qr(M)) r~ has finite
index in rl (and therefore in 1~) ; moreover, r2 acts as a group of power
automorphisms on B (and, therefore, on A).

Assume now, by contradiction, that |r:Pautr (B)| I = 00; then, by
what we observed above, no subgroup of finite index of h1 acts as
a group of power automorphisms on a subgroup of finite index of B.
Let xl E B such that gl = =1= 9 put Ki = and let .~1
be a subgroup of finite index in B, such that .K1 ~1 Mi = 1 and .~1 is
r1-invariant (this is possible because B is in particular residually finite
and, if L is a subgroup of finite index in B, then Zr has again finite
index in B). Let x2 E such that HI; K2 = (hence
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K2  Mi) and H2 a r1-invariant subgroup of finite index in B such
that KI, K2&#x3E; and Mi . Continuing in this way, with
the obvious notation, we obtain a sequence xi (i E N) of elements
of B, such that if X = 01531, ...), then .

for every iEN (in fact, ... ~ r1 gl «xl)M1r.K1=
and, t 

_ ~xl ~ ... ~ xi/ ~ so : 

Finally, y we get which implies, by our choice

of the A contradiction.

3) T he general case. Let D be the divisible radical of A, C a
complement of D in A. Then C is reduced and is finite.

Hence, by the two cases discussed before, we may assume that D # 1
and T = Pautr (D) = Pautr ( C) .

If exp (C) is finite, say pn, then Cr(C) r1 has finite index
in T and acts as a group of power automorphisms on A.

If exp (C) = oo, then (see Fuchs [5, 35.4]) C admits a basic sub-
C, and, therefore, a subgroup .g such that 

Set HJB = E N) with bo = 1 and, if i &#x3E; 1, 5fl = bi-l. Since
B is a pure subgroup of C, we may select a set of representatives
~b~; i E 1~T~ of the cosets bi, in such a way that Ibil = Ibil = pi (thus

n B = 1) for every i = 0, 1, .... Let K be a subgroup of D,
isomorphic to g = ai ; with and, for i &#x3E; 1,
a~ = ai-l. Consider the subgroup L = B, of A. Then

Fo = Nr(L) has finite index in F. We show that r0  Pautr (A).
Observe first that L is isomorphic to .g, which is reduced; more-
over, Now, Fo = Pautr0 (B), hence, by Lemma 2.2,
Fo = Pautr0 (L). Thus, if g E Fo, then G induces a power on D, 0
and Z ; hence for any there exist positive integers di,
such that:

Since ai E D, bi E C and D n C = 1, we get a’i6’ = ail, and bY, = b!’.
This shows that g E To induces the same power ti on elements of D
and C of the same order p i. This is true for every g E To, whence

Pautr (A ), concluding the proof..

2.5. LEMMA. Let A be a torsion free abelian group, 1~’ s Aut (A)
such that C oo for every H  A. Then T is finite.
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PROOF. Let x E A, and g E then (xg)- = x~,
whence (x-1xg)m = 1. Since A is torsion free, we have x = 0153ø, that

is g E Cr(x). Hence Cr(x) = Cr(xm) for every x E A and 0 0 
Assume, by contradiction, that 1~’ is infinite. We construct a se-

quence of elements and normal subgroups of finite index
in .1~ f such that, f for every i = 1 f 2 ~ ... f f ~ yl ~ ... f yi ~ ^·
-v X ... X yi~ is centralized by Fi, but yl, 7 7 Yi is not
normalized by We proceed by induction on i. Let such
that Cr( y1 ) ~ .F’. We put r1 = and observe that, since

is finite, is also finite and therefore, is
finite.

Let 2, and assume that we have already constructed

yi, ... , y; E A and satisfying the desired properties. Let =

= 0 A(ri-l)’ I then Bi-l is r-invariant, and, since has finite index
in 1’, Bi-l =1= A ; moreover, by what observed above, is torsion
free. Let 9 E and y E A, then [y, g, g] E [Bi-,, g] = 1; on
the other hand, there exists, by hypothesis, a k E N such that

gk E Cr(y). Since [y, g] and g commute, we get [y, g~k = [y, gk; = 1,
yielding [y, g] = 1, as A is torsion free. This holds for every y E A,
hence g E Cr(A) = 1. This implies, in particular, that

would have order at most two, and P would be finite. Thus, there
exists yi E A, such that Yi) is not normalized by -Pi-, (observe
that this implies that ..., Yi) is not normalized by Now,
(Yi) n Bi-l = 1, since AlBi-, is torsion free; in particular:

and so

We take now .ha = (Cri_1(yi)) ; then and Fi is a normal

subgroup of finite index in 7~ moreover ... , y z~  = B,.
Let now ~-I = yi; then I is finite by hypothesis;
thus there exists an index n e N such that == 

Now, if = then Bn+l is r-invariant, and so Fn+1Nr(H)
normalizes g n But, by construction, g n B,,+, == ..., 
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In particular, Fn+1Nr(H) normalizes Yi, ..., contradicting
our choice of Y n+l . We therefore conclude that 1~ is finite..

2.6. THEOREM..Let A be an abelian group, T Aut (A). Then

Ir:Nr(H)I  oo f or every H  A i f and only if one of the following
holds:

2 ) Tor (A) (the torsion subgroup of A) has infinite exponent, and
there exists a r-invariant, free subgroup of A, of f inite rank, such that
A/.F’ is periodic, and I and |r:Pautr (AI F) I are both finite.

PROOF. Assume that  oo for every H  A. Let

T = Tor (.A). By Theorem 2.4, IF: Pautr (T)~ I is finite. If exp (T)
is finite, say exp (T) = r, then Cr(T) I is finite. Moreover, T has,
in this case, a complement U in A, which is torsion free. Since, by
assumption,  00, it follows from Lemma 2.5 that I
is finite. Hence:

and we are in case 1).
Let exp (A) = oo and assume that |r:Pautr (A) = 00. Let:F A be

the set of non trivial free subgroups of finite rank of A, then ,~ ~ ~ 0,
otherwise A is periodic, and so, by Theorem 2.4, Ir:Pautr (A)]  00.

Assume that ~’1  1~2  ... is an infinite chain of elements of I

such that Cr(.Fi) for every i = 1, 2, ... ; then, if K Fi,
iEN

we have = 00, which is not possible by Lemma 2.5, since
 oo and K is torsion free. Hence there exists an I

such that, for any Y E ITA I and it is C = Cr(Fo) = Cr(V).
In particular, if yFo is an element of infinite order in then

(Fo, y~ E:FA and so C = y~)  Cr( y ) . Hence C centralizes

every element of A whose order modulo Fo is infinite. If A/Fo is not
periodic, then A = x E A ; = whence C centralizes .A, con-
tradicting our assumption (recall that is finite). Thus A/Fo is
periodic; now, since .F’o has a finite number of conjugates under 1~,
I’ = is a r-invariant free subgroup of finite rank of A, and
A/F is periodic. Finally, I is finite by Lemma 2.5 and
|r:Pautr (AIF) I is finite by Theorem 2.4.
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Conversely, let A be an abelian group, .l’  Aut (A). If H  A,
clearly Nr(.H) &#x3E; Pautr (A); hence if 1 ) holds then Ir:Nr(H)1  o0
for every H  A.

Assume now that condition 2) holds, with F a free subgroup of
finite rank of A. Firstly, since Ir:Or(F)1 I and Ir:Pautr (AIF) I are

both finite, we may assume, with no loss in generality, that Cr(F) _
== Pautr == .1~. Therefore, if A, then HF and H n F are
r-invariant. In particular .Hr  HF.

Let be the torsion subgroup of HF/H n I’, then BIH n F
is finite, since F has finite rank. Now, A/I’ is periodic, so H/H n F ~

is periodic, and RHIH n F is the torsion subgroup of

HF/H n F. Hence RH is r-invariant; in particular, Hr  .RH. Now,
J = is finite, whence is finite,

say = r. It follows that Let now T be the tor-
sion subgroup of A ; then our hypotheses imply that 1~ = Pautr (T),
whence T r1 H is r-invariant and so Hr &#x3E; T r1 H. Moreover, since
F has finite rank and is periodic, A/T has finite rank. Now,

is a homomorphic image of HIH n T ~ HTIT of finite expo-
nent ; we therefore conclude that HfHr is finite. Hence is
finite and so Nr(H) &#x3E; Cr(HrlHr) has finite index in h.

EXAMPLE 1. We show that, in the hypotheses of Theorem 2.6,
case 2) can actually occur, yet |r:Pautr (A)| = 00. Let A = C X E,
where C ~ for a prime p, and g = x~ is a cyclic group of infi-
nite order. Let h =  Aut (A ), where ot centralizes x and induces
on C a power automorphism of infinite order (for instance za = zP+l
for every z E C). It is easy to check that Ir:Nr(H)1  oo for every
H  A (indeed for every H  A) , but no power of a
fixes every subgroup of A.

We now turn to the case in which .1~ is a group of automorphisms
of an abelian group A, such that I is finite, for every .H  A.
Again, we split the discussion of the general case into a number of
steps, each of those dealing with a particular case.

2.7. torsion free group, 1~  Aut (N) such that
for every .H  N, then 1~ = Pautr (N). In particular

1 ~ = 1 i f N is not abelian, ; and 1 ~ = 1 or _ ~a~, where oc is the inver-
sion map, if N is abelian.

PROOF. Let 1 =1= YEN, and set .g = y?r. Then, by hypothesis,
I is finite. Hence is finite. Now 1 ~ y~K is infi-
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nite cyclic, put = z&#x3E;. Assume that there exists t E I~, such that
z’ ¥= z; then zt = z-1. But, for some n E N, tn E ~) and so tn = =

= t-n, yielding t2n = 1; since N is torsion free, it follows t = 1, con-
tradiction. Hence z&#x3E; -~5 Z(K) and so is finite. By a Theorem
of I. Schur (see [13, 10.1.4]) , K’ is finite; that is g’ = 1. Thus, .K is
a finitely generated torsion free abelian group; since  00,
we have that K is cyclic, whence K = y~, proving that Paut (N).

The final claims follow, for instance, from Cooper [3, Corollary
4.2.3]. ·

2.8. LEMMA. be a divisible abelian group, .r  Aut (A) such
that  oo for every H  A. Then r~ Paut (A).

PROOF. We observe first that if .H is a divisible subgroup of A,
then Hr = H. In fact, if g E 1’, then

but H is divisble and so it does not admit any subgroup of finite
index; hence .H’ r1 gg = H, yielding H = Hg. This is true for any
g E r, whence H = Hr. Let now If Ixl _. oo choose a sub-
group g of A, Q and x E g. By what observed above, g is
r-invariant; moreover, it is torsion free, hence, by Lemma 2.7,
F = Pautr (K); in particular, x~r = x&#x3E;. Otherwise x has finite
order. Since the torsion subgroup of A is the direct product of its
primary components, we may assume that ixi = pn, for some p e P
and n E N. Then choose a subgroup L * of A, with x E L. Again
Lr = L and so = x~.

2.9. LEMMA. Zet .A be a redneed abelian p-group, .I’  Aut (A)
such that  oo for every .73  A. Then there exists a finite

subgroup N of A, such that 1~’ = Pautr (A).

PROOF. Assume, for the moment, that A is residually finite. Sup-
pose further, by contradiction, that for any finite F-invariant sub-
group N of A, there exists x E A, such that N, x~ is not r-invariant.
By induction on we construct a sequence of elements xi of A
such that, if ... , x£~, then r1 = 1 and xi?
is not r-invariant, for every (and .go = 1). Let xl E A be such
that (Ti) is not r-invariant. Assume now that we have already
found x1, ... , Xn-l satisfying the desired properties. Then M = =
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= 
... , is finite and so, since A is residually finite, there

exists B  A of finite index in ~, such that M n B = 1. Suppose
that, for each y c- B, y, M) is .I’-invariant; then BM is T-invariant
and 1’ = Pautr (BMIX); now, BM has finite index in ~, hence, if

Y is a transversal of B~ in .A, then Yr is finite and .R = is

finite, BR and I’ = Pautr contradicting our initial assump-
tion. Therefore, there exists x~. E B, such that M, is not -P-inva-
riant. We have also:

In this way we construct the infinite sequence ....

Let now then [ is finite. On

the other hand . Hence, there exists n E N,
such that .gr = KK~’. We consider by construction, there exists
9 E r such that

hence r = 1, that is:

against the choice of g E 1~. This contradiction shows that there exists
a finite r-invariant subgroup N of A such that r = Pautr 

We now go back to the general case; thus let ~ be reduced (and
not necessarily residually finite), and let B be a basic subgroup of A.
Now, Br is a finite extension of B, and B is a direct product of cyclic
groups; hence Br is residually finite. By the case discussed before,
there exists a finite r-invariant subgroup N of Br, such that

1~’ = Pautr Now, since N is finite and A is reduced, A/N
is also reduced. Moreover A/Br is divisible. Then, by applying
Lemma 2.2, we conclude that 1~ = Pautr (A/N).
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We illustrate the previous Lemma by an example, in which we
show that it may happen that no subgroup of finite index of 1’ acts
as a group of power automorphisms on A.

EXAMPLE 2. Let A be an infinite elementary abelian 3-group,
with generators x1, x2 , .... For j = 2, 3, ... let a3 be the automor-

phism of A defined by:

Then the subgroup .,T’ _ = 2, 3, ...) of Aut (A) is also an infi-
nite elementary abelian 3-group, and it is clear that no subgroup
of finite index of .1~ acts as a group of power automorphisms (in this
case it would centralize every a E A) on A. Moreover [A, 7~] =
- (zi) = C~(1’), whence H, xl~ is F-invariant, for every H  A,
so for every .H  A (by contrast, if then

Hr = 1 ). We observe that the natural semidirect product W = A X|r
is a nilpotent 3-group in T3 , such that W~==~(1~) has order 3.

2.10. be an abelian p-group, D the divisible radical

of A, and r~ Aut (A ) such that IHr:HI  oo for every H  A. Then :

1) there exists a f inite F-invariant N  A, such that

2) D has f inite rank, exp (A/D) is finite, 1~ = Pautr (D) and
there exists a f inite r-invariant N  A, such that

where pn = exp (A/D).

PROOF. Let A = D X R, where D is the divisible radical of A, I
and .1~ is a reduced complement of D in A. Then, by Lemma 2.8,
r = Pautr (D). Put L = Rr, then L is a finite extension of a reduced
group, and so it is reduced.
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If L is finite, put L = N and conclude with 1); in fact is

divisible, so by Lemma 2.8, 1~’ acts as a group of power automorphisms
on it.

Assume now .L to be infinite; then, by Lemma 2.9, there exists
a r-invariant finite subgroup N of .L, such that 7’ = Pautr (L/N).
Observe that, since IL n DI = is finite, we may choose N in
such a way that N &#x3E; L r1 D. If exp (L) = oo, there exists a basic
subgroup HjN of LjN with H =1= L (see Fuchs [5, 35.4]). Then H
is r-invariant and is a non trivial divisible group; moreover

is divisible and so 1^’ = Pautr Arguing as in the proof
of Theorem 2.4 (case 3)), we have r = Pautr (AjN).

Hence suppose that exp (L) = pn is finite. Put C = 0,,,(A); then
L  C and C is reduced. By 2.9, there exists a finite r-invariant sub-
group ~ of C, such that 1~ = Pautr (OjM). Assume that .M ~ S21(D),
and let a E and b E D be such that bpn-l = a; then (b) n
r1 M = 1, hence Mb is an element of order pn in Now, r
acts as a group of power automorphisms both on and 

~ D/D n M, and .Mb is an element of order p" in as well as
in MDIM. Thus each g E r induces the same power in CIM and in

It follows that 1~ acts as a group of power automor-

phisms on = and this is case 1). Otherwise,
M &#x3E; S2,(D); thus, M being finite, it follows that D has finite rank,
and this is case 2).

EXAMPLE 3. Let A = D x 1~ be an abelian group, where D ~ 
p odd, and D is an infinite elementary abelian p-group. Let 1~ = ~

 Aut (A) where a is the automorphism of A, which maps every
element of D into its inverse, and fixes every element of R. Then

for every H  A, but there exists no subgroup N of A,
such that a acts as a power automorphism on 

In the example above, it is easy to check directly that lHr:Hl
is finite for every H  A, but this more generally follows from the
fact that Lemma 2.10 can be inverted. This is itself a particular
aspect of our next result.

2.11. THEOREM. Let A be a periodic abelian group, (A).
Then IHr:HI  oo for every H  A if and only if there exist 
riant subgroups N, D of A, such that N  D, N is finite, DIN is
divisible of f inite total rank, 1~ = Pautr (AID) = Pautr (DIN) and, if
p E a(DIN), then the p-component of AID has finite exponent.
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PROOF. Assume first that is finite for every By
2.1 (c), there exists a finite set of primes such that 1’’ = Pautr (A,,,).
Let 7&#x26;1 be the set of those primes p e n such that 1’ does not act as
a group of power automorphisms on any quotient of .A~ over a finite
r-invariant subgroup. For each p E 7&#x26;, let Np be a finite T-invariant
subgroup of A,, such that 1) or 2) of Lemma 2.10 holds (where
N = N,) according to p 0 ~l or, respectively, p E Let

(where Dp is the obvious subgroup of A~ , according to Lemma 2.10).
Then N  D and, since n is finite, N is finite, and Lemma 2.10 im-
plies that DIN has finite total rank. Moreover, r = Pautr (A/D)=
= Pautr (DIN) and, if p then the p-component of

AID is AJ)/Al’ r1 D = and has finite exponent.
Conversely, let N, D be F-invariant subgroups of A, satisfying

the conditions of the statement, and let H be a subgroup of A. We
want to show that lHr:Hl is finite. Now, since N is finite, =

= is finite and Hr  (HN) r Thus if we prove that every
subgroup of A containing N has finite index in its r-closure, then
the same is true for every subgroup of .A.. Hence we may assume
N = 1.

Observe now that D and HD are r-invariant, since r acts
as a group of power automorphisms on both D/N and in par-

ticular, Hr  HD. Let n1 = ;r(D) and = (H/H n =

= (HDIH n Then R is P-invariant and HD/.RD is a

n,,-group; but the exponent of the ii-component of is finite

(this follows from our hypotheses, since has finite total rank

so, in particular, is finite). Thus, the exponent of is finite.
This implies that exp is finite and, in particular, exp (Hr/H)
is finite. But DID is a divisible group of

finite total rank; hence lHrIHI is finite. This completes the proof.

The next result, together with Theorem 2.11, completely describes
the action of r on the abelian group A.

2.12. THEOREM. Let A be an abelian group ; Aut (A ). Then

 oo for every H  A if and only if one of the following con-
ditions holds.

1) There exists a f inite r-invariant subgroup N of A such that
1’ = 
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2) there exist r-invariant subgroups N s R o f A, such that N
is finite, BIN is free of f inite rank, r = Pautr AIR is periodic
and jHl’ H I is f inite for every subgroup H with .I~  H~  A.

PROOF. Suppose first that IHr :HI  o for every H  A, and
assume that A is not periodic. Let T be the torsion subgroup of ~.
and let B be a torsion free subgroup of A ; then B r1 T = 1. Now,
AIT is torsion free, hence, by 2.7, r = Pautr (AfT); in particular,
BT is r-invariant and so Br ~ BT, which gives:

Let now :F A be the set of finitely generated free subgroups of A.
Suppose that there exists an infinite ascending chain ...

of elements of :F A, such that for every 
Put H = U then Hr = U Hf and T &#x3E; U (Hf n T) is infi-

ieN teN ieN

nite. On the other hand, H is torsion free, hence, by what observed
above Hr = T)H and so TI = I is finite by our
hypothesis, a contradiction. Therefore no such a chain exists in :FA.
This implies that there exists an such that, for any S E :FA,
if Ro  S, then T = ~Sr n T, that is

Put R = .Ro and N = .R n T. Then N ~ RIRo is finite and 1-’-inva-
riant ; is torsion free of finite rank, and so, by 2.7,
.1~ = Pautr (BIN). If AIR is periodic we are in case 2).

Assume that is not periodic, and let y e A be such that the
order of y modulo is infinite. Then y&#x3E; n Ro == 1 and 
By choice of we have

hence R, y) is T-invariant. Moreover, B, is torsion free and
so 1~’ acts as a group of power automorphisms on it; in particular,
N, y) is fixed by .1~. Since .1~ = Pautr it easily follows that
either centralizes or it inverts each cyclic subgroup of A/N, whose
order modulo .R/N is infinite. Now, is not periodic, so is

generated by the set of those elements whose order modulo BIN is
infinite; thus, in any case, 1~ = Pautr (.d /N) .
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We now prove the converse, namely that if the couple A, 
satisfies 1) or 2), then for every 

Case 1) is easy, so assume that 2) is verified. As in the proof of The-
orem 2.11, we may assume N = 1.

Let H  A ; then R is r-invariant, since r = Pautr (R).
Moreover lHrB:HBI = is finite by the hypotheses in 2).
Now, H/H n is periodic, hence HRIH n 1~ s Tor () R).
In particular, Hr n n 1? is a periodic factor of 1~. Since B is
free of finite rank, it follows that ’Hr r1 R/H r1 I(Hr n 
is finite. On the other hand, is finite.

We have therefore that = is finite.
This completes the proof of the Theorem.

We now turn our attention to the case in which is

boundedly finite for H  A. We begin by recalling a related known
result.

2.13. PROPOSITION (Baer [1 ] ; Robinson and Wiegold [14]) . Let G
be an FC-group and let n = sup 10:OG(g)1 I (n may be infinite). If r

gEG

is a group of automorphisms of G, such that (m E N)
for every x E G, then there exists a finite r-invariant normal subgroup N
of G such that finite. I f n then ~N1 s n)
and a.(m, n), where ai, a2 are f unctions of N X N in N.

2.14. LEMMA. Let A be an abelian group of finite 
such that ~1’~’: Nr(x) ~ ~ m for every x E A. Then there

exists a F-invariant subgroups .hC of A, which can be generated by at

most as(m) elements, such that |r:Pautr (A/M)  a,(m), where as, a4
are f unctions of N in N.

PROOF. Let A, h be as in the hypotheses. Then A is in particular
periodic, and, by 2.1 (b), a suitable subgroup of index at most m in 1’
acts as a group of power automorphisms on all but at most m - 1
primary components of A. Thus we may assume that A is a p-group,
for some prime p.

We proceed by induction on Let x E A be
xEA

of maximal order such that = m.

Let p # 2. Set JET = and = then Ir:r1l = m and
:’~ is generated by at most m elements. We show that 
~ m - 1 for every y E A. Suppose, by contradiction, that this is not
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true, and take such that Now, since K is
r-invariant:

and so

yielding:

In particular, by our choice Therefore, we can find
z E x, y~ such that x, y) = x, z) and x~ r’1 z~ = 1; it also fol-
lows Ky = Kz and so Nr(y) = Nr(Kz) = Nr(z), which in turn im-
plies Nr(az) = Nr(z) for every aeK. Now, let g E Nr(z); then there
exist positive integers r, s, t such that:

Multiplying these equations, we get: xr-s zr+s = z2t; thus xr-s = z2t-r-s E
E x~ r1 z~ = 1 and so r = s (mod lxl) and 2t - r + s (mod Since

lzl, we have 2t = 2r (mod lzl) and so, p being an odd prime,
t « r (mod lz I). Then (1 ) becomes xr zr = yield.ing xg = xr, whence
g e Nr(x) = We have therefore Nr(z)  which leads to the con-
tradiction Nr(z) _ Fl. Thus m - 1 for every 
By inductive hypothesis, there exists an a3(m - I)-generated r1-inva-
riant subgroup of AfK such that Pautr, has index at
most a4(m - 1) in .T’’1. We finish by taking M = (Mo)r.

Let now p = 2 and assume that, for every x E A such that
= m, there exists y E A such that /rl:Nr1(Ky)1 = m, where

rl = Nr(x) and K = ~x~r. Then choose x E A of maximal order
such that Ir:Nr(x)/ = m, and y E A with = m and

K, of maximal order. Then we may replace y by yo such that
K, yo) (K, y) and x~ = 1. Now, if r2 = Nr(x) n Nr(yo)
and T = x, = x, y)r, it is not hard to see, by an argument
similar to that used in the case p 0 2, that  m - 1

for every Then apply induction.
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2.15. There exists ac function a: N --~ N such that, if 0
is a group all of whose subgroUP8 have at most m conjugates, and r is
a group of automorphisms of G satis f ying Ir:Nr(H)1 ~5 m for every
H  G, then I r: Pautr (A) ~ a(m).

PROOF. Assume first that G is abelian and periodic. By 2.1 (b),
it is enough to prove our claim in the case in which G is a p-group,
for some prime p. For any r E N, let Gr = (a E G; a~r = 1&#x3E;. By
Lemma 2 .14, for every r E N, there exists a r-invariant subgroup Br
of Or, such that Ir:Pautr 64(m) and rk(Br) s a,(m) (by
rk(A) we mean here the minimal number of generators of a finite

group A). Fixing r E N, there exists C  Gr , such that C n .Br = 1
and a~(m). Since m, we have Pautr (G,./Br) n
m Nr(C) s Pautr (0) and |r:Pautr (C)  ma4(m). Let ..., Cgk}
be a generating set of G,.10 with k  let also go be an element
of maximal order in 0, and set Y = (go, Ul, ... , Novc, if

then and has rank at most 2(k + 1); since
1 ~’m ~  Paut ( (~ ), it f ollow s :

Now, Pautr ( Y) r~ Pautr ( C) has index at most 
- in 1’, and contains Pautr (Or), as it is easily checked. Put
= Pautr (G,), then for every a6(m). On the other

hand, it is clear that 1 ~~ if Thus, if n E N is such that
is maximal, then = for every e N. Since 

reN

we have = Pautr (G), and this completes the proof when G is a
periodic abelian group.

We now turn to the general case. By 1.3 (i), 
put Z = Z(G).

Assume, firstly, that G is periodic, and let i be the set of prime
divisors of IG:ZI (observe that a depends on m). Then we can choose
a set of generators (Zgi, ... , of GIZ such that, if c is the least
common multiple of ig,l, , then c is a n-number. For any
prime p dividing c, let hfJ be a p-element of maximal order in Z, if
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the p-component Z, of Z has finite exponent, or an element of Z

whose order is greater than the p-part of c if exp (Z~) = oo. Let
Y be the subgroup of G generated by the g,ls and the h,’s; then Y
can be generated by a number of elements of prime power order that
does not exceed a bound depending ultimately on m. Arguing as
in the abelian case, we find that Pautr (Y) has index bounded by a
function of m in r. Now, |r:Pautr (Z)|  a7(m) by the abelian case,
whence Fl = Pautr (Z) r1 Pautr (Y) has bounded index in T. Since

= G, and by our choice of the g,’s and the hp’s, it is now easy
to check that r1 acts as a group of power automorphisms on G.

Suppose now that G is not a periodic group. If y is an element
of infinite order in G, then the automorphism group of y~ has order
two, thus 2m. If a is an element of finite order in G,
consider an element z in Z infinite order (such a z exists because

is finite); then az has infinite order and so:

The same argument, applied to the action by conjugation of G on
itself, yields for every x E G. We are therefore in a

position to apply Proposition 2.13, obtaining a r-invariant subgroup
M of G, such that J~J  ai(4m2, 4m2) and a2(4m2, 4m2).
Let now .br be a maximal torsion free subgroup of Z and put

then and, since .g centralizes .g. Further-

more, is periodic, so by the preceding case, |K : PautK (G/H) 
 a9(m). But for every x E G, so we actually have
that We conclude the proof by observing that

3. Soluble groups in the classes T* and V.

We begin by considering locally nilpotent groups. We recall that
a Baer group is a group in which all finitely generated subgroups
are subnormal.
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3.1. LEMMA. Every Baer group in T* U V is nilpotent.

PROOF. Using a technique of K. W. Scott (see [15, Theorem
15.1.15]), we first show that a Baer group in V is a T*-group. Let
G be a a Baer V-group, and let then x&#x3E; is subnormal in G;
hence 10:N a(x) I is finite, and so [ is finite. Therefore, G is
an FC-group. Let H be a subnormal subgroup of G, and let
.H = g1, H2, ... , Hn be the conjugates of .~ in G, with Hz = gx;,
xi E G for i = 1, 2, ... , n. Now, I CH(xi), then h E H 

hence H n for any i = 1, 2, ... , n and, consequently,
f1 IH:OH(xi)1 C oo. Thus, if R = Ha, then is finite.

As °IR is an FC-group, this implies that is finite ; in particular,
:Hl is finite. This holds for each subnormal subgroup of G and

so G is a T*-group. 
’

We now prove that a Baer T*-group is nilpotent. Let G be such
a group. Then G is an FC-group and so (see Robinson [13, 14.5.6])
GIZ(G) is a residually finite torsion group; without loss of generality,
we may therefore assume that G is a residually finite torsion group.
Assume, by contradiction, that G is not nilpotent; then, since G is
a Baer group, it does not admit nilpotent subgroups of finite index.
By induction on i, we construct a sequence of non-Dedekind, finite
normal subgroups l~i of G, such that Since

iEN

G is not nilpotent, there exists a finitely generated (hence finite,
because G is periodic) subgroup A1 of G, such that A.1 is non-Dedekind.
We put then .Rl is finite, since both Ai and IR1: All are

finite. Assume now that we have already constructed non-Dedekind
finite normal subgroups R1, ... such that = 

... ^·

^J Rl X ... Now, BZ_1 is a finite subgroup of the residually
finite group G; thus there exists a normal subgroup N of finite index
in G, such that N r1 = 1. By what we observed above, N is
not nilpotent and so it has a finite subgroup Ai which is not Dede-
kind. Put JR, = Ag then Ri is finite and Ri n N n = 1,
whence Bi_l, l~l x... X Ri-l 

Now, by construction, for any there exists a subgroup .H~~
of .Rz which is subnormal of defect exactly 2 in .Ra (this is because
the .Ri’s are nilpotent and non-Dedekind). Write = Ri; i e N) m

and H = gi; i c- N&#x3E;. Then H is subnormal of defect 2
i EN

in R, in particular it is subnormal in G. Thus BHG:HI is finite. But
and so there exists an 11, E N such that I where

Bn = (Ri , ... , Then, if j &#x3E; n and Tlj is the canonical projection of
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.R on R; , we get n;(HG)  = = Hi, whence = Hi,
yielding R; and contradicting our choice of Hi. This implies
that G is nilpotent and concludes the proof..

3.2. THEOREM. Let G be a hyperabolian p-group (p a prime) in
T* u V; let D be the abelian divisible radical of G and C = CG(D).
Then OlD is nilpotent, IG:OI J is f inite and C  

a) if G E T* and p =1= 2, then G is nilpotent;

PROOF. 1) Assume that G is soluble and reduced. We proceed by
induction on the derived length n of G. Let .A be a maximal normal
abelian subgroup of G containing G(n-11). We claim that G/A is reduced.
In fact, let L/A be a normal divisible abelian subgroup of then
L belongs to T* U V and so, for every x E A, we have C 00;
but and .L/A has no non trivial finite quotient; hence
A  Z(L) and L is nilpotent. Now, is divisible and it is also

residually finite, because L is an FC-group. It there follows that
L = Z(L) ; and maximality of A implies A = L, whence G/A is

reduced. By inductive hypothesis, G/.d is nilpotent.
We now prove that G is a Baer group. It will follow from Lem-

ma 3.1 that G is nilpotent. We have therefore to show that, for

every x E G, x~ is subnormal in G. If x E A, then (x) « A G.

then A., x~ sn G, since G/A is nilpotent. Write
B = [A, x] and let Ixl = pm; then:

Hence, Bp, z) sn B, 0153) « A, z) sn G, and so Bp, z) is subnormal
in G.

V, then K = NG(Bp) has finite index in G and |K:NK(Bp, x&#x3E;)| 
is also finite. Since is certainly finite, we get that

is finite. But : Bp, x], x~ _ B, x&#x3E;.
Hence, is finite, and consequently, is finite.

If G E T*, then z) [ is finite and, by the same argu-
ment as before, is finite.

Since B is a reduced abelian p-group, we deduce that B is finite.
Thus x~ sn ~B, z) sn G and so x~ sn G. Hence G is a Baer group.
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2) G reduced., generat case. Let (~.a ) a S a, be an ascending normal
series of G, with abelian factors. We argue by transfinite induction
on the ordinal number A. If A -~-1, then A. , which is certainly
reduced, is nilpotent by inductive hypothesis, whence G is soluble;
by case 1), G is therefore nilpotent. Otherwise, A is a limit ordinal
and G = U.ÅcX; again by inductive hypothesis, A~ is nilpotent, for

a~

every ordinal a  A. But then G is a Baer group and so it is nil-

potent by Lemma 3.1.

3) Conctusion. Let G be a hyperabelian p-group in T* u V,
and let D be the maximal normal abelian divisible subgroup of G.
If x E D, then and so I is finite. It there follows

that, if LID is a normal abelian divisible subgroup of GID, then
D  Z(L), which in turn implies that L is abelian. Thus L = D and

is therefore reduced. By the preceding case, GJD is nilpotent.

Put C = Ca(D) and observe that C is nilpotent. Now, G acts
by conjugation on D, and every subgroup of D is subnormal in G.
If G E T*, then, by Lemma 2.8, G = Pauta (D). Since G is periodic
we have that 10:CI I divid.es p - 1 if p ~ 2, and [ G : C [  2 if p = 2.
But G is a p-group; hence G = C, and so G is nilpotent, if p # 2;
and [ G : C [  2 if p = 2 . If then, by Lemma 2.3,

Arguing as before, we have m if p =1= 2, and 2 m if

p = 2.
It remains to prove that Zw(G). Let x E C; since C is nil-

potent, x~ is subnormal in G. Thus is finite in both cases.

Because G is a p-group, this implies  Zn(G) for some n E N,
and so C  

Observe that non nilpotent p-groups in Y~ do exist. For example,
the standard wreath product wr Cp is a Y~ group and it is not

nilpotent.
We now give necessary conditions for a soluble group to be a

V-group. Just to this purpose, let us introduce another class of
soluble groups.

DEFINITION. A group G is said to be of type I if G’ is periodic
and every subgroup of G’ is normal in G (observe that this implies
that G is metabelian and hypercyclic).
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3.3. THEOREM. Let G be a soluble V-group. Then there exists a

normal subgroup N, of finite index in G, which is a group of type I.

PROOF. Let G be a soluble V-group, and let F be the Fitting sub-
group of G (that is the subgroup of G generated by the normal nil-
potent subgroups). Then, by 3.1, .F is nilpotent. Let A = Z(.F) be
the centre of F. By result 1.1 of B. Neumann, A has finite index
in .I’; thus OG(FjA) has finite index in G.

Let T be the torsion subgroup of A. We now apply the results
of Sect. 2, with 1~ the group of automorphisms induced by conjuga-
tion by G on and on T. By Lemma 2.5 and Theorem 2.4, respec-
tively, he have that and Pautc ( T) have finite index in G.

Write L = n CG(AIT) n PautG (T); then L is normal in G
and IG:LI is finite. Now, recalling that the group of power auto-

morphisms of any group is abelian, we get: L’  n Ca(A./T ) n
n OG(T). Hence [F, .L’, L’, L’] =1, and solubility of G implies L’  F,
so y4(L) _ [L’, .L, L]  [F, L, L]  [A, L]  T. Thus .L/T is nilpotent.
But it is also a V-group, hence, again by 1.1, if NIT = Z(LfT), then

is finite, which in turn implies that is finite ; moreover
N is normal in G.

It is now easy to see that N is a group of type I. In fact, N’  T
and so N’ is a periodic abelian group; furthermore, N  L  Paut (T),
hence every subgroup of N’ is normal in N.

3.4. COROLLARY. Every soluble V-group is metabelian by finite.

3.5. COROLLARY..A. finitely generated soluble V-group is abelian by
finite (see Robinson [12, 13.4.9]).

PROOF. Let G be a finitely generated soluble V-group, and let N
be a normal subgroup of finite index in G, which is a group of type I.
Then N also is finitely generated, say N = ... , Moreover, if
dil = [xi, x3] (~ ~ = 1, ... , n), then a N. Hence N’ is an abe-
lian group generated by the set of Since N’ is periodic, it there
follows that N’ is finite. Because N is finitely generated, this implies
that Z(N) has finite index in N, and so the corollary is true.

In order to give a first description of soluble T*-groups, we intro-
duce one more class of soluble groups.

DEFINITION. A soluble group G is of type II if:

1) G~2~ = 1 and either G’ or is periodic;
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2) every subgroup of C~" is normal in G, or there exist normal
subgroups D ~ G’ of C~, such that every subgroup of G con-

tained in any of the sections D/R, BI1 is normal in G and

.R is a finitely generated torsion free abelian group, is periodic,
is divisible of finite total rank.

3.6. THEOREM. Every soluble T*-group 0 has a f inite normal sub-
group M, such that GIM i8 a group of type II.

PROOF. Let G be a soluble T*-group, and let 1~’ be the Fitting
subgroup of G. Then, by 3.1, F is nilpotent and, by result 1.2 of

B. Neumann,, I’" is finite. Now, by a well known nilpotency criterion
of P. Hall, Fit ( G/.F" ) _ we may therefore assume that 1.

Every subgroup of .F’ is subnormal in G, whence ~ o0

for every H  .F. By Theorems 2.11 and 2.12, there exist subgroups
D1 of F, all normal in G, such that N1 is finite, and G

acts, by conjugation, as a group of power automorphisms on the
sections Dl/Rl’ where one or more of these sections

might well be trivial (observe that, in the statement of Theorem 2.12,
is periodic; by Theorem 2.11, we can therefore find a finite

subgroup N/R of A fR, and a divisible subgroup of A/N such that
r = Pautr (AID) = Pautr (DIN). In our present case, we take as N1
the torsion subgroup of N, 1~~ = N and D1 = D).

Since the group of power automorphisms of any group is abelian,
we have that G’ stabilizes a finite series of FIN,,. Let C = Ca(N1) ;
then G’ n C stabilizes a finite series of F. Since G is soluble, this
implies that G’ n C is contained in F. Now, GIC is finite, hence

C ~ = ] is finite. But also we have

By a Theorem of R. Baer (see Robinson [13, 14.5.2]) is
finite and so, since Nl is finite, y4(G’) is finite. Applying once more
1.2, we have that G(2)/Y4(G’) is finite, whence G(2) is finite.

Now, arguing on the section G’ /G(2) as we did before on F, we
find a finite normal subgroup .~ of G, containing G(2) , and subgroups
BIM, of such that part 2) of the definition of a soluble
group of type II is satisfied by 

To conclude, we prove that if G is any soluble T*-group, then
either G’ or is periodic. Since we have proved before that G(2)

is finite, we may assume that G’- is metabelian. Let T be the torsion
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subgroup of G’ and assume that Then, by Lemma 2.7,
G acts by conjugation as a group of power automorphisms on G’fT.
If then IG:KI s 2. Suppose, by contradiction, that

is not periodic; then is not periodic. Let xG’ be an element
of infinite order in KIG’. Then G’, is an abelian torsion free

group. Again by 2.7, G acts as a group of power automorphisms on
G’, Since G obviously centralizes G’, it there follows
that G centralizes G’, which in turn implies that G’ is con-
tained in T, a contradiction.

3.7. COROLLARY. T*-group is metabelian.

Note that a dual of Corollary 3.5 does not hold for finitely gen-
erated T*-groups. In fact, the infinite dihedral group is a 2-generated
soluble T*-group, but its derived subgroup is infinite. On the other
hand Corollary 3.5 itself remains true.

3.8. COROLLARY. Every finitely generated soluble T*-group is abe-
tian by finite.

PROOF. Let G be a finitely generated soluble T*-group and let M
be a finite normal subgroup of G, such that is a group of type II.
In particular G = is a finitely generated metabelian group. If

is a set of generators of 0, then G’ is generated by
the subgroups [gi, i, j = 1, ... , r. Now G’ is abelian, thus

1 is finite, for every i, j = 1, ..., r. It follows
that G’ is finitely generated, and also that, if = C4(0’), then

is finite. Moreover CfM is a nilpotent T*-group; by 1.2, 
is finite and, consequently, C’ is finite. Now, since ( is finite,
C is finitely generated, so C’ finite implies finite. Then Z(C)
is a noimal abelian subgroup of finite index in G. ·

The following rwo examples show that soluble groups in the class
T* n V = U need not be finite extensions of T-groups, nor they need
admit a normal finite subgroup, such that the quotient is a T-group.
The constructions are similar; the first one provides a group with ele-
ments of infinite order, while the second one gives a periodic group.

EXAMPLE 4. Let Pl, P2, ... be an infinite sequence of distinct

prime numbers. Let Ci = ~x=~ be a cyclic group of order p i for

every i = 1, 2, ...; then, for any i, 0, admits an automorphism 0,
of order p= - 1.
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Let A = Dir Ci, and let a be the automorphism of A defined by:
iEN

Then oc c- Paut (~ ) and it has infinite order. Let (~ be the natural
semidirect product .A Xi (ex). Note that, for each i =1, 2, ... ; [Ci, a] =
= [0,, 8i] = Ci and so [A, a] = A.. Moreover:

otherwise .

Let S be a subnormal subgroup of G. If S s .d, then 

Otherwise, AS f A, say AS = exft) for some 0 =F n E N. By (1),
we have:

It follows that is finite; also

Since S sn AS, this last identity means that S is normal in AS and
[A, ~’] ~ ~S n .A. Hence

This holds for any subnormal subgroup of G, whence G E T* f1 V.
By a direct verification, or by refering to Robinson [12, Theorem

4.3.1], one easily checks that (~ does not have normal T-subgroups
of finite index, nor a finite normal subgroup M, such that GfM is
a T-group.

EXAMPLE 5. Let ... be an infinite sequence of prime
.numbers, such that, for each i = 0, 1, 2, ... , pop,... p, divides Pi+l- 1
(such a sequence exists by Dirichlet’s Theorem). For every i = 1, 2, ... ,
let C~ _ be a cyclic group of order p; . Now, if i, j e Ny and i  j
then 1; hence 0; admits an automorphism oji of order

exactly Pl.
Let A. = Dir C, and, for each i = 0, 1, ... , I let yi be the (power)

0#iEN
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automorphism of A defined by:

Then y £ has order p, and, if j &#x3E; i, then [ C~ , = C~ .
Hence [A, yi] = &#x3E; j) and also [A, y~] &#x3E; [A, 111,] if i  k.
Let .H = Paut (A), and let G = A xll H be the nat-

ural semidirect product. Then G is periodic and metabelian. Lot 8
be a normal subgroup of G. A, then S is normal in G. Other-
wise let K be a non trivial subgroup of such that .AS = AK.
Then there exists a minimal io e N, such that Yio e K. Since S sn G,
there is also an such that [A, ,.S] s S. Now:

whence A r1 ~S &#x3E; [A, S] _ [A, Dir C~ and S is normal in AS.
i&#x3E;io

Now, S] is a finite cyclic group; since A n S ~ [A, S] we
get that n S is a finite cyclic group; in particular,
8Gf8, is finite. Since G/A is locally finite cyclic, it there follows that

I which is a quotient of finite exponent of n ~S ^~ 
is finite. Hence is finite. This holds for each subnormal sub-

group of G and so G E U = T* n V.

Again refering to Robinson [12, Theorem 4.2.2], we observe that
G does not have any normal T-subgroup of finite index, nor any
finite normal subgroup .~, such that GIM is a T-group.

In sect. 4, we will show, in particular, that every soluble V.-gronp
(m E N) admits a normal T-subgroup of finite (bounded) index. Our
next example shows that a dual statement does not hold for Tm-xoups.

EXAMPLE 6. Let A be an infinite elementary abelian group of

exponent 3 and H = ~x~ an infinite cyclic group, acting on A in
such a way that all = a-1 for every a E A. Let G = A xl H be the
semidirect product defined by this action. It is easy to see that GETs
(indeed, it is not hard to check that G E U9) and that G is not a
T-group. If N is a finite normal subgroup of G, then N  A and

is not a T-group.
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4. Soluble groups in the classes Vm (m e N).

We now turn to the study of soluble V.-groups, m E N; that is
soluble groups in which every subnormal subgroup has at most m
conjugates.

Let G be a group, and n a set of prime numbers ; then we denote
by 0.(G) the maximal normal n-subgroup of G; as usual, if ~c = fply
we simply write 0p(G) and instead of, respectively, 0.(G) and

Furthermore, we denote by 00(0) the intersection of the nor-
malizers of all subnormal sugbroups of G; 00(0) is called the Wielandt
subgroup of G. We also use the following notation: =

for any prime p.
The following observation will be useful.

4.1. LEMMA. Let G be a group. Then oo(G) _ n 
y EP

PROOF. It is clear that, for any subnormal subgroup N of G,
ro(GfN), whence 

peP

Conversely, let S be a subnormal subgroup of G, and put

Then, for every p E P :

Hence is a p’-group, for every prime p. It follows that
= S. But S is subnormal in B, so = S implies B = S.

Now, if we get:
2)eP

Hence L normalizes S. This holds for any S sn (~, and consequently
L  00(0), thus L = 

In the sequel, we will often refer to properties of soluble T-groups.
These are to be found in D. Robinson’s paper [12]. We recall here
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that Robinson splits the class of soluble T-groups into four mutually
disjoint subclasses, namely:

1) the class of abelian groups;

2) the class of non abelian periodic soluble T-groups;

3) the class of soluble T-groups of type 1. A soluble T-group
is of type 1 if G is non abelian and Ca(G’) = Fit (G) is non periodic;

4) the class of soluble T-groups of type 2. A soluble T-group
is of type 2 if it is non abelian, non periodic, and Ca(G’ ) is periodic.

We shall use the following property of soluble T-groups of type 2,
that does not appear explicitly in [12].

4.2. LEMMA. Let G be a soluble T-group of type 2, 8 a (sub)normal
subgroup of G. Then either S is periodic, or S &#x3E; G’.

PROOF. We refer to Robinson [12, Theorem 4.3.1], from which it
follows, in particular, that the set of periodic elements of G is a sub-
group T of G. If S ~ T, then there exists T of infinite order.

By point (iii) of the quoted Theorem by D. Robinson, x does not cen-
tralize any primary component of G’. But, by point (ii) of the same
Theorem, G’ is a periodic divisible abelian group, and x acts, by
conjugation, as a power automorphism on it. Thus we have:

as we wantecl. 0

Another elementary, but useful, observation is the following:

4.3. LEMMA. Zet G be a Soluble p-group in V m; where p =1= 2 and
p &#x3E; m. Then G is abelian,.

PROOF. If H  G, then H = G or p &#x3E; m. Hence the
normalizer of any subnormal subgroup of G, coincides with G; that
is G is a T-group. Since G is soluble, and p # 2, it follows that G is
abelian (see Robinson [12, Theorem 4.2.1~) . ·

Our first aim is to prove that a soluble Vm-group admits a normal
T-subgroup, whose index in G is boundedly finite (and depending
only on m). We begin with a very particular case.
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4.4. LEMMA. Let G be a periodic Vm-group; A a normal-abelian
p-subgroup (p a prime) of G, such that GIA is abelian. Then there
exists a normal T-subgroup N of G, with bl(m) ; where b1 is
a f unction of N in N.

PROOF. Let PIA be the p-component of GIA; then P is a p-group
in Ym . By Theorem 3.2, F = Fit (G) is nilpotent and IP: F  2m.

Now, F is normal in G and, by 1.3 (i), p(m). Let
B = AZ(F), then B is a normal abelian subgroup of G and 
 2mp(m). Let Z = Pauto (B) ; by Theorem 2.15, ~ a(m). If

NIB is the p’-component of LjB, then

Now, N normalizes every subgroup of the p-group B, and NIB
is an abelian p’-group. By a result of Robinson [12, Lemma 5.2.2],
N is a T-group. 0

4.5. LEMMA. Let G be a soluble Ym-group; then G has a normal
subgroup H, such that H is a T-group, and G : .g ~  b2Cm) ; where b2
is a f unction of N in itself.

PROOF. Let G be a soluble V,,,-group, ~’ the Fitting radical of G.
Then F is nilpotent, by 3.1, and G acts on F in such a way that

for every H  F. By Theorem 2.15, it follows that
L = Paut a (F) has index at most a(m) in G. Since G is soluble, we
have therefore: .L’  = Z(F). In particular, .L~2~ = 1 and all

subgroups of L’  F are normal in .L. Without loss of generality,
we may therefore assume that G is metabelian, and that every sub-
group ~. = G’ is normal in G. Let us also assume m &#x3E; 1 (if m = 1,
G is a T group).
We distinguish three cases:

CASE A) G is periodic. Let A = G’ and consider the following
subsets of 

It is clear thet n(A) is the disjoint union ~1 U n~ U ~c3.
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1) Suppose that Let and let

Po/Ap, be the Sylow p-subgroup of Since p &#x3E; m &#x3E; 2, Po/Ap,
is abelian by 4.3. Hence, if C = CG(A,) = we have Po  C
and so p 0 n(G/O). But G acts as a group of power automorphisms
on A and it is periodic; thus G/ C is cyclic of order a divisor of

p_- 1. It therefore follows C = for any E A = and

[A, G] = A . Take with = p and y E PoBA. Consider the
finite abelian p-group T = y) G, where y = yAp, . Since C = 

and G/C is a p’-group, we have: =

(observe that A, y~ a G, whence .
If g E then, for some ,

which yields:

hence 9’ 0 = yo and so = x. We conclude that C. On the
other hand sn G = G/ApI and so, by hypothesis, m.

This implies against the choice of Therefore
- [T, G] and Po = A, a contradiction.

Thus n1 n = 0. Since both and G/.A are abelian,
and all subgroups of A are normal in G, it follows from Robinson

[12, Lemma 5.2.2] that is a T-group.

2) We consider now the set ~2 . Let d = m ! . Then R = Gd

normalizes every subnormal subgroup of G ; in particular, .R is a

T-group. Moreover R centralizes whence .1~ = 
is nilpotent (we use a bar to denote subgroups of G modulo An,).
Now, 1l is abelian, because 2 E n2 and is abelian (see Robinson
[12, 4.2.1]). By Theorem 2.15,

If p n let P/.d be the p-component of
VIA. We note that, since m  p, and so V acts as a

group of power automorphisms on Also, p E thus PIA
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is non trivial and it is centralized by It there follows that

VIC,(PIA,,) is a cyclic group of order a power of p. But

Hence V centralizes rov Ap. Furthermore, PIAp’ is abelian

by 4.3. We conclude that is abelian, that is and
Thus we have shown that Again

by Lemma 5.2.2 in Robinson [12], we have that V = is a

T-group. Also and 

3) Let now By Lemma 4.4, there exists a normal sub-
group N’D of (~’-, such that is a T-group, and b1(m).
Let then and

Furthermore, N &#x3E; A and is a T-group for every p E n3.
From Lemma 4.1 it now easily follows that is a T-group.

4) Conclusion. Let H = N n Y; then and HIAx,,, I

g/Ans are T-groups. Recalling that n(A) is the disjoint union U

we conclude by Lemma 4.1 that g is a T-group.

CASE B) A is not periodic. Since G acts as a group of power auto-

morphisms on A, we have 2. Let K = Ca(A). Then K

is nilpotent and, by Macdonald’s Theorem 1.3 (i), p(m).
We put g = Z(g), which is an abelian normal subgroup of G; more-

CASE C) G is not periodic, A is periodic. Let d = m ! l and .R = Gd.
Then I~ is a T-group and it is not periodic, otherwise G would be
periodic.

If R is abelian, let F be the Fitting subgroup of G. Then I’ is

nilpotent by 3.1, and for every .g  I’. By The-
orem 2.15, we have Moreover, I’ ~ I~; hence
F is not periodic, thus the group of power automorphisms of .1~ has
order at most 2. Hence: [ _ 2a(m) ; and we may
take H = Z(F).

If R is not abelian, then it is a T-group of type 2. In fact R is
not periodic but D = R’  A is periodic. Thus D is divisible (see
Robinson [12, Theorem 4.3.1]). Moreover, is not periodic and
abelian. We can apply on G/D the same argument used above,
obtaining an abelian normal subgroup .M/D of G/D, such that 
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 2a(m). Let P be the set of torsion elements of M, then D  P«M.
By case A), there exists a normal T-subgroup L of P, with 
 b3(m) (observe that, since D is divisible, L &#x3E; D). Let D2 be the
2-component of D, C = OL(D2); then and C is a periodic
T-group, such that n(C’) n N(CIC) = 0 (see Robinson [12, Theo-

rem 4.2.2], in fact C’  D implies C’ _ [ C’, C] _ [D, C] and 2 ~yr(C’)).
Now, P/C is the torsion subgroup of the abelian group Since

is finite, P/C has a torsion free com-

plement in MIO. But E sn G, whence g E Ym; by Theorem 2.15,
if Ko = PaUtK ( C/ C’ ), then We take H = Now,

is boundedly finite, whence

We put b2(m) = max 2,u(m), 
We have to show that H is a T-group. Since C’  D  ~, H nor-

malizes every subgroup of C’ (remember that every subgroup of A.
is normal in G) ; furthermore, every periodic subgroup of is con-

tained in CIC’ and so it is normal in .g. Since n == 0,
we may apply Lemma 5.2.2 of Robinson [12], concluding that each
periodic subnormal subgroup of H is normal in .H’. Let now S be
a non periodic subnormal subgroup of H; then S n 1~ is a non pe-
riodic subnormal subgroup of .R. Because .R is a T-group of type 2,
we have, by Lemma 4.2, that R contains 1~’ = D. In particular
S &#x3E; D and so since HID is abelian. This proves that H is a

T-group, and concludes the proof of the Theorem.

4.6. LEMMA. Let G = MS be a group, with M ac normal nilpotent
subgroup of G, and 8 a subnormal subgroup of G. T hen 8 ~ GN.

PROOF. We argue by induction on the defect d(S; G) of S in G.
If d(S; G) = 1, then and = is nilpo-
tent, whence S 2: GN-

Let d = d(S; G) &#x3E; 1, SG, then G1 r1 .M~ is a nilpotent normal
subgroup of 8(G1 = G1 n G = Gi ; moreover, G1 ) = d - 1.
By inductive hypothesis, Now, hence GNa G
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and We have that MIM r1 C~N is nilpotent.
On the other hand, is residually nilpotent and therefore

is residually nilpotent and so 8, as we wanted..

4.7. LEMMA. Let G be a Vm-group, N a normal nilpotent subgroup
o f G, with n. Then Q’ : co ( G ) ~ ~ ~ (m, 11,) function
o f N.

PROOF. Let £ = {L ~ G; L sn G~ ; then 2" is finite. For
each L e C define a subgroup ZL of G by ZL/.LN = Z(L/L"). Since .L
is subnormal in G, is a Ym-group ; hence it is nilpotent (in fact
nilpotent groups in Y~. have bounded class). By 1.3 (i), 
~_ ~u(m) and so Let and observe that,

ie£
N being normal in G, A « G (in f act, if .L e G, then ZL = Zz~
and E ~). Moreover

Let S be a subnormal subgroup of (~; NS e £ and so,
by Lemma 4.6y ~ ~ L"’, whence
Thus Na(S). We have therefore and, consequently,

We are now in a position to prove our main result.

4.8. THEOREM. There exists a function y : N -+ N, 8uch that, if G
is a Soluble Ym-group, then  y(m).

PROOF. Let G be a soluble Ym-group. By Lemma 4.5, there exists
a normal T-subgroup H of G, such that We distin-

guish two cases:

~. ) .b~ is abelian, or of type 1;

B) H is non abelian periodic, or of type 2.

Case A) If H is a soluble T-group of type 1, then, by Robinson
[12, Theorem 3.1.1], H admits a characteristic abelian subgroup of
index two. Hence, in both cases that we are considering, there exists
a normal abelian subgroup of G whose index in G is at most 2b2(m).
By Lemma 4.7, we have b(m, 2b2(m)) - 
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Case B) In this case, the set of elements of finite order of H is
a subgroup, that we denote by P. Moreover (see Robinson [12]),

P. Put D = H’, and C = Oo(D). Now, D is normal in G,
and H  Pautg (D); hence Z(GIC), and so [G, .g]  C n

Since I is finite, we have that the elements of finite
order of G form a (normal) subgroup T of G.

For each prime p E we put

By Lemma 4.1, y we have

Now, G/D is one of the groups treated in case A); let =

= then IG: b5(m). Put no = a(GIH); then Inol ~ 
 b2 (m ) (actually Inol  m - 1).

1) Let p be a prime, Then whence 
&#x3E; In particular W .

2 ) 

If S/Kp is subnormal in then because

.H/g n is a T-group. Also, (S n H8. Now,
since p 0 7r,,; in particular and so

Let and Thus we have 
where and S sn N1JS. But

is a p-group, while

is a p’-group. It follows that SI U is characteristic in Now,
since N~ &#x3E; D, we have that W normalizes moreover 

normalizes U. Hence W n g normalizes S and thus n H.

3) Let In order to simplify notations, let us

assume gp = 1; hence Np = 0,(G) = Op(T) = Fit (T).

Now, Np n H is a normal p-subgroup of G, and it is also a T-group.
2, it is abelian, and we put if p = 2, there
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exists a maximal nilpotent subgroup .L2 of index at most 2 in 
(see Robinson [12, Theorem 4.2.1]). Observe that, in any case, L,:!5! G.

Suppose that H is periodic. Then LII = Fit (H) ; hence, H being
soluble, Zp: But H acts as a group of power automorphisms
on L~; thus ] divides p - 1 if p &#x3E; 2, and ~:Z2~2. Con-

sequently, ~G:Lp~ ~ (p - 1) b~(m) if p &#x3E; 2, and IG :L2B  2b,(m). In

any case, since p E n0 (and so, certainly, p  b2(m)), we get 
 b2 (m) 2. We now apply Lemma 4.7, obtaining:

Suppose, now, that H is a soluble T-group of type 2. Again,
L’P is the Fitting subgroup of H r1 T . Arguing as in the previous
case, we have therefore IT:L’PI == IT:(H n n b2(m) 2.
Let £’1’ be the set of subnormal subgroups of T that contain L . Then
It,]  b~(m)~

E £’1’ and write .R = SN. Then is a nilpotent V.-groip.
Now, since G is a V.-group, Q = has index at most m in G.

Moreover, since R is characteristic in S, Q  Hence Q acts
on the nilpotent Vm-group S/R in such a way that the normalizer

in Q of any subgroup of has index at most m in Q. By The-
orem 2.15: 1 Q: Paut,, (S/.R) ~  a(m). Let YS = Pauto n H; then

ma(m). Do the same for each S E £’1’ and put v, n Ys.
Then: 

Consider now W n Let E be a subnormal subgroup of C~. If

E  T, then and, by Lemma 4.6, Conse-

quently E is normalized by V~ . If E ~ T, then 
(P is the torsion subgroup of .H), whence, by Lemma 4.2, E &#x3E; ~T’= D
and so E is normalized by yY.

Hence

Summ izing, if p n ~(D), we have
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4) In conclusion, by Lemma 4.1 and the cases above discussed
we have:

and, therefore:

This concludes case B ), and the proof of the Theorem.

Finally, we show that Theorem 4.8 is no longer true when we drop
the assumption of solubility. In fact, for any prime p, there exist
(non soluble) locally finite Yp-groups such that IG:co(GI = oo. The

examples that we give, have been constructed by H. Heineken, and
appear in his paper [6] on IT-groups (that is groups in which every
infinite subnormal subgroup is normal).

EXAMPLE 7. Let p be a prime. For every positive integer i let
XZ ^~ Yi be groups such have:

i ) Z(X i ) and X’IZ(Xi) is a non abelian finite simple
group;

ii) XIIX’ is a cyclic group of order pi+’;

iii) Z(X i ) is a cyclic group of order pi.

If pi+l divides qt -1 (q a prime); then a suitable normal section
of G.L(pi+1, qt) will do for Xi .

Let

and let

In the direct product Xi x Yi X Wi take:
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Then, Z(Di) is cyclic of order pi+l, let Z(Di) = (where d, is the
omage of [si, ti] in Di) . If .Ri is the nilpotent residual of Di, then

= p and which is generated by the images of xa si and
Yiti, is a nilpotent Vp-group. Moreover, D’i &#x3E; Z(Di) and 
^’ x Y;¡Z( Yi).

Now, examination of the subnormal subgroups of Di shows that:

(1) if sn Di and B/A is nilpotent, then either BfA is central
in Di or 

Let i and The group we

want to consider is the quotient l~ = j6T/V. We show that G is a
V,-giroup.

Let B/Y sn .g/ Y; then H sn K. Consider the natural projections
7r,(H) of H on Di, for each i. Since H is subnormal in g, sn Di,

and is nilpotent, for every i = 1, 2, ....
If ni(H)jDi n H is a central factor of Di for every i = 1, 2, ... , write
n = n(H) = 0. Otherwise let n = n(H) be the minimal integer such
that nn(H)fDn r1 H is not central in Dn.

Let 11, =f=- 0 and j E &#x3E; n. If r1 H were not central
in then by (1 ), Dj n H; in particular Dj r1 H &#x3E; dD ~. Since
.l~ &#x3E; V we have therefore .H &#x3E; d1; t C ~ ~, whence Dn n H &#x3E; ==

- Z(Dn ) and, consequently, would be central in Dn ,
against our choice of n. Thus, for n, r’1 H is cen-
tral in Dj (this holds also when n = 0), and so, 

whence NK(H). It follows that /K:NK(H)/ = p.
This holds for every subnormal subgroup H of .K, containing V;

thus G = is a V,-group. On the other hand it is easy to check
that G has no normal T-subgroups of finite index, and so
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