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Representable Equivalences between Categories
of Modules and Applications.

CLAUDIA MENINI - ADALBERTO ORSATTI (*)

Dedicato & Giovanni Zacher.

1. Introduction.

All rings considered in this paper have a nonzero identity and
all modules are unital. For every ring R, Mod-R (R-Mod) denotes
the category of all right (left) R-modules. The symbol M, (M) is
used to emphasize that M is a right (left) R-module.

Categories and functors are understood to be additive. Any sub-
category of a given category is full and closed under isomorphic
objects.

1.1. Let A and R be two rings, D, and G, subcategories of Mod-4
and Mod-R respectively.

Asgume that a category equivalence (F, @), F: D, -Gz and
G: Gp —> D, is given. We say that the equivalence (F, G) is repre-
sentable if there exists a bimodule ,Pg, with P;e G, such that the
following natural equivalences of functors hold:

FN(—®.P)IQ)A’ GNHOIDR(PR,—)IQR.
4

(*) Indirizzo degli A.A.: C. MENINI: Dipartimento di Matematica, via
Roma, 1-67100 L’Aquila; A. OrsaTTi: Dipartimento di Matematica Pura e
Applicata, Universitda di Padova, via Belzoni 7, I-35100 Padova.

This paper was written while the Authors were members of the G.N.S.
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In this case we say that the bimodule ,P, induces the equivalence
(F, G). Note that, if A,e D,, then A is canonically isomorphic to
End (Pg).

For example if D, = Mod-4 and S = Mod-R, then a classical
Morita’s result [M] asserts that (F, @) is representable by a faithful
balanced bimodule ,P, which is a progenerator on both sides and
conversely any such a bimodule induces an equivalence between
Mod-A and Mod-R.

1.2. More recently Fuller [F] proved the following result: if D, =
= Mod-A and if Sy is closed under submodules, epimorphic images
and arbitrary direct sums, then (F, @) is representable by a bimodule
+Pr such that Py, is a quasi-progenerator i.e. Pp is quasi-projective,
finitely generated (f.g.) and generates all its submodules. Conversely
any quasi-progenerator Pp with A = End (Py) induces such an equi-
valence. If P, is a progenerator then Gen (P;) = Gen (P;) and R
is dense in End (,P) endowed with its finite topology. For unex-
plained terms see Section 2.

1.3. In this paper we prove the following representation theorem.
Assume that

a) A,e D, and D, is closed under submodules.

b) Sr is closed under arbitrary direct sums and epimorphic
images.

¢) A category equivalence (F, @), F': D, — Gz, G: Gz — D, is
given

and let @ be a fixed, but arbitrary, injective cogenerator of Mod-E.
Then there exists a bimodule ,Pp with the following properties:

1) .PRGQH, AEEnd(PR).

2) Gp = Gen (Pg), D, = D(K,) where K, = Hom, (Pg, Qr) and
D(K,) is the subcategory of Mod-A cogenerated by K,.

3) The bimodule ,P, induces the equivalence (F, G).
1.4. The categories D, and Gy involved in 1.3 are the largest
possible. Indeed, given any bimodule ,Pr and setting 7 = — ® P,
A4
H = Homg (Pz, —) we have Im (T)C Gen (Pz) and Im (H)C D(K,.
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1.5. Under the assumptions a), b), ¢) in 1.3, suppose that, in addi-
tion, G is closed under submodules. Then we prove that D(K,) =
= Mod-4 so that P, is a quasi-progenerator.

Thus we obtain, in this way, a non trivial generalization of Fuller’s
Theorem on equivalences.

1.6. Under the assumptions a), b), ¢) in 1.3 it holds, in general,
that 9D, Mod-A. This will be proved in Section 4 using tilting
modules of Happel and Ringel [HR,]. Nevertheless we are able to
give, in Section 5, a number of conditions in order that D, — Mod-A4.
In particular this is true if P, is quasi-projective.

The following question is still open: characterize the modules
PpeMod-R such that, setting A = End (Pg), the bimodule ,Pj in-
duces an equivalence between D(K,) and Gen (Pg).

1.7. Using Pontryagin duality on R, Theorem in 1.3 can be trans-
lated in a representation theorem for a given duality between the
category D, in 1.3 and a category rC of compact modules which is
assumed to be closed under topological products and closed submod-
ules.

This representation theorem leads us to solve and old question
of ours [MO]: there exist dualities between D, and C which are not
«good dualities ».

Acknowledgements. The authors are deeply indebted to Prof. Ma-
sahisa Sato for pointing out to them that tilting modules provide
examples of D(K,)# Mod-A.

They are also grateful to Prof. G. D’Este and Dr. E. Gregorio
for many useful suggestions.

2. Preliminaries.

21. Let A and R be two rings, ,Pr any bimodule. Define the
functors T and H by setting

T'=—®P: Mod-4 -~ Mod-R,
4

H = Homy, (Pr, —): Mod-R — Mod-4 .
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Let Gen (Pg) be the full subcategory of Mod-R generated by Pjg.
Recall that a module M € Mod-R belongs to Gen (P;) if there exists
an epimorphism Py’ — M — 0 where X is a suitable set. Gen (Pj)
is closed under taking epimorphic images and arbitrary direct sums.

Denote by Gen (P;) the smallest subcategory of Mod-R containing
Gen (P;) and closed under taking submodules, epimorphic images
and direct sums. Clearly Gen (Pz) = Gen (P;) if and only if Gen (Pj)
is closed under submodules.

Let C(Pg) be the subcategory of Mod-R consisting of all modules
M € Mod-R having Pg-codominant dimension >2 i.e. for which there
is an exact sequence of the form

PP PP >M-—>0.
Clearly
C(Pg) C Gen (Pg) C Gen (Pg) .

Let Qg be a fixed, but arbitrary, injective cogenerator of Mod-R and
set K, = Homg (Pg, Q). Denote by D(K,) the full subcategory of
Mod-A4 cogenerated by K, and by L(K,) the subcategory of Mod-4
consisting of all modules L € Mod-A having K ,-dominant dimension
>2. This means that there exists an exact sequence
0—-L—>K%—>K~Y.
Clearly
L(K,) € DKL) .

Finally, for every M e Mod-R, set

to(M) = Y {Im (f): fc Hompg (Pr, M)}.

Then ¢x(M) € Gen (Pz) and Homg (P, M) ~ Homg (P, ¢x(M)) canoni-
cally.
2.2. PROPOSITION. Let ,Pr be any bimodule. Then:
a) Im (T)C C(Pz) C Gen (Pj).
b) Im (H)C L(K,) C D(K,).
¢) For every M € Mod-R, H(M) =~ H(tp(M)) canonically.
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ProoF. a) Let LeMod-4. There is an exact sequence of the
form

AP S AP S L 0.
Tensoring by ,P we get the exact sequence
PP PP —-TL)—~0.

Hence T(L) € C(Pg).

b) Let M € Mod-R. There exists an exact sequence
0> M —>Qf Q%
Applying H we get the exact sequence
0—>HM)—~K; K.
so that H(M)e L(K,).
¢) is obvious.

2.3. Let ,P; be any bimodule. Recall that for every M € Mod-R
there exists a natural morphism in Mod-R

ou: Homg(Pg, M)Q P - M
4

given by ou(f® p) = f(p) (f € Homgz (P, M), peP).
It is also well known that, for every L € Mod-A there is a natural
morphism in Mod-4

01t L — Homg (P, L& P)
4
given by
o l): p—IRp (leL, peP).

The following remarks are useful:
a) For every M e Gen (Pg), ox 18 surjective.
b) For every Le D(K,), o, is injective.
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Statement @) is obvious. Let us prove b). Let Le D(K,). Then
there exists an inclusion L <> Homg (Pg, Qz)*. Thus for every le L,
1+ 0, there exists a & € Hom, (L, Homg (Pg, Qz)) such that &(I) > 0.

Hence there is a pe P such that £(I)(p)#0. Let &: LQP —Qp
A

be the morphism defined by setting £(z® y) = &(x)(y), x€ L, y€ P,
Then £(I® p) = E1)(p)# 0 and thus I®p # 0 so that I¢ Ker (oy).
Hence Ker (o) = 0.

2.4. PROPOSITION. Let ,Pr be a bimodule which induces an equiv-
alence between a subcategory D, of Mod-A and a subcategory Sg of
Mod-R. Then, if A€ Dy, for every M € Sz and for every L e D, the
morphisms gy and o, are isomophisms.

Proor. Let M €SG;. Then, by Proposition 2.2, M € Gen (Pr) and

hence, by 2.3, gy is surjective. Set N, = Homg (P,, M).
By assumption there is an isomorphism

o: TH(M)=T(N) - M.
Let 0: N, — Homg (Pr, Mz) be the morphism corresponding to o

because of the adjointness of 7 and H. Then for every fe N =
= Homy (Pr, M,) and for every pe P:

1) 0(f)(p) = o(fR P) .

Let he Homg (M, M;) such that 6 = Homg (Pg, h).
Then, for every fe N,

0(f) = hof
and hence, for every p € P,
@) 0()(p) = h(f(p)) = (hoeu)(f ® p) -
From (1) and (2) we get
e(f®p) = (hoou)(f D P)

for every fe N, pe P.
Thus ¢ = hogy,. Then g, is injective as p is injective.
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Let now L € D,. Then, by Proposition 2.2, Le D(K,) and hence
by 2.3, o, is injective. Let £ € Hom, (P, L® P) = Hom, (T(4), T(L)) .
A

Then there is an fe Hom, (4, L) such that & = T(f). Let x = f(1).
Then, for every p € P we have

(ou@)(p) = f)®p = (T(H)1 X p) = &(p) -

Thus o,(x) = & and o, is surjective.

2.5. DEFINITION. A module ,P e Mod-4 is called weak generator
if, for every L € Mod-A4,

L#A0=>LQP+#0.
A

2.6. LEMMA. Let M € Gen (Pg), h: Py — M be an epimorphism.
Let h = (h;)ex with h,€ Hompg (Pr, M). Then the right A-submodule
> h,A of Homg (P, M) belongs to D(K,). Moreover if

reX
> h,A = Homg (Pg, M)
xeX

then for every f: Py — M there exists a g€ Hom, (P,, P¥) such that
f = hog.

ProoF. The first assertion follows by Proposition 2.2. Assume
now that Y h,4 = Homg (Pg, M) and let f: P —~ M be an R-mor-

zeX
phism. Then f = Y h,a, where a,€ A and almost all a,’s vanish. Let
z€X

g: Pr— P’ be the diagonal morphism of the a,’s, # € X. Then for
every p € P we have (hog)(p) = D h,a.(p) = f(p). Thus f = hog.

2.7. DEFINITIONS. Let Pj€ Mod-R, A4 = End (P;). Py is called
quasi-projective if, for every diagram
Py
lf

PRTM——)O

with exact row, there exists an a € A such that f = hoa.
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Py is called X-quasi-projective if P is quasi-projective for every
set X % 0. Clearly P; is X-quasi-projective if and only if P, is a
projective object of Gen (Pg).

2.8. LEMMA. Let PreMod-R, A = End(Pr), M e Gen (Pp),
h = (hy)pex an epimorphism of P onto M and assume that oy is injec-
tive. Then:

a) The morphism ¢: (3 h,A) ® P —> Homy (Pz, M) ® P given
A A

reX
by the imclusion Y h,A <> Homg (Pr, M) is surjective.
zeX
b) If P is a weak generator, then > h,A — Homg (Pg, M).
z€X

PRrRoOOF. See [A], Lemma 1 and Proposition 5.

2.9. LEMMA. Let PreMod-R, A = End (Pg). If the functors

T=— QP and H = Hom (Py, —) subordinate an equivalence be
A

tween D(K,) and Gen (Py) and if Gen (Pg) = Gen (Py), then:

a) For every M € Gen (Pg) and for every epimorphism

h: Pg)'_)'My h = (he)yex »
we have
> h,A = Homg (P, M) .

z€X

b) Pp is X-quasi-projective.

Proor. Since (7, H) is an equivalence between D(K ,) and Gen (Py),
by Proposition 2.4 for every M € Gen (P;) and for every L€ D(K,),
o and oy, are isomorphisms. Moreover, to prove a), it is enough to
prove that the morphism

9: (X hA4)® P — Homg (Pr, M)® P
A

xeX A

defined in Lemma 2.8 is an isomorphism. Now, as gy is injective,
by Lemma 2.8, ¢ is surjective.
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Assume that ¢ is not injective. Set L = > h,A and consider the
zeX

inclusion i: L — Homy (Pr, M). Applying — ® P we get the exact
sequence in Mod-R 4

(1) 0> Y — T =9 THM),

where T'(i) = ¢ and Y 5= 0. Since Gen (Px) = Gen (Pz), Y € Gen (Pg).
Applying H to (1) and setting M = H(M) we have the exact sequence

(2) 0 - H(Y) - HT(L) 229 gT(1) .
On the other hand we have the commutative diagram

LJ—+

ml JT

HI(L) g

IEI

Since L € D(K,), o, and oz are both isomorphisms. It follows that
HT(:) is injective so that, from (2), we get H(Y) = 0. Thus Y =0
a8 Y € Gen (Pg). Contradiction.

b) By o) and Lemma 2.6, it follows that for every diagram
with exact row

Pp
9

(H)TM———_)()

there is a g: Pz — PJ such that f = hog.
This means that P, is 2-quasi-injective.

3. The main result.

3.1. REPRESENTATION THEOREM. Let A, R be two rings, D., S
full subcategories of Mod-A and Mod-R respectively, Q. a fized, but
arbitrary, injective cogemerator of Mod-R.
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Assume that
a) A,e D,y and D, is closed under taking submodules.
b) Sg is closed under taking direct sums and epimorphic images

¢) A category equivalence F: D, — Gg, G: Gp — D, is given with
F, G additive functors.

Then there exists a bimodule ,Pgr, unique up to isomorphisms, with the
following properties:

1) Pre S, A ~ End (Pg) canonically.
2) D, = D(K,), where K, = Homg (Pg, Qr) and Gp = Gen (Pg)
3) The functors F and G are naturally equivalent to the functors
T=—®P and H = Homg (Pr, —) respectively.
A

4) For every L e D(K,) and for every M € Gen (Py) the canonical
morphisms o, and gy are isomorphisms

Om: Homg (Pm M) ?P -~ M (QMU@I’) = ﬂp)) )

oy L — Homg (Py, L @ P) al)(p —1®p) .
A

PrROOF. Set Py = F(A). Then A =~ End (Pj) canonically and we
have the bimodule ,P:. For every M € Gen (P;) consider the can-
onical isomorphisms

G(M) ~ Hom, (4, G(M)) =~ Homy, (F(4), F(G(M))) =~ Howy (Pr, M).

Thus, looking at the closure properties of Gz, we deduce that

i) G is naturally equivalent to the functor H = Hompg (Pg, —)
and Gen (Pg)C Gp.

Consider now the functor 7': D, — Sz given by T(L)= L® P
A

for every Le D,. T is well defined by i) and by Proposition 2.2.
By well known facts, the functors 7 and H are adjoints. Since
(F, H) is an equivalence, F and H are adjoints. Therefore F' and T
are equivalent. Thus

ii) F is naturally equivalent to the functor T = — ® P.
A
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Moreover, by i) and by Proposition 2.2 we get
Set K, = Homg (Pg, Qz). Then:
iv) Dy = D(K)).
The proof is due to E. Gregorio. First of all let us prove that
D, is closed under taking direct products. Let (Li);c, be a family
of modules in D,. For every AeAd we have L, = H(M,) where

M, € Gen (P;). Now in Mod-R we have the following natural iso-
morphisms:

Hom, (PR, tR( IT MA)) ~ Hom, (PR, ll_}ll Mz) >~
€.

Aed

=~ [] Homg(Pr, M3) = [] Ls.
Aea

Aed

Since tR(H Ml) € Gen (P) = S and by a), it follows [] Lie D,.
AeA Aed
For similar reasons we have K,€ D,. Indeed:

K, = Homg (Pg, Qr) =~ Homy (Plu tP(QR)) eD,.

Therefore D(K,) C D, by the closure properties of D,. On the
other hand, by @) and by Proposition 2.2, D, C D(K,). Statement 4)
follows from Proposition 2.4 in view of a) and 3). Finally, since
A ~ End (P;) we have A ~ H(Pp) so that P, >~ T(A) canonically.
Thus Py is unique up to isomorphisms.

From Theorem 3.1 we get the following important

3.2. PROPOSITION. Suppose that the assumptions a), b), ¢) of The-

orem 3.1 hold. Then the following conditions are equivalent:

(@) Sgr is closed under taking submodules.

(b) Gen (Pp) = Gen (Pp).

(¢) D(K,) = Mod-A.

(d) 4P is a weak-generator.

(e) For every M e Gen (Pg) and for every epimorphism

h: .P;;Y)'%M, HOmR(PR,M):Eth.
reX
() Py is Z-quasi-projective.
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PROOF. (a)<=>(b) is obvious in view of Theorem 3.1.
(b) = (f) by Theorem 3.1 and Lemma 2.9.

(f) = (b) Let M e Gen (Pg), U a submodule of M and consider
the exact sequence

0—>U—>M-—>N-—->0.

As Py is 2-quasi-projective, it is a projective object of Gen (Pj) so
that we get the exact sequence

0—-H(U)—>H(M)—>HN)—>0.
Consider now the commutative diagram with exact rows

TH(U) —> TH(M) —s TH(N) —> 0

TR

00— U — M — N —0

on and gy are isomorphisms so that g, is surjective. Since Im (T') C
C Gen (Pz) we get U e Gen (Pz). Therefore Gen (Pg) = Gen (Pxz).
(¢) = (d) is clear in view of Theorem 3.1.

(d) = (¢) let M e Gen (Pg). By Theorem 3.1 g, is an isomor-
phism. Thus (e¢) follows from Lemma 2.8.

(e) = (f) by Lemma 2.6.
(f) == (¢) Let LeMod-4. We have an exact sequence

@ AXD > AN S T 50,
Tensoring (1) by P we get the exact sequence

2) ADRXP > ANVRXP -LR®P 0.
4 4 4

As P is X-quasi-projective applying Homj, (Py, —) to (2) we get
the exact sequence

HT(A®) > HT(A) — HT(L) -0 .
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Consider now the commutative diagram

AD 5 AW > L >0

0 4(X) O ) (2
HT(A®) ——> HT(AY) ——> HT(L) ——> 0
Since o0,x and o,x are both isomorphisms, ¢, is an isomorphism

too. Since Im (H)C D(K,), we have L o~ H(L@P) € D(K,). Thus
D(K,) = Mod-A.

3.3. REMARK. The proposition above gives a non trivial generali-
zation of Fuller’s Theorem on equivalence (cf. [F], Theorem 1.1).

3.4. PROPOSITION. Let ,Pyp be a bimodule which induces an equiv-
alence between D(K,) and Gen (Pg) and let (M)),cq4 be a family of
modules in Gen (P,). Then

1) Homg (Py, @ M) =~ (P Homy (Pr, M) canonically.
A a

In particular
2) A ~ End (Py).
3) For every set X = 0, Hom, (P,, P{°) >~ A™.

PrOOF. 1) There exist the canonical isomorphisms:
@ Homy, (Pr, M) = D H(M;) ~ HT(D H(M;)) =~
2 i 1

~ H((;D TH(M;)) =~ H((;B M;) = Homy (Pr, ® M) .
2) and 3) are now obvious.

3.5. Theorem 1.3 suggests the following natural question:

(%) For a given ring R determine all modules Py € Mod-R such that,
setting A = End (P,), the bimodule ,Pr induces an equivalence
between D(K,) and Gen (Pp) .

Suppose that P is such a bimodule. Then the functors 7 = — ® P
A
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and H = Homy (P, —) subordinate an equivalence between Im (H)
and Im (7) and moreover, in view of Proposition 2.2, the subcate-
gories Im (H)C Mod-4A and Im (T)C Mod-R are the largest possible.
To answer question (%) without further assumptions seems to be
quite difficult.

Let ,Pr be a bimodule, @, an injective cogenerator of Mod-R,
K, = Homg (Pg, @z) and the functors 7', H have the usual meaning,
M. Sato ([S], Theorem 1.3) has shown that the bimodule ,P, induces
an equivalence between Im (H) and Im (7T) if and only if Im (H) =
= L(K,), Im (T) = C(Pg) and moreover ,P induces an equivalence
between L(K,) and C(Pg) (see also the proof of Theorem 1.3 of [S]).

In this situation it could happen that C(Pp) = Gen (P;) while
L(K,) s D(K,) as the following example shows.

3.6. AN EXAMPLE. Let p be a prime number, Z(p*) the Priifer
group relative to p, J, the ring of p-adic integers and consider the
bimodule ; Z(p>);,. Note that End (Z(p>),,) = J,»

In this case CO(Z(p>);,) = Gen (Z(p®)) = the category of all di-
visible p-primary abelian groups.

On the other hand, since Z(p>*) is an injective cogenerator of
Mod-J,, we have

'KJp = Home (Z(pw)’ Z(pm)) =dJp.

D(J,) is the category of all reduced torsion-free J-modules, while
L(J,) is the category of all cotorsion and torsion-free J,-modules,
which are exactly all the direct summands of direct products of
copies of J,.

By well known results of Harrison [H], the functors 7' = — ®Z(p°°)

and H = Hom,, (Z(p), —) subordinate a category equlvalence be-
tween

m (H) = L(J,) and Im(T)= Gen (Z(p>),,) = C(Z(p=);,) -

Thus, in this case, L(J,) S D(J,).

There exists a condition in order that a bimodule ,P, induces an
equivalence between D(K,) and Gen (Pp) which involves the whole
categories Mod-4 and Mod-R.
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3.7. PROPOSITION. Let ,Pyr be a bimodule with A — End (Pg). Then
the following conditions are equivalent:

(a) 4Pgr induces an equivalence between D(K,) and Gen (Pg).

(b) For every L e Mod-A the canonical morphism o is surjec-
tive and for every M € Mod-R the canonical morphism gy s
injective.

PRrROOF. (a) =>(b) Let M € Mod-R and let ¢: t,(M) — M be the
canonical inclusion. Then H(:): H(tp(M)) — H(M) is an isomorphism
and hence TH(i): TH(t;(M)) — TH(M) is an isomorphism too.

Consider the commutative diagram:

TH(4)
TH (to(M)) —==> TH(M)
Qte(M) ) Om
(M) —> M

As tp(M) € Gen (Pz), by Theorem 3.1, 0,3 is an isomorphism. Thus
ox is injective.
Let now L € Mod-A and consider the exact sequence

0—> Ker (¢,) ——>L—" L/Ker (¢,) —>0
As Ker (0,) = {ze L: t®@p =0 for every pec P} the map
T(x): T(L) — T(L/Ker (5,))
is an isomorphism hence
HT(n): HT(L) — HT(L/Ker (0,))

is an isomorphism too.
Now L/Ker (0,) embedds into Homg (P, L® P) and hence belongs
A

to D(K,). Thus op/kes, i8 an isomorphism so that from the com-
mutative diagram

L —Z s L/Ker(oy)

a Ll O1/Ker(oL)
HT(xn)
HT(L) ——==»> HT(L/Ker (¢7))

we get that o, is surjective.
(b) = (a) follows in view of a) and b) of 2.3.
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4. w-tilting modules.

4.1. In this section we will prove that under the assumptions a)°
b), ¢) of Theorem 3.1 it holds, in general, that D(K,) = Mod-A4.

4.2. Let R be a ring. Generalizing the concept of tilting module
in the sense of Happel and Ringel [HR,] we say that a right R-
module Py is a w-tilting module if the following conditions hold:

1) Py is finitely presented.
2) P, has projective dimension <1.
3) Exty (P, P) = 0.

4) There exists an exact sequence in Mod-R of the form
(1) 0—>R—>P->P' -0

where P’ and P’ are direct sums of direct summands of Pg.

Note that when R is a finite dimensional algebra over a field J
any tilting module in the sense of Happel and Ringel is a w-tilting
module.

The following theorem is modelled on Brenner-Butler Theorem on
tilting modules (see [HR,]). As in their setting all modules are finitely
generated, we shall give the proof for our more general case.

4.3. THEOREM. Let Py be a w-tilling module, A = End (Pg) and
let Dy ={LeMod-4: Tor; (L, ,P) = 0}. Then
a) Gen (Pg) = {M € Mod-R: Ext, (P, M) = 0}.
b) Ae D, and D, is closed under submodules.
¢) For every M € Gen (Pg), Homy (Py, M) € D, and the functors

H: Gen (Pg) - D4, T: D, — Gen (Pg) given by H(M) = Homp (Pg, M)
and T(L) = L @ P, for every M € Gen (Py) and Le D,, are an equiv-
A

alence between Gen (Pg) and D,. Therefore if Qg is an arbitrary cogen-
erator of Mod-R, then, by setting K, — Homy (Pg, @r), we have D, =
- g)(KA).
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Proor. First of all we show that for every set X, Ext} (P, P¥) = 0.
As P is finitely presented we have an exact sequence in Mod-R of
the form

(2) 0—»>F,—>R,—>P,—>0

where n € N and Fj is a finitely generated right R-module.
Applying Hom, (—, P) we get the exact sequence

0 — Homg, (P, P) — Hom, (R*, P) — Hom, (F, P) — 0 = Ext} (P, P),

hence every morphism Fp — P; can be extended to a morphism
R* — P. Consider now a morphism f: F — P®, As F is finitely
generated, f is a diagonal morphism of a finite family of morphisms
from F into P and hence f extends to a morphism from R" into P{°.
Thus the sequence

0 - Homg (P, P®) — Homg(R", P®) - Homp (F, P®) -0

is exact. Thus, as Ext} (R*, P®) =0 we get Extl (P, P¥)=0. Now
let M € Gen (Pz). Then there exists an exact sequence

0>M-—->PP>M-—>0.

Applying Ext} (P, —) we get the exact sequence
0 = Extj (P, P®) — Ext}, (P, M) — Ext} (P, M') .

As Exth (P, M') =0 we get Ext, (P, M)=0.
Conversely assume that Ext} (P, M)= 0 and consider the exact
sequence

0 —>tp(M) > M - M[t,(M) - 0.
Applying Homg(P, —) we get the exact sequence

0 — Homg(P, t,(M)) %> Homg (P, M) —
—Homy,, (P, M/ts(M)) — Ext}, (P, t,(M)) — Ext} (P, M) —
— Ext} (P, M/t,(M)) > BExt? (P, t,(M)) .

As tx(M) € Gen (Pg), we have Ext} (P, t,(M)) = Ext} (P, t,(M)) = 0.
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On the other hand, «, by the definition of ¢x(M), is surjective so
that Hom, (P, M/[tx(M)) = 0.

Applying now the functor Homg (—, M/[tz(M)) to the exact se-
quence (1) we get the exact sequence

0 — Homy, (P", M/tx(M)) - Homy (P', M/[tx(M)) -
- Homy, (R, M/to(M)) — Ext} (P’, M/[tz(M)) .

As Homy (P, M[t(M)) = 0 = Exty (P, M[tx(M)) and as P’ and P’
are direct sums of direct summands of P we get:

Homy, (P', M/ty(M)) = 0 = Ext}, (P", M/t(M))

so that Homg (R, M[tp(M)) = 0 and hence M = ty(M) e Gen (Py).
Thus a) is proved.

Let now M e Gen (Pg), A = Homg (P, M) and f: P > M the
codiagonal map of the morphisms A’s.

Then Im (f) = tp(M) = M as M € Gen (Pp).

Consider now the exact sequence

(3) 0—>M—>PYDI M 0.
By applying Homg (Pz, —) to it, we get the exact sequence

(4) 0 - Homg (Pr, M') —Hompy (Pg, PV)xs. Homp (Pr, M) —
—>Extl (P, M) - Ext} (P, P49) = 0

where f, = Homg (P, f). As fis the codiagonal map of the morphisms
As, A€, fy is surjective and hence Ext}(P, M') =0 so that
M'e Gen (Pg). Thus (3) is a sequence in Gen (Py). Applying now

the functor — @ P to the exact sequence (4) we get:
A

0 —Tor{ (H(M), P) > H(M') @ P — H(PW) ® P > H(M) @ P —0
A A A

QM’l OP(")l J(QM

- M — pa M —0



Representable equivalences between categories ete. 221

where ., gy are surjective and gpw is an isomorphism. Thus g, is

an isomorphism for every M € Gen (Py). Note that as M'e Gen (Pg)os

is an isomorphism too and hence Tor#(H(M), P)=0 so that H(M)eD,.

On the other hand recall that N & P € Gen (Pg) for every N e Mod-A.
A4

Applying now the functor Hom, (—, P) to the exact sequence (1)
we get

0 —> Homy, (P, P) — Homyg (P', P) — Hom, (R, P) - Ext. (P", P) — 0.

Thus ,P ~ Homg (B, P) is a left A-module of projective dimension
<1 as Homg (P’, P) and Homy, (P’, P) are direct summands of free
modules. In particular TorZ (L,, ,P) = 0 for every L, e Mod-4. Let
now Le D, and consider the injection

0—>L—1L
in Mod-A. By applying Tor4(—, P) we get the exact sequence
= Tor{ (L/L’, P) — Tor{ (L', P) — Tor4 (L, P) = 0.

Thus L' € D, and therefore D, is closed under submodules. Let now
L e D, and consider the exact sequence

(5) 0—>L—>A% T ->0.

Clearly A € D, so that (5) is an exact sequence in D,.
Applying T we get the exact sequence

0 = Tor4 (P, L) - T(L') - T(A®) - T(L) -0 .
Applying H to this sequence we get the exact sequence
0—~>HT(L')—~>HTA®) - HT(L) - Exty (P, T(L')) =0

as T(L') € Gen (Pp).
Consider now the commutative diagram with exact rows

00— L — A® —s L —s0
oL T 4(X) GLl

0 —> HT(L') —> HT(A®) —> HT(L) —> 0
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Since o4x is an isomorphism, o, is surjective. Thus, as L'e D,
o, is surjective too. Therefore ¢, is an isomorphism and hence b),
and ¢) are proved.

The last assertion follows from Theorem 3.1.

4.4. PROPOSITION. Let R be a ring, Pr o w-tilting module, A =
= End (Pz) , @r an arbitrary cogenerator of Mod-R, K 4 = Hompg (Pg, Qr).
Then the following statements are equivalent:

(a) Gen (Pg) = Gen (Py).

(b) Gen (Pg) = Mod-R.

(¢) Pg is X-quasi-projective.
(d) Pg is projective.

(¢) D(K,) = Mod-A.

PrOOF. (a) <= (¢) <> (¢). Follow by Theorem 4.3 and Proposi-
tion. 3.2.

(@) <> (b). Follows in view of 4) of the definition of w-tilting
module.

(¢) = (d) As Py is 2X-quasi-projective it is a projective object
of Gen (Pg). Since (¢) = (a) = (b), Gen (Pz) = Mod-R so that Py is
projective.

(d) = (¢) Is trivial.

4.5. ConNcLUSION. Let Py be a w-tilting non projective module
(for an example see [HR,], pp. 126-127), A = End (Pz), Qr an arbi-
trary cogenerator of Mod-R, K, = Homg (Pg, ¢;). Then by Theo-
rem 4.3 Pp gives rise to an equivalence between Gen (Pz) and D,
which fulfils assumptions a), b), ¢) of Theorem 3.1 but, in view of
Proposition 4.4, D(K,) = D, Mod-A.

5. Quasi-progenerators.

5.1. In this section, under the assumptions of Theorem 3.1, we
determine a number of sufficient conditions in order that D(K,) =
= Mod-A.
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5.2. PROPOSITION. Let Ppe Mod-R, A = End (Pz). The following
conditions are equivalent:

(a) For every m e N, Py generates all submodules of Py.

(b) Gen (Pg) = Gen (Py).

(¢) For every M € Gen (Pg), M ~Homy (Py, M)X P canonically.
4

(d) 4P is flat and for every M € Gen (Pg), M=~ Hom, (P,, M)X P
camonically. 4

If these conditions are fulfilled, then the canonical image of K in End (Pjy)
18 dense in End (,P) endowed with its finite topology.

Proor. The equivalences (a)<=(b) <= (d) are due to Zimmerman-
Huisgen (cf. [ZH], Lemma 1.4).

The equivalence between (b) and (¢) has been noted by Sato
(cf. [S], Lemma 2.2). The last statement is due to Fuller (cf. [F],
Lemma 1.3).

For another proof of this proposition see [MO], Proposition 5.5

5.3. REMARK. It could happen that for every M € Gen (Pg)
M ~ Homy (Py, M)® P canonically, but this is not true for every
M e Gen (Pp). -4

In fact looking at Example 3.6 we have, for every M € Gen. (Z(p™)z)
the required canonical isomorphism. On the other hand the cyclic group
Z(p) of order p belongs to Gen (Z(p™)z), but Homy (Z(p%), Z(p)) = 0.

5.4. THEOREM. Let ,Pr be a bimodule and assume that Pp in-
duces an equivalence between D(K ,) and Gen (Pgp). Then A = End (Pg)
and the following conditions are equivalent:

(@) D(K,) = Mod-4.

(b) Gen (Py) = Gen (P,).

(¢) Pgr is X-quasi-projective.

(d) Py is quasi-projective and finitely generated.
(e) Pg is quasi-projective.

(f) 4P s flat (<K is injective).

(9) +P is a weak generator.
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ProoF. The equivalences (a)<>(b)<=(¢)<=(g) follow from Pro-
position 3.2.
(b) <= (f) Follows from Proposition 5.2 in view of Proposition 2.4.
()<= (d)
(d) = (¢) Is trivial.
)

(e) = (f
tion 3.7.

Follows by Proposition 3.4 from Proposition 8 in [A].

Follows from Proposition 4 in [A] in view of Proposi-

5.5. DEFINITION (Fuller [F]). A module P,e Mod-R is called a
quasi-progenerator if Pp is quasi-projective, finitely generated and
generates all its submodules.

We are now ready to prove the concluding theorem of this sec-
tion.

5.6. THEOREM. Let Py be a bimodule. The following conditions
are equivalent:
(@) +Pr induces an equivalence between D(K,) and Gen (Pg).
(b) +Pr induces an equivalence between Mod-A and Gen (Pg).
(¢) Pg is a quasi-progenerator and A = End (Pg).

(d) A = End (Pr), Pz is quasi-projective and generates all its
submodules, P s faithfully flat.

If these conditions hold then:

1) Gen (P;) = Gen (Pz) and K, is an injective cogenerator of
Mod-A.

2) The canonical image of R in End (,P) is demse whenever
End (,P) is endowed with its finite topology.
PROOF. (a)<>(b) By Theorem 5.4 and Proposition 2.2.

(b) => (¢) By Theorem 5.4 P is quasi-projective and finitely gen-
erated and Gen (Py) = Gen (Py). Then P, generates all its submod-
ules.

(b) = (d) Since A €Im (H), A = End (P,). By Theorem 5.4 ,P
is flat and a weak generator. Thus ,P is faithfully flat.
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(d) = (a) By Lemma 2.2 of [F] Gen (Pg) = Gen (Pg). Hence by
Proposition 5.2, for every M € Gen (Pp), M ~ TH(M) canonically.
Let L eMod-A. Since T(L)€ Gen (Pz) we have TH(T(L)) ~ T(L).
It follows T(HT(L)) ~ T(L) hence HT(L) =L as ,P is faithfully
flat.

(¢) = (d) By Lemma 2.2 of [F] Gen (Py) = Gen (P;) so that, by
Proposition 5.2, ,P is flat. It is well known that ,P is faithfully flat
if and only if ,P is flat and moreover for every right ideal I of A
such that IP = P we have I = A. Thus assume IP = P. As P is
finitely generated there exist finitely many endomorphisms a,, ..., a,€1

n S
such that > ;P = P,. This yields an epimorphism P};—%PR —0.
i=1

Since Pp is quasi-projective this epimorphism splits so that there

exists a morphism f: P, — P, such that foY a;=1. We have
n i=1
p = (biy ..., b,) where b,e A. Thus 1 = Y ba,eI so that I = A.
i=1
Suppose now that the conditions above hold.

1) We know that Gen (Pp) = Gen (Py).

Moreover K, is injective as P is flat (recall that K, = Homyg (Pz, Qz)
where @ is an injective cogenerator of Mod-R) and K, is a cogen-
erator as Mod-4A == Im (H) C D(K ,).

2) Follows from Proposition 5.2.

5.7. REMARK. The equivalences (b)<=>(c)<=(d) and statements
Gen (Pg) = Gen (Pg) in 1) and 2) of 5.6 are due to Fuller (see [F]
Theorem 2.6).

The equivalence (@) <= (b) is due to E. Gregorio ([G], Theorem 1.11).

5.8. REMARK. Let P be a quasi-progenerator and 4 = End (Pg).
Then ,Pr induces an equivalence between D(K ,) and Gen (Pg). While
D(K,) = Mod-4 in general Gen (P;)= Mod-R as the following ex-
ample shows.

Let R be a right primitive ring, P, a faithful simple right R-
module, A = End (P,). Since P, is a quasi-progenerator, P in-
duces an equivalence between Mod-4 and Gen (Pp).

Mod-A is the category of right vector spaces over the division
ring A and Gen (Py) is the category of all semisimple modules of the
form P{°. Thus, if R is not right artinian, Gen (P,) 7 Mod-R.
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6. Equivalences and dualities.

6.1. Denote by R-CM the category of all compact Hausdorff left
modules over the discrete ring R and let T be the topological quotient
of the real field R, endowed with the usual topology, modulo the
group Z of rational integers. For every N € R-CM, let I}(N)=
= Chomgy (N, T) be the set of all continuous morphisms of abelian
groups from N into T.

I'y(N) is an abelian group which has a natural structure of right
R-module defined by setting

(&7)(w) = &(rx) (éel(N), reR, weN).

For every M € Mod-R let I,(M) be the left R-module Homgy (M, T)
endowed with the topology of pointwise convergence.

It is well known that I'y(M) is a compact group so that I,(M)e
€ R-CM. In this way we obtain the contravariant functors

Iy: R-CM —-Mod-R and [I,: Mod-R — R-CM

which coincide with the usual Pontryagin Duality functors when
R = Z. Clearly, from Pontryagin’s classical results, we have that
Iyoly &~ 1.y and ol & 1yq.r: (1, I3) is called the Pontryagin
Duality over R. For more details about this duality see [MO].

6.2. Let ,Pp be a bimodule with 4 = End (P;). Consider the fol-
lowing commutative diagram of categories and functors:

Mod-R

where A, = I0T and A, = Hol. Set K, = I',(,Pz) and for every
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N, N' € R-CM let Chomg (N, N') be the group of all continuous R-
morphisms from N into N'.

Clearly A =~ Chomg (zK, K) canonically.

Denote by C(rK) the category of all topological modules M over
the discrete ring B which are topologically isomorphic to closed sub-
modules of topological powers of zK.

As K = I'y(Pg) € R-CM we have that C(zK)C R-CM.

Let L e Mod-A. N € R-CM. We have the canonical isomorphisms
in R-CM and Mod-A4 respectively,

A\(L) = Iy(L® P) = Homy (Z®P, T) ~
A
~ Hom, (L, Homg (P, T)) ~ Hom, (L, K,)

where Hom, (L, K ,) is regarded as a topological submodule of the topo-
logical product ,K*. Note that, since K is compact and Hom, (L, K ,)
is closed in K%, it follows that Hom, (L, K,) is compact. Clearly the
topologically isomorphic modules I',(L& P) and Hom, (L, K,) have
the same characters.
Ay(N) = H(I'y(N)) = Homy, (P, I1(N)) ~

o Chomy, (I,I'(N), I'y(Pg)) ~ Chomg (N, zK) .
Thus A4,(L) € C(rK) while A,(N)e D(K,).

Let
w;: L — Chomg (Hom, (L, K ), zK)

and
wy: N — Hom, (Chomg (N, zK), K ,)
be the canonical morphisms:
(&) wi(x) = &E=), feHom, (L, K,), zel
and

(M) wx)m) = @)1, 7 € Chomg, (¥, zK), yenN.

Then, by means of the Pontryagin duality over R, w, and wy cor-
respond respectively to the canonical morphisms o, and or (-
Indeed let L e Mod-A and consider the diagram:

L %> Hom, (P, L ® P)-%5 Chom, (I ® P), Iy(P)) 2> A4, A,(L)
A
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where ¢, associates to every &e Homy (P, L®P) its transposed
by I and y, = Chomg (7%, 11 (p) Where 4

£ I’z(L (ﬁ) P) =

= Hom (L® P, T) = Hom, (L, Homy (,P, T)) = Hom, (L, K )
A

is the natural isomorphism. Set y, = y,op,00,. We want to show
that for every y: L — K, we have

(1) (0 () = 2 for every le L.

Let 7 = (y)é;' € .Fz(L ® P). We have
4

71@p) = y()(p)  for every le L, peP.
Therefore
(Zoo(D)(p) = 7D p) = x(D(p) leL, peP
and we have joo(l) = x(I) for every le L so that
() () = (D(wrogroor)()] = (DprooL) ()] = Foor(l) = x(1) .
Thus (1) is proved.

For N € R-CM the correspondence between or v, and wy is proved
by an adjointness argument.

6.3. CorROLLARY. Let L e Mod-A (N € R,.CM). Then w: (wy) is an
isomorphism (a topological isomorphism) if and only if or (or,w) s an
isomorphism.

6.4. From Theorem 3.1 and from 6.2 we easily obtain a theorem
of representations for dualities.

6.5. THEOREM. Let R, A be two rings, D, a subcategory of Mod-A4,
zC a subcategory of R-CM. Assume that

a) A€ Dy and D, is closed under taking submodules.
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b) rC is closed under taking closed submodules and topological
products.

c) A duality H;: D, — zC, H,: zC — D, is given with H,, H,
additive functors.

Then there exists a bimodule K, with the following properties:
1) K € C and A ~ Chomg (K, K) canonically.

2) Dy = D(K,), zC = C( K) where C(zK) consists of all compact
modules which are closed submodules of topological powers of pK.

3) Hy~ 4,, Hy ~ A4,.
4) For every L e Dy, wy, 18 an isomorphism and for every N € zC.
wy 18 a topological isomorphism.

Proor. Consider the commutative diagram

Sz
g
3 || n
H,
D, > 4C
H,

where F = IyoH,, G = H,ol} and S = I,(zC).

Then Gy is closed under taking homomorphic images and arbi-
trary direct sums. Set Py = I)(zK,). Clearly A ~ End (P;) can-
onically. Set @, = Homgy (R, T). Then @, is an injective cogenerator
of Mod-E. We have the canonical isomorphisms:

Homy, (P, @r) = Homy (Py, Homg (R, T)) = Homy (Pz ® R, T) =
R
= Homg (Pg, T) = I'y(4Pp) = 2K, .
At this point we can apply Theorem 3.1 getting:

Dy= DKL), Sr = Gen (Py) ,
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hence

#C = C(xK), P~ (— ® P) Dy, G ~ Homg (Pr, —)|S.
A

and for every Le D,, M eS8z o, and gy are isomorphisms. Then
H, ~ A,, H, ~ 4, and statement 4) follows by Corollary 6.3.

6.6. Let zK € R-CM, A = Chom, (K, K). Assume that the couple
of functors (4,, 4,) induces a duality between D(K,) and C(zK).
We say that this duality is good if C(zK) has the extension property
of K-characters. This means that for every N € C(zK) and for every
(closed) submodule N'C N every continuous morphism of N’ in zK
extends to a continuous morphism of N in K.

In [MO] it was proved that the considered duality is a good
duality if and only if D(K,) = Mod-A4.

The results of Section 4 solve an old problem of us: namely there
exists dualities between D(K,) and C(zK) which are not good duali-
ties.
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