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ReExD. S8EM. MaT. UN1iv. PapOVA, Vol. 83 (1990)

Some Questions on the Number
of Generators of a Finite Group.

ANDREA LUCCHINI (*)

Introduction.

In [9] it is proved that if each Sylow subgroup of an arbitrary
finite group can be generated by u elements then the group itself
can be generated by u + 1 elements. In other words if we define
by d(G) the minimal number of generators for a finite group G and
with d,(G) the minimal number of generators of a Sylow p-subgroup
of G, we get the relation

(%) d(G)<nT|auit (@) +1.
r||G

Our aim is to give some more precise informations about the mi-
nimal number of generators of a finite group; in particular we will
try to answer the following questions:

1) For what classes of groups the bound given by (%) can be
improved?

2) It is possible to characterize the finite groups for which the
relations (%) holds as equality?

An important role in this problem is played by an invariant that is
called presentation rank and that is usually indicated by pr (G): the

(*) Indirizzo dell’A.: Dipartimento di Matematica Pura ed Applicata,
via Belzoni 7, 35131 Padova, Italy.
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definition comes from the study of relation modules but it can also
be defined as the non negative integer that one gets as difference
between d(@) and dzg(Iy), the minimal number of generators of I,
the augmentation ideal of @, as ZG@-module.

The results about the minimal number of generators of a finite
group G are different according as pr (@) is or is not equal to zero.
We analyze the first possibility in section 1. In this case d(G) =
= dgzq(I;) and so it is possible to apply a formula proved by Cossey,
Gruenberg and Kovacs [2] that gives dzg(Is) as a function of the
internal structure of the group @. In particular from this result we
will deduce the answer to question (2) in the case pr (G) = 0 proving:

THEOREM 1. Let G be a finite group with pr (@) = 0; if d(G) =
= m'?glc d,(@) + 1 then G contains a normal subgroup N such that G|N
D
is solvable, d(G/N) = d(G) and G/N is the semidirect product P<{x)
of an elementary abelian p-group P of ramk d(G)— 1 with a cyclic
group {x)> such that = acts on P as a non trivial power.

In section 2 we will study the groups with non-zero presentation
rank. In this case it becomes very difficult to express d(G) in terms
of the internal structure of G. But an interesting improvement to
the bound given by (x) holds for the class of the groups with non zero
presentation rank. Precisely we will prove the following result:

THEOREM 2. If G is a finite group with pr (G) % 0 then d(G)<
<dy(G) + 1.

A consequence of that is:

COROLLARY 3. If @ is a finite group then d(G)<max (dze(le),
d(@) + 1).

With the help of the results proved in section 1 and 2, we will
be concerned in section 3 with the class of finite perfect groups. In
this class the bound given by (%) can be improved: if we set
d= Izl’ll?,gx‘ d,(@) we can show that if @ is a perfect group then d(@)<d,

but in particular also the following is true:

THEOREM 4. If G is a perfect group then d(G) <max ((d+4)/2, dy(@)).
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1. — Groups with zero presentation rank.

The assumption pr (&) = 0 means that d(G) = dgzqe(ls), so for the
class of groups with zero presentation rank the informations about
the minimal number of generators for a group G can be deduced from
the study of its augmentation ideal I,. We recall some important
results about dzq(Ie).

The first is that I, is a Swan module, that is the following is truc
([1r0] 5.3):

1.1 dze(le) = Izﬂ?gl{ dze(Le/pIg)-

The second is a formula proved in [2] by Cossey, Gruenberg and
Kovacs that allows to express dgzg(le¢/ple) as a function of some
integers coming from the study of the structure of the G-modules:
precisely, given an irreducible GF(p)G-module M, we define the in-
teger numbers ¢, r(M), s(M), by setting ¢ = |Home (M, M)|, ¢ =
= [Hom, (GF(p)G, M)| = |M|, ¢¢® = |H(G, M)|. The formula is:

1.2. dgg(Ie/pIs) = max {d(G/G' G»), [s(M)[r(M) + 1]} where M va-
ries over all mon trivial irreducible GF(p)G modules and, if a is a ra-
tional number, with [a] it is denoted the smallest integer >a.

In order to use (1.2) we recall some results that make it easier to
calculate |H}(G, M)|.
In [1] it is proved:

1.3. Let M be an irreducible G-module, ¢ = |Homg (M, M)| and
A(G, M) the set of the G-invariant subgroups I of O = Cu(M) such that
O/I is G-isomorphic to M and C|I has a complement in G[I. Then if
K = ﬂI,

Ied

a) K is a normal subgroup of @;

b) C|K is complemented in G|K;

¢) C|K is G-isomorphic to M™ for some matural nwmber n;
d) [HYG, M)| = ¢"|HI(G]0, M)|.

The number » in (¢) and (d) will be denoted in the following discus-
sion by n(M).
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In [1] it is also proved the following powerful result:

1.4. If @ is a finite group and M is an irreducible faithful G-module,
then HY(GQ, M)| < |M|.

The proof of (1.4) uses the classification of finite simple groups and
8o all the results that we will prove applying (1.4) will depend on the
clagsification.

We need the following lemmas:

LEMMA 1.5. Let M be an irreducible mon trivial GF(p) G-module:
i) if n(M) = 0 then [s(M)/r(M) + 1] <2.
ii) if n(M) = 0 then [s(M)[r(M) + 1] <n(M) + 1;

iii) ¢f #(M) = 1 then H, a complement for M™® in G[K, is iso-
morphic to a subgroup of GF(p*)* where p* is the order of M;

iv) if #(M)>1 then [s(M)[r(M) + 1] <n(M)/2 + 2.
Proor. By (1.3,d)
¢ = |H\(@G, M)| = ¢"*O[H(@/C, M)| = ¢" g™
if we set ¢"™ = |HY(G/C, M)|. Hence s(M)= n(M)+ ¢M). Since
M is an irreducible faithful G/C-module by (1.4) ¢ = |H{@/C, M)| <
< |M| = ¢'™ and this implies (M) < r(M).
We distinguish two possibilities:
n(N)=0: [s(M)/r(M)+ 1] = [H(M)/r(M) + 1] <2
since (M) < r(M). This proves (i).
n(M)+#0: s(M)=n(M)+ (M) <n(M)+ r(M)
implies s(M)<n(M)—1 + r(M) and so

S(M)r(M)< (n(M) — 1) [r(M) + 1<n(M) .

We conclude [s(M)/r(M) + 1] <n(M) + 1; also (ii) is proved.
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If r(M)=1, |Hom,(M, M) = |M|=p* By Schur’s lemma
Hom, (M, M) ~ GF(p*). Since Cy(M) =1, H<Aut (M) = GL(x, p).
The action of H on M in induced by the structure of M as G-module,
so it must be H < Cgy(a,yy(Homg (M, M)\{0}) = Cgr(a,0)(GF(p*)*) =
= GF(p*)*.

Proof of (iv): if n(M) =0 then by (i) [s(M)/r(M)+ 1]<2<
<n(M)2 + 2. If n(M)0,

s( M) n(M)—1+ (M) | . a(M)—1
ran TS o T T

n(M)—1
2

+2< +2

and so [s(M)/r(M) 4+ 1]<n(M)[2 4+ 2.  #

‘We can now prove the first result about the augmentation ideal.

PropPOSITION 1.6.

1) For each prime number dividing |G|dgze(Is/pls)<d,(G) + 1
and if the equality dzg(Ig/pls) = d,(G) + 1 occurs then either d,(G) = 1
or G contains a normal subgroup N such that G|N = P{x), the semi-
direct product of an elementary abelian p-group P of rank d,(@) with a
cyclic group {x)> where x acts on P as a non trivial power awtomorphism.

2) dza(Ie/21) < dy(G) and the equality dzg(Iq[21s) = dyo(G) occurs
only if either d,(G)<2 or G contains a mormal subgroup N such that
G|N is an elementary abelian 2-group of rank dy(@).

ProoF. The relation dzg(Is/ple)<d,(G@) + 1 is known (see [11]).
Suppose dzqe(le/pls) = d,(G) +1. By 1.2

d,(G) + 1 = max {d(G/G' G»), [s(M)/r(M) + 1]}

where M varies over all the non trivial irreducible GF(p)G-modules;
since d(G/G'G?)<d,(@), an irreducible non trivial GF(p)G-module,
M say, must exist such that [s(M)/r(M) + 1] = d,(G) + 1. We are
in the situation described in 1.3 and 1.5. There are two possibilities:

i) n(M) = 0; by lemma (1.5, 1) d,(@) + 1 = [s(M)/r(M) + 1]<2
and we get d,(G)<1.

ii) n(M) = 0: by lemma, (.5, ii) d,(6) + 1 = [s(M)/r(M) + 1] <
<n(M)+1; G/K >~ M"™ H where M"™ is the direct product of
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n(M) H-invariant factors, each of them G@-isomorphic to M, and
Ox(M) =1. A Sylow p-subgroup of G/K is a semidirect product
MMM P of M™M with a Sylow p-subgroup P of H. In particular
it must be d(M" P)<d,(G): since n(M)>d,(G) it follows P =1,
a,(@) = n(M) and M ~ C,. Since Oy(M) =1, H can be thought of
as a subgroup of Aut (M), hence it is eyclic. So we have shown that
G/K is the semidirect product of an elementary abelian p-group of
rank d,(G) with a cyclic group that acts as a non trivial power, as
we stated.

We have now to prove that dzq(I;/21,)<d,(G). By what we have
just shown dzg(14/21,) < dy(@)+1 and if, by contradiction, dzg(I¢/21s)=
= d,(@) + 1, one of the two following cases occurs:

i) @ contains a normal subgroup N such that G/N = P{x)
where P is an elementary abelian 2-group on which = acts as a non
trivial power: a contradiction since every power automorphism of an
elementary abelian 2-group is trivial.

ii) d,(@) = 1: a Sylow 2-subgroup of G is cyeclic, so G is
2-nilpotent. We again reach a contradiction since it can be proved:

1.7. If M is a normal subgroup of a finite group G and p is a prime
number dividing |G| but not | M| then dzg(Le/pls)<d(G|M).

(S0, in our case, taking as M a normal 2-complement in @,
dz(I/215)<d(G/M) = dy(@).) To prove 1.7 observe that since
(|M|, p) = 1 there exist two integer » and s such that »|M| 4+ sp =1
and define e =r > (1— ) + pIl,. It is easy to verify

xeM

z#1
() et=¢
and
(k) ¢1—y + ple) =1—y + pl,

for every ye M. Let G/M = <{g, M, ...,g; M) and let B the G-sub-
module of I,/pI, generated by the elements ¢ + g, — 1 + plq, 1<i<];
(¢ +¢9i—1+4 pI;)ec B but (¢ + g.—1)e = g;¢ = (since M is a nor-
mal subgroup of @)eg;; this implies that also ¢ = (eg,)g; € B. So B
contains the G-submodule generated by the elements ¢ and (g, — 1) +
+ pls, 1<i<l. By (*%*) B contains also all the elements z — 1 + pl,
for xe M. Since G = (M, ¢y, ..., ¢,y We conclude B = Iy/pI,.
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To complete the proof of proposition 1.6 it remains now to discuss
when the equality dy(@) = dzg(Ie/21;) occurs. By (1.2) dy(G) =
= max {d(G/G' G*), [s(M)[r(M) + 1]} where M runs over the set of
the irreducible non ftrivial GF(2)G-modules.

If d,(@) = d(G/G' G?) then G has a quotient that is isomorphic to
an elementary abelian 2-group of rank d,(@), as claimed.

Suppose dy(G) = [s(M)/r(M) + 1] for a given GF(2)G-module M.
We are in the situation described in 1.3 and 1.5. We distinguish the
two possibilities for n(M):

it n(M) =0 by (L5,1) dy(@) = [s(M)[r(M) + 1] <2;
it (M) 0 by (L5, ii) dy(@) = [s(M)/r(M) + 1] <n(M) + 1;

it must be also n(M)<d,(G)— 1: in fact a Sylow 2-subgroup of G/K
cannot be generated by less than n(M) elements, and if, by contra-
diction, n(M) = dy(@), then |M| =2 and M is trivial as G-module.
So we conclude n(M) = d(G)— 1. If (M) =1 by (1.5,iil) G|K ~
>~ M"™H where H<GF(2*)* and « is the rank of M as an ele-
mentary abelian 2-group. So |H| is odd and a Sylow 2-subgroup of
G[/K is an elementary abelian 2-group of rank ad,(@). Since
a(dy(@)— 1) = d(M™ M) < dy(G) it follows that either dy(G)<2 or & = 1,
but the latter case must be excluded since it implies that M is a trivial
G-module.
If r(M)+#1 by (1.5,iv)

d,(6) = [s(M)/r(M) + 1] <n(M)}2 4 2<

dy(6)— 1
—g T2

and so0 d,(G)<3.

To conclude it remains to discuss the case d,(G) = 3: since n(M) =
= dy(G)— 1 = 2 a Sylow 2-subgroup of G/K is a semidirect product
(M,x M,)P where M,x M, is G-isomorphic to M2 and P is a
Sylow 2-subgroup of H, a complement of M, X M, in G/K. This sub-
group can be generated by 3 elements and this implies:

1) P = {x) is a eyclic group;

2) M/[M, P] = C,.
It is s(M) = n(M) + (M) = 2 + t(M) where ¢ = |HY(H, M)|; we
calculate #(M):

HYH, M)<HYP, M) =
={meM:m1 + ..+ o¥1=1) = 0}/[P, M]< M[[P, M] =~ C,;
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80 {(M)<1 and if (M) =1 then also ¢ = 2. From
3 = dy(@) = [(s(2D)/r(M) + 1] = [(2 + «ID)r(M) + 1]

we conclude (M) = 1 and (M) = 2. We have therefore M = C, X C,
and H<GL(2,2). P is non trivial, otherwise a Sylow 2-subgroup of
G/K would be isomorphic to (C;)* and could not be generated with 3
elements, so only the two following cases are possible:

1) H= GCy;
2) H = GL(2, 2).

In the first case G/K is a 2-group that can be generated by 3 elements
and so G/G'G? is an elementary abelian 2-group of rank 3.

The second case must be excluded since H(GL(2,2), M) =1
while we have proved before that |[HY(H, M)| = ¢"®=gq. #

Define d = mI%X d,(G). We can now characterize the finite groups G
D
with pr (G) = 0 and such that d(G) = d 4 1 by proving:

THEOREM 1.8. Let G be a finite group with pr (@) = 0. If d(G) =
= d + 1 then G contains & normal subgroup N such that G|N is the semi-
direct product P{x) of an elementary abelian p-group of rank d with
a cyclic group (x) where x acts on P as a non trivial power automorphism.

PrOOF. Since pr(G) =0 we have d -+ 1 = d(Q)= dzg(Ile) =
= mlaéx dza(Le/pls). So there exists a prime p such that d,(G) + 1 =
b4

= dge(le/plg) = d + 1: by (1.6, 1) either G contains a normal sub-
group N such that G/N has the described structure or d,(G) =d = 1:
in this latter case all the Sylow subgroup of G are cyclic: this im-
plies that @ is solvable and the conclusion follows by ([9] th. 2).  #

2. — Groups with nonzero presentation rank.

For groups with nonzero presentation rank our invariant (@)
is more difficult to study: in particular it is not known whether there
is some general result espressing the minimal number of generators
in terms of the internal structure of the group, as formulas 1.1 and 1.2
do for groups with zero presentation rank.
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One reason is that the class of groups with non zero presentation
rank is difficult to study or characterize: there are few informations
available about it and, although it is known that there exist groups
with arbitrarily large presentation rank (see[10] lemma 5.16), the
examples of groups of this kind are not many. On the other hand
in all known examples the minimal number of generators seems not
too large and one expects that in the class of groups with non zero
presentation rank the general bound «d(G)<d + 1» can be improved.
Actually the results that we will prove are in this direction.

We will apply the following results:

2.1. (see [4] p. 218). If N is a soluble normal subgroup of G and
pr (G) > 0 then d(G) = d(G[N).

2.2 (see [7] p. 222). Suppose G contains a non-trivial normal perfect
subgroup P all of whose abelian chicf factors are cyclic; then:

1) if G[P s cyclic then pr (G) = d(@) — 2;
2) if G[P is not cyclic then pr (@) = d(G)— d(G[P) + pr (G/P).

The meaning of 2.2 is that extending above semisimple groups pr (@)
and d(@) increase in the same way. Therefore in the study of groups
with non zero presentation rank it is useful to get informations about
the contribution given to the growth of the number of generators by
the perfect minimal normal subgroups. Our next results have this
aim.

We will often use the following result, proved by Guralnick, about
the generation of finite simple groups [5]:

2.3. If G is a non abelian finite simple group then there exists x € G
and P € Syl, G such that G = {P, P=).

We need also the following lemma, supplementing the informations
given by [9], th. 1.

LeMMA 2.4. If G is a finite group and g,, ..., g. are n elements of
such that {g,y...,9.> = G and n > d,(G) then there exist n elements
hiy..cy b, in G such that <hy,..,h,> =G and the subgroup H =
= (hyy ooy By @) contains a Sylow 2-subgroup of G.
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Proor. We proceed by induction on the order of G. Let N be
a minimal normal subgroup of G; by induction

GIN =<{g;N, ..., g N> = {yN, ..., b, N)

for suitable elements &, ..., h, of G such that (N, ..., h, N) con-
tains a Sylow 2-subgroup of G/N.
We distinguish three possibilities:

1) N is a 2-group. Set H = (hy, ..., hgq), N); & Sylow 2-sub-
group of H is also a Sylow 2-subgroup of G and so it can be generated
by d,(G) elements: by [9] lemma 1.b there exist y,,..., ¥4 in H
such that H = {y,, ..., Ya,@>- But then the elements y,, ..., ¥4,
ha @)+1y ---y hn are those we are looking for.

2) N is a p-group with p 7 2. By a theorem of Gaschiitz ([10],
prop. 5.18) there exist u,, ..., %, in N such that G = (hytty, ..., bty ).
Let H = {hyty, ..., hge)Ua, ). HN contains a Sylow 2-subgroup of G
and HN/N ~ H/H N N: since |N| is odd H contains a Sylow 2-sub-
group of G and so the elements h,u,, ..., h,u, satisfy the conditions
of the lemma.

3) N is not soluble: N is a direct product of isomorphic non
abelian simple groups. By 2.3 there exist € N, P € Syl, N, such that
N = (P, P%y. Since G = NNy (P) it is not restrictive to assume
hi€ No(P), 1<i<n. Let H = {hy, ..., hgye), P); 2 does not divide
|NH:H| since H N N>P: so H contains a Sylow 2-subgroup of Q.
But then each Sylow 2-subgroup of H can be generated by d,(G)
elements; since P is normal in H, applying [9] lemma 1, (b), it follows
that there are in H dy(G) elements y,, ..., ¥4, With H = (Y1, ..., Ya @>-
The subgroup <¥i, ..y Ya,@) Pa,@ +1 -y hn) contains P, P*»* = P= and
80 contains N and, consequently, it is G: we conclude that v, ...
vy Yay@ s Pay@+1y -y hu@ are requested elements.

LemmA 2.5. If P is a normal 2-subgroup of G with d(G[P) < d,(G)
then:

i) d(G)<dy(@);
ii) if d(GQ) = dy(G) then either dy(G) = 2 or G is 2-nilpotent.

Proor. We distinguish two cases:
1) pr(G) > 0. By (2.1) d(G) = d(G|P) < dy(G).
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2) pr (@) = 0. It is d(@) = dgo(le) = max dgo(Le/plo). By 17,

if p+~2, dgolo/pIs)<d(G[P) and by (1.6,2) dze(ls/2Is)<dy(@). In
other words d(G) <max (d(G/P)), d(I/21s) <max (d(G|P), dy(GF)) < dy(Q).
Furthermore if d(G) = dy(G) then dgze(I,/21;) = d(G) and this, again
by (1.6, 2), implies that either d,(G)<2 or there exists a normal sub-
group N of G such that G/N is an elementary abelian 2-group of rank
dy(G). In the latter case, since for each Sylow 2-subgroup @ of G,
it is @ N N <Frat (Q), by a theorem of Tate (see [6] pag. 431) M is
a 2-nilpotent group; but G/N is a 2-group: we conclude that G itself
is 2-nilpotent. #

In last lemma of this section we are again concerned with the
growth of the minimal number of generators when we go from a proper
factor group G/M to G. We now deal with the case where M is gen-
erated by two conjugate 2-subgroups; by 2.3 this covers non abelian
simple minimal normal subgroups.

LEMMA 2.6. Let M be a normal subgroup of G such that there exist
v e @ and P eSyl, M with M = (P, P~); then:
i) if d(G/M) > d,(@) then A(Q) = d(G|M);
ii) of d(G|M) < dy(G) them d(G)<dy(G) + 1;

iii) of d(G/M) < d,(@) and dy(G) > 2 then d(G) = dy(@) + 1 only
if there exists a subgroup H of G such that H is 2-nilpotent, P is a normal
subgroup of H and G = HM;

iv) if d(G/M) = d,(G) and d(G| M) < d,(G) then d(G)<dy(G) + 1;
v) if A(G[M) = dy(G), do( G M) < dy(@F) and dy(G) > 2 then d(Q) =
= dy(G) + 1 only if there exist an element g of G and a subgroup H

of G such that H is 2-nilpotent, P is a normal subgroup of H and
G=CH,,gM.

Proor. If

d(G| M) > d,(G) >dy(G| M),

by 2.4, there exist gy, ..., g4g/ar) ID G/M such that g, M, ..., gyan M) =
= G[/M and the subgroup <{¢, M, ..., gis, M) contains a Sylow 2-sub-
group of G/M. By Frattini’s argument, it is not restrictive to assume
g:€ No(P), 1<i<d(G/M). Let T = {gy, ..., Jae), P>: P is normal
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in T and T contains a Sylow 2-subgroup of G so by [9] lemma 1.b,
there exist in @ d,(G) elements &, , ..., hq, ) such that {hy, ..., bg,@) = T.
It results

Chay ooy Bayayy Gay@)+19 -y Ja@n)®> =

= {1y «ey Ja@ian—11 Ga@ian)®y P> = g1 - Ja@inny—1s Jawinn @y M) = G.

This proves (i). ‘

If d(G/|M) < dy(@), again by Frattin’s argument, we may suppose
that there are in Ng(P) d(G/M) elements, g, ..., yem), sSuch that
M, ..., JaennM> = G[M. Let H =gy, ..., Ja@m), P). Clearly
G=HM = <{H,z) and 8o d(G)<d(H) + 1. Since d(H|P) < dy(G) =
= dy(H), by (2.5,1) d(H)<d,(H) and 80 d(G)<dy(G) + 1. Furthermore
if d(@) = dy(@) + 1 then d(H) = dy(G) = dy(H) and so, by (2.5,ii),
if we suppose d,(@) = dy(H) > 2, we conclude that H is 2-nilpotent.
This proves ii) and iii).

Finally if d(G/M) = d,(@) and d,(G/M) < dy(@), by 2.4, there exist
d(G[M) elements, g, ..., Jaqan, Such that <g, M, ..., oy M) = G| M
and the subgroup <g, M, ..., gs, -1 M) contains a Sylow 2-subgroup
of G/M. By Frattini’s argument we may choose these elements to
be in Ng(P). If we now set H = {g,, ..., §o,(@—1, P> then

G = {H, gyemyy M = <H, gae/a)®> -

It follows d(G)<d(H) 4+ 1. Since H contains a Sylow 2-subgroup of G
dy(@) = dy(H) and, by (2.5,i) d(H)<d(H) = dy(G); hence d(G)<
<dy(@) + 1. And again d(G) = dy(G) + 1 implies d(H) = dy(H): if
we suppose d,(H) > 2, from (2.5, ii), it follows that H is a 2-nilpotent
group.  #

REMARK 2.7. The hypothesis dy(G/M) < d,(G) that appears in iv)
and v) of the previous lemma is verified when M is perfect group;
to prove this it is enough to remark that, by Tate’s theorem ([6]
p. 431), if P is a Sylow 2-subgroup of G then P N M < Frat (P),
otherwise M would be 2-nilpotent. Furthermore if in particular G/M
is perfect, and this is the case that we will consider in the next section,
then, since a perfect group has even order and its Sylow 2-subgroups
are not cyeclic, d,(G) > d,(G/M)>2: so in this case also the hypothesis
d,(@) > 2 that appears in iii) and v) is satisfied.
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We can now prove the main result of this section:
THEOREM 2.8. If G is a finite group then

d(G) <max (dzg(Is), do(G) + 1) .

ProoF. — By induction on |G|. If pr (G) = 0 then d(G) = dze(1e).
Suppose pr (@) = 0 and let N be a minimal normal subgroup of G.
If N is solvable, by 2.1, we obtain d(G) = d(G/N)< (by induction)-
-max (dzgx(Lgw)y da(G/N) + 1) <max (dze(ls), do(G) + 1). If N is not
solvable then it is a direct product of non abelian simple groups and
50, by 2.3, there exist x € N and P € Syl, (¥) such that N = (P, P>,
We distinguish two possibilities:

i) d(G/N) > dy(G): by (2.6 1)

d(@) = d(G/N) < (by induction) max (dzev(Le), d(G/N) + 1) <
< max (dze(Lo), do(@) + 1) -

ii) d(G/N)<d,(@): as remarked in (2.7) we can apply Lemma
2.6 to conclude that d(G)<d,(G) + 1. #

COROLLARY 2.9. If G is a finite group with pr (G) = 0 then d(G)<
<dy(@) + 1.

The previous results show that in the class of the groups with non
zero presentation rank the general bound for the minimal number
of generators can be improved but it remains an open question
whether the relation « d(G)<d,(@) -+ 1» is or not the best that is pos-
sible to prove for this class; one of the reasons for which it is not
easy to solve this problem is that it is difficult to construct examples
of groups with positive presentation rank.

In theorem 2.8 we have described the structure of a group G' with
pr (@) = 0 and such that d(G) = d + 1. Using the above results we
can generalize that theorem proving:

THEOREM 2.10. Let G be a finite group: if d(G) = d -+ 1 then either
d=d,(@) or G contains a normal subgroup N such that G|N is the semi-
direct product P{x) of an elementary abelian p-group P of rank d
with a cyclic group <{x) where x acts on P as & mon trivial power
automorphism.



214 Andrea Lucchini

Proor. If pr (@) = 0 then the conclusion follows from th. 1.8.
If pr(G)#0 we have d-+ 1= nhaézlz d,(G) 4+ 1 = d(@)< (by corol-
V4

lary 2.9) d,(G@) + 1: hence d(G) = d,(G) + 1 and d = d,(@). #

3. — The case of perfect groups.

In this section we apply the results proved above to the class of
perfect groups: in this case we will find a bound for d(@) in terms of
d,(@) and the augmentation ideal I,. This will then imply the bound
d(@)<d. We are interested in this class since it represents the opposite
of the class of the solvable groups from which the study of the mi-
nimal number of generators started and produced the most com-
plete results. But we think that this can be useful also as an example
of how one can work in some other class of finite groups.

We begin by studying the augmentation ideal of a perfect group.

LeEMMA 3.1. If G is a finite perfect group and p is a prime dividing
|G| then
4,(4)
2

dze(I¢/pIs) <max (2, + 1) .

PROOF. By (1.2) dzg(ls/pIs) = max {d(G|G' @), [s(M)[r(M) + 1]},
where M varies over all non-trivial irreducible GF(p) modules.
Since @ is perfect G/G'G*= 1, hence there exists a non-trivial irre-
ducible GF(p)G-module M with dzg(Ie¢/pIls) = [s(M)/r(M) + 1]. We
are in the situation described in 1.3 and 1.5.

We distinguish two cases:

a) n(M) = 0: By (1.5,i) d(@)<2<(d,(G) + 3)/2 since d,(G)>1.

b) n(M)== 0. A Sylow p-subgroup of G/K is a semidirect pro-
duct M"™ P where M™™ ig a direct product of G-isomorphic
factors and P is Sylow p-subgroup of a complement, H say, of M™¥)
in G/K. Since d(M"™ P)<d,(G/K)<d,(G) it must be n(M)<d,(G).
On the other hand n(M) = d,(G) only if P =1 and M =~ C, but this
would be imply H cyeclic in confradiction with G perfect. Therefore
n(M)<d,(G)— 1. By (1.5,iii) »(M)+# 1 otherwise H would be cyeclic,
but then, from (1.5,iv) it follows

n(M) a (@) —1

dzallofpLe) = [s(M)/r(M) +1]<—5— + 2< = BO+3

+ 2 )
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To conclude we have to show that the equality

(#) dzTolpLy) = T2

can occur only when dzg(Is/pl;)<2. If P =1, since M cannot be
cyclic, d,(@)>d(M™™)>2n(M) = 2d,(G)— 2 whence d,(G)<2: but
then, by (1,6.1), dze(Is/ple)<d,(@)<2.

If P+#1, from d(M"™ P)<d,(G) it follows:

a) P is a cyelic p-group: P = {x);
b) M|[M, P] ~ C,.

It is s(M) = n(M) + t(M) being ¢* = |HY(H, M)|. On the other
hand

HY(H, M)<HP, M)<{me M: m(1 + & + ... + alF=1) = 0}/[ M, P]<
<M/[M7P] %Gp:

80 either (M) = 0 or {(M) = 1 and in the latter case it is also p = ¢;
since
dy(G) + 3

[s(3)r(30) + 1] = [((M) + dy(@) — 1jr(M)) +1] = ==

we conclude that either d,(G) = 2, but then dzq(Is/ple) <2, 0r{(M) =1
and r(M) = 2. Therefore the situation that remains to discuss is the
following: M is a 2-dimensional vector space over GF(p) and H is
an irreducible perfect subgroup of GL(2, p) all of whose Sylow p-sub-
groups are cyclic and non-trivial. H<SL(2,p) otherwise

H(H N 8L2) ~ HSL(2, p)/SL(2, p) =~ GL(2, p)[SLE2, p) = (GF(p))*

and H would have an abelian quotient in contradiction with the assump-
tion H perfect. Let = be the projection of SL(2,p) over PSL(2, p):
H" is a perfect subgroup of PSL(2, p); but the perfect subgroups of
PSL(2, p) are classified in ([6] p. 213) and from this classification fol-
lows that there are only the following possibilities:

1) H" =~ PSL(2, p);
2) H*~ A, and p*=1mod5b.
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If (2) is the case then |H|= |4;||ker (7)| and [ker (%)| = (2, p — 1),
hence either [H| = 60 or |[H| = 120: in both cases, since p% =1 mod 5,
p does not divide |H| in contradiction with the hypothesis that H
has a non-trivial Sylow p-subgroup. So (1) holds and consequently
H ~ SL(2,p) with p 2 becouse it is perfect. We can conclude

applying

(*x) If V is a G-module and N is normal subgroup of @ such that
Cy(N) = 0 then [HYG, V)|<|HYN, V)|. (see[1] (2.7,1)).

Applying this result to the case
G =8L2,p), V=M, N=Z(SLZ,p)) =0,

since from p # 2 it follows Cyu(N) = 0, we obtain H(SL(2, p), M)<
<HYN, M)=1: a contradiction since we have proved before
\HY(H, M)| = p.

This conclude the proof. #

An immediate consequence is:

PROPOSITION 3.2. If G is a finite perfect group then dze(ls)<d[2 + 1.
The previous result can be stated also in the following way:

COROLLARY 3.3. If G is a finite perfect group with pr (G) =0
then d(G)<d/2 + 1.

We have so proved that in the class of perfect group with zero
presentation rank a stronger bound holds for the minimal numbers
of generators. For this class it is also true:

ProrposiTION 3.4. If G is a perfect group with pr (G) = 0 then
d(G)<d and the equality d(G) = d holds only if d(G) = 2.

ProorF. Since G is perfect d>2 (a group all of whose Sylow sub-
groups are cyeclic is soluble) and so the conclusion follows from co-
rollary 3.3. #

The previous results hold in the class of the perfect groups with
zero presentation rank. Before studying the perfect groups with non
zero presentation rank we need some lemma.

LEMMA 3.5. Let G be a perfect group: if dzg(Ie) = 2 then d(G) < dy(G).
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ProoF. Let G be a minimal counterexample. Since @G is perfect
dy(@)>2. If pr(G) =0 then d(Q)= dze(ls) = 2<d,(G). Suppose
pr (G) 5= 0: since a simple group has presentation rank equal to zero, G
contains a minimal normal subgroup N with G/N 5=1; dzgn(Ign)<
<dzg(le) =2 and dzgy(Igy)# 1 otherwise G/N would be cyclic con-
trary to the fact that G is perfect: therefore dzex(Igy) = 2 and so,
by induction, d(G/N)<d,(G/N). We distinguish two possibilities:

a) N is solvable: by (2.1) d(G) = d(G/N)<d,(G/N)<dy(G).

b) N is a direct product of non abelian simple groups: by (2.3)
N = (P, P>y for x€ N and P €8yl, (N); as remarked in 2.7 we can
applay lemma 2.6 and conclude that either d(G)<d,(G) or there exists
a 2-nilpotent subgroup H of G with G = HN but in this latter case
G/N would be soluble in contradiction with the hypothesis that G is
perfect. #

LEMMA 3.6. If G is a finite perfect group then pr (G)<dy(G)— 2.

Proor. Since G is perfect d,(G)>2; hence if pr (G) = 0 we can
conclude pr (G) = 0<dy(G) — 2. Suppose now pr (@) s~ 0. Consider a
minimal normal subgroup N of G. The two following cases are possible:

a) N is solvable: pr (G) + dze(ls) = d(G) = (by 2.1) d(G/N) =
= dzgn(Igx) + Pr (G/N): hence, from dzgn(Ilgn)<dzg(le) it follows
pr (@) <pr (G/N)< (by induction)d,(G/N) — 2 <dy(G) — 2.

b) N ~ 8" where § in a non-abelian simple group: N does not
have abelian composition factors and G/N is not cyclic, so, by (2.2),
a(G) — pr (@) = d(G/N) — pr (G/N). Since N is the normal closure of
8 in @ and, (by[1] th A) d(8) =2, we obtain d(@)<d(G/N) + 2:
it follows that it is also pr (G)<pr (G/N) -+ 2. Suppose, by con-
tradiction, pr (G)>d,(@) — 1. Since dze(I;) = 1 implies @ cyclic and
if dze(Ig) = 2 then by 3.5 d(G)<d,(G) whence

Pr (@) = d(G) — dzg(ls) = d(G) — 2<dy(@) — 2,
we may assume dzq(Il;)>3. Therefore
d(G@) = pr (G) + dzg(le)>dy(G) — 1 + 3 = dy(G) + 2

and 50 d(G/N)>d(G) — 2> dy(@). It d(G/N) > dy(@), by (2.6, 1) d(G) =
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= d(@/N): it follows pr (@) = pr (G/N)<(by induction)<d,(G/N)—
— 2<dy(G)— 2, a contradiction. If d(G/N) = dy(@), by (2.6,iv)
d(@)<d,(G) + 1 contrary to the relation d(G)>dy(G) + 2 obtained
before. #

LeEMwMA 3.7. If G is a finite perfect group and 2 is an augmentation
prime for @, that is dge(Ils) = dze(Ie/216), then A(G)<dy(G).

ProOF. Let G be a minimal counterexample. If pr (G) = 0 then
AG) = dgg(Ie) = dga(ls/215)< dy(G) by (1.6,2). So we may assume
pr (@) > 0. Since G is perfect by (1.2) there exists a nontrivial ir-
reducible GF(2)G-module, M, such that

dz6(ILe) = dge(I6/21c) = [s(M)[/r(M) + 1] .

Let K be the normal subgroup of @ introduced in (1.3) and let H be
a complement for M™™ in @G/K. We distinguish two cases:

a) K+1.

Let N be a minimal normal subgroup of G contained in K: we have

dzeinIaiv[21qy) = dza(laf216) = Aza(la) > dzgn(Lax)

hence 2 is an augmentation prime for G/N and by induction d(G/N)<
<d,(G[N).
There are two possibilities:

i) N is soluble: since pr (G) > 0, by (2.1) d(@) = d(G/N)<
<dy(G|N) <dy(@).

ii) N is a direct product of non-abelian simple groups: so, as
remarked in 2.7, we can apply (2.6, iii) to conclude that either d(G)<
<dy(@) or G = HN with H 2-nilpotent: but we exclude the latter
case since it is in contradiction with the assumption that G is perfect.

b) K = 1.

G = M"™ H where M™™ ig a direct product of H-invariant factors
and Cy(M)=1. Since pr(G)*0,

(@) = d(G/ M) = d(H) = dzg(Ig) + pr (H);
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by 3.6 pr (H)<d,(H)— 2. Furthermore d,(H) + n(M)<d,(G); hence
A(6) = A(H) <dzn(Iy) + da(H) — 2<dge(Io) + dal(@) — (M) — 2.

If n(M) =0, by (1.5,i) dze(lg)<2: it follows d(GF)<dy(G).

If n(M)+ 0, by (1.5,1i) dze(Ig)<n(M) + 1 and so d(G)<n(M) +
+ 14 dy(G) — n(M) — 2<dy(G)— 1.  #

With the help of the previous lemmas we can now prove the fol-
lowing bound for the minimal number of generators of a perfect group.

THEOREM 3.8. If G is a finite perfect group then
d(@)<max (dze(Ils) + 1, dy(@)) .

Proor. Let G be a minimal counterexample. Since d(G) =
= dzg(Ig) + pr (@), if pr (G)<1 then d(@)<dgze(lg) + 1: therefore we
may assume pr (G)>2. Furthermore it is not restrictive to suppose
that G has no solvable proper normal subgroup: otherwise, if N is
one, by (2.1)

d(@) = d(G|N) < (by induction) max (dzgx(Ign) + 1, da(G/N)) <
< max (dze(Ilg) + 1, do(@)) -

m
Denote with M the socle of G: M ~ H N, where N,, a minimal normal
mi i=1

subgroup of @, is isomorphic to [] 8,; with 8,8, for all j, where
i=1

8; is a finite non-abelian simple group and {8,;,l1<j<m;} is a
conjugacy class of subgroups of G.

Every non abelian simple group can be generated by 2 elements
([1], th. B), and has a non cyclic Sylow 2-subgroup, so

AM)< > ASi)< X dy(8i;)<do(M):

1<ign 1<ign
1<igsme 1<igme

hence we may assume G = M. By (2.3) M = (P, P¥) where xre M
and P e Syl, (M) and as remarked in (2.7) d(G) > 2.
We distinguish the different possibilities:

1) d(G/M) > dy(@): by (2.6)
d(@) = d(G|M)< (by induction) max (dzgu(Lga) + 1, do(G/M)) <
<max (dzg(lg) + 1, do(@)) .
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2) d(G/M) < dy(@): by (2.6,1ii), since a perfect group G' cannot
be written in the form HM with H 2-nilpotent, we get d(G)<d,(Q).

3) A(G/M) = d,(G): by (2.6, V) either d(G)<dy(G) or d(G)=
= dy(G) + 1 and in this latter case there exist ge G and H, a 2-nil-
potent subgroup of @, such that P is a normal subgroup of H and
G = (H,g>M. Suppose, by contradiction, that this may happen:
define L = (] Ng(8,,;): since for each g in @, (8,,)°=8,;. for a

1<ign
1<igmi

suitable j*, L is a normal subgroup.
We prove now that Og(P)<L: P = [] P,, with P, ;e Syl, (8,,