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Homoclinic Orbits

on Non-Compact Riemannian Manifolds
for Second Order Hamiltonian Systems.

FABIO GIANNONI (*) - LOUIS JEANJEAN (**)
KAZUNAGA TANAKA(**)(***)

ABSTRACT - We consider second order Hamiltonian systems on non-compact Rie-
mannian manifolds. We prove the existence of a nontrivial homoclinic orbit
under conditions related to the global superquadratic condition of Rabinowitz
in [17].

0. Introduction.

In this paper, we study the existence of homoclinic orbits on a com-
plete connected noncompact Riemannian manifold M of class C3. For a
given function V(t, x) E x M, R), we consider the second order
Hamiltonian system:

where denotes the derivative of x(t) with respect to t, the
covariant derivative of and gradx V( t, x ) the gradient of V(t, x)
with respect to the variable x.

Let xo E M be a point such that
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(***) On leave from Department of Mathematics, Nagoya University, Chi-
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We say a solution x(t) of (0.1) is a homoclinic orbit emanating from xo if
and only if

Our aim is to derive conditions which ensure the existence of a homo-
clinic orbit emanating from xo .

This kind of problems has recently has recently been extensively
studied via variational methods. See [1, 2, 5, 7,11,16,17,18, 22, 24] for
homoclinic orbits or heteroclinic orbits in RN and [3, 4, 8, 9,12] for ho-
moclinic orbits on Riemannian manifolds. See also [6,10,19-21, 23] for
first order Hamiltonian systems.

To our knowledge, so far the existence of homoclinic orbits on Rie-
mannian manifold has been studied under two types of conditions.

In [8, 9,12], V(t, x) is periodic in t and satisfies

while in [3], V(t, x) verifies the above assumptions but it is time

independent.
In [4] (cf. [1,18]), the potential is time independent and is a

local maximum of V(x) such that V(xo ) = 0. The existence of a homoclin-
ic orbit emanating from xo is proved under the assumptions that the set
S~ _ ~x E M; V(x)  0} U is open and bounded and grad V(x) ~ 0
for all x E a~ .

In this paper, we consider the existence of a homoclinic orbit in the
situation where V(t, x) depends on t and changes sign on M. As far as
we know, such a situation is studied only in the case M = RN and the
following global superquadratic condition is assumed ([7,17])

(GSQ) V(4 x) is a periodic function in t of the form

where L(t) is a positive definite symmetric matrix depending on
t continuously and x) satisfies, for some 03BC &#x3E; 2,

Our main purpose is to shown the existence of a homoclinic orbit on
a Riemannian manifold under a condition which is a generalization of
(GSQ). We also show the existence of a homoclinic orbit in RN under



155

weaker condition than (GSQ). See Remark 0.2 and Example 0.4
below.

To state our result, we need some notations: let (., ’)~ be the Rie-
mannian structure of M. For W(x) E C2 (M, R), grad W(x) and

v] will denote the Riemannian gradient and the Riemannian
Hessian of W, i.e.,

where y(s) is the geodesic such that y( o) = x, ~(0) = v. In case

also depends on t E R, we denote by
gradx W(t, x) and HW (t, x)[v, v] the Riemannian gradient and the Rie-
mannian Hessian of W respect to x.

We assume

(VO) V E C2 (R x M, R) is 1-periodic in t,
(VI) V(t, xo ) = 0, gradx V(t, xo ) for all t E R and

(V2) the set ~( t ) _ ~ x E M; V( t, x ) ~ 0 } is compact for all t and

gradx V(t, x) ~ 0 for all X e and t e R,

(V3) lim inf inf V(t, x) &#x3E; 0.
d(x, xo ) -+ 00 t E R

(V4) V( t, x ) is of the form:

where ~(t, x), W(t, x) E C2 (R x M, R) are 1-periodic in t. More-
over there is a function such that

(~1 ) grad p(ro ) = 0,

(p2) there exists g &#x3E; 0, co E (0, 1/2), c’ &#x3E; 0 such that for all x E M
and v E Tx M,
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(1Jl) ~( t, x ) &#x3E; 0 for all t E R and x E M,

(p2) there exists such that

Now we state our main result.

THEOREM 0.1. Let M be as above and assume (VO)-(V4). Then
(0.1)-(0.2) has at least one non- trivial, homoclinic orbit emanating
from xo .

The following observations clarify the meaning of conditions

(VO)-(V4).

REMARK 0.2. Let M = RN with a standard Euclidean metric and
assume satisfies condition (GSQ). Setting p(x) = 1/2 and

¢(t, x) = 1/2 (L(t)x, x), we see conditions (VO)-(V4) are satisfied. We
obtain conditions (VO)-(V4) as a first trial to generalize condition (GSQ)
of Rabinowitz [17]. We hope that they may be improved.

REMARK 0.3. (i) In the condition (V4), we can take p(t, x) = 0. In
this case, V(t, x) = W(t, x) and if we take a q;(x) e C2 (M, R) such
that

for some a &#x3E; 0, the condition (V4)-(w) is clearly satisfied for x E MBA
and it can be regarded as a condition on the set A, that is, a condition on
the behavior of V(t, x) in a neighborhood of 0(t)’. See Example 0.4
below.

(ii) By the condition (V4)-(w), W(t, x) cannot take a positive maxi-
mum. Thus (V4)-(w) is satisfied only on non-compact manifolds.
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EXAMPLE 0.4. Let M = RN with a standard Euclidean metric. Let
p(f) e C~([0, oo)~ /:) be a function such that for 1 /2 )

Suppose V(t, x) E C2 (R x RN, R) is 1-periodic in t and satisfies

Then V(t, x) satisfies (VO)-(V4) for = and tp(t, x) = 0 provid-
ed that

We remark in the set ~ ~  ~ x ~  1 - ~ } conditions (vo)-(V4) are satis-
fied if V(t, x) is negative and 1-periodic. In general, (GSQ) is not satis-
fied in this case.

REMARK 0.5. In the above example, putting a «handle» in the set
~ p  ~ x ~  1 - p }, we see that there exists a couple (M, V) satisfying
conditions (VO)-(V4) with the Riemannian manifold M not being diffeo-
morphic to RN .

In the following sections, we prove Theorem 0.1. First we consider
the problem on bounded intervals [ - n, n ] of R and second we take a
limit 

1. Preliminaries.

Let (M, ~ ~, ~ ~) be a complete, connected finite dimensional Riemanni-
an manifold of class C3. By the well-known Nash embedding theo-
rem ([13]), M can be embedded in RN (with a standard Euclidean met-
ric) for sufficiently large N. Thus we may assume M is a submanifold of
RN whose Riemannian structure is induced from the standard Eu-
clidean metric on RN . We may also assume xo E M is corresponding to
0 E RN by the embedding.
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In what follows, we denote by ~ ~ ~ I the Euclidean norm, by (., .) the
Euclidean s-calar product, by « - » the difference in RN , by d(., .) the
distance on M indiced by the Riemannian structure, and we also
write

For a technical reason, we consider the Hamiltonian system (0.1) on
bounded intervals first. For n e N, we defme

It is well-known (e.g. Palais [15]) that O1n is a Hilbert manifold of class
C2 and its tangent space at x e is given by

We define a scalar product and a norm on by

where Dt is the covariant derivative along the curve x( t ) E S~ n . We also
define the distance y ) between and by

We have the following relation between doj and d.
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Since he 1 ], 0 n 1 ), we have (ahlas)(s)(t) E C([ 0, 1 ], Wo ~ 2 (n))
with (ahlas)(s)(t) E Th(s)(t)M for all t, s and ahlas(s)( ± n) = 0. Now
from

we have

Therefore

Since h(s) is arbitrary, we get

Similarly,

Thus we get the conclusion.
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We consider on D; the functional

We can establish the following lemma in a standard way.

LEMMA 1.2. In (x) E R) and x(t) is a critical point of
In (x) if and only if x(t) solves

Here Dt is the covariant derivative along the curve x( t ).

We also remark that

for all x(t) e Q/§ and v(t) e 

REMARK 1.3. For let P(r)(.) be the orthogonal projection
from RN onto Tx M and let = v - Then we can write

Thus

2. The mountain pass structure of 

In this section, we prove that In e C 1 (~ n , R ) satisfies the assump-
tions of the Mountain Pass Theorem.
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LEMMA 2.1. There exist ao, p o &#x3E; 0 independent of n E N such that
if x(t) satisfies

then

Moreover

for x(t) e satisfying

PROOF. By the assumption (VI), we can choose a &#x3E; 0 and a &#x3E; 0
such that

Now taking 80 &#x3E; 0 sufficiently small so that (2.1) implies

for such a 60 &#x3E; 0, clearly it follows

We can deduce the second assertion in a similar way.

Next we take a point Xoo E M such that V( t, &#x3E; 0 for all t and
choose a curve such that

(Note that the existence of ~oo follows from (V3).)
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For n E N, we set

Then we can see easily

Thus there exists an no E N such that

where so &#x3E; 0 is defined in Lem-

We fix such an no E N and write qo ( t ) = q, (t). Setting

we regard

We define for n * no

By Lemma 2.1, and formulas (2.2), (2.3), we can see the following

LEMMA 2.2.

where p o &#x3E; 0 is given in Lemma 2.1. In particular the limit

exists.

PROOF. Since we can regard E r n¡ c F,,,2 for n2 ~ no , the
conclusion of Lemma 2.2 follows from the definition of bn .
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We can also verify the Palais-Smale compactness condition and we
can see bn is a critical value of In (x), that is, there exists a non-trivial
solution rn ( t ) of (1.1)-(1.2). One may expect after suitable shifts in time
xn ( t ) = tn ) ( tn E ~ - n + 1, ..., 0, ... , n - 1 ~ ) converges to a ho-
moclinic orbit. However, there is a possibility

and xn ( t ) may converge to a non-trivial solution of (0.1) in ( - m , so )
with

or

To overcome this problem, we will get a homoclinic orbit as a limit of a
special sequence of approximate solutions of ( 1.1 )-( 1.2) in the following
section. For this we need.

L E MMA 2.3. There exist constants 81, Co &#x3E; 0 independent of n E N
such that if x(t) E satisfies for - E ( o, 1 ]

PROOF. By the assumption (VI), there exist ~2 &#x3E; 0, Ci , C2 &#x3E; 0 such
that

for all t and x E B( o, 82 ).
For x(t) E 0’, we define
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Then by (1.3)

where f (x): M ~ RN2 is an N x N matrix-valued function satisfying

Therefore there exist ~3 &#x3E; 0 and Ci , C2 &#x3E; 0 such that

for all with x([ - n, n]) e B(0, a3).
Now we set al = min ~ 82 , s3 ~ &#x3E; 0 and we assume e satisfies

(2.4) and (2.5). By (2.5), we have

that is,

Thus using (2.7), (2.9), (2.10), we get

where C3 , C4 &#x3E; 0 are independent of n and c. Using these bounds, we
get by (2.8)
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3. Approximate solutions and their estimates.

by Lemma 2.2, we can choose nk ;::: no and yk E nk such
that

For Eo --- el /2 &#x3E; 0, where 81 &#x3E; 0 is given in Lemma 2.3, we set

where [ a] denotes the integer part of a E R . We regard yk E rnk C rnk + Lk
and by Lemma 2.2 and 1), 2), we can see that

Now we apply the following proposition, which is a consequence of the
usual deformation argument.

PROPOSITION 3.1. Suppose satisfies

for some xo , Xl E 0 n 1 and set

Assume b &#x3E; 0 and there exists a y E r such that for some - &#x3E; 0

Then there exists x(t) E 0’ n such that

We apply the above proposition to the case n = nk + lk. J =
= = Ilk and obtain the existence of such
that



166

We derive some properties of 

LEMMA 3.2.

PROOF. Since r 8 (t)(t) = 0 for all S E [ o, 1 ] and t E [ - n~ - lk ,
nk + lk ]~[ - nk , nk ], we can see from (3.3) and Lemma 1.1 that

PROPOSITION 3.3. There exist constants CI, C2 &#x3E; 0 independent of
k E N such that

PROOF. Here we use the assumption (V4). We write
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Setting v in (3.2), we see

Since H9 (x)[v, w] = (Dv w) for all v, w E TxM (e.g. Lemma
49 of [14, p.86]),

Thus from (v4)-(cp2)
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that is,

Therefore, combining (3.4)-(3.6) and (V4)-(~2), we have

By (3.1) and (3.7), we have for large k

Thus we by (V4)-(~2)
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Thus we get from (V4)-(~1)

where CI &#x3E; 0 is independent of 1~. Thus we also get from (3.7)

for some C~ &#x3E; 0 independent of k. Therefore

LEMMA 3.4. For large k,

PROOF. Recall that

), we get from Lemma 2.3 and (3.2) that

But by Lemma 2.2 this contradicts (3.1) for large 

In the next section, we take a limit as t to get a homoclinic
solution.

4. Limit processes as 1~ --~ 00.

By Lemmas 3.2 and 3.4, for large we can find a Sk 

... , 0, 9 ... , such that

We defme
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We remark

By Proposition 3.3, we have

where Ci , C2 &#x3E; 0 are independent of k E N.
By (4.1) and (4.4), yk (t) is bounded in RN ) and we can ex-

tract a subsequence-still denote by k--such that

weakly in (R, RN ) and strongly in C10c (R, M) .

From (4.4) and (4.5), we deduce

Moreover

LEMMA 4.1.

PROOF. It suffices to prove

for any ~(t) E Co (R, R).
For a given ~(t) E Co (R, R), we define
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and

Since supp ~( t ) c ( - tk , lk ) for large k, supp Vk ( t ) c ( - nk - + lk )
and vk E for large k. Now using the fact that

and is bounded in W o~2 (R, RN ), we have

Therefore by (3.2)

By (4.6), we also have

Thus it follows from (4.10)

On the other hand,
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Here we used the fact T,,M. From (4.6), (4.11) we can deduce

Thus we get (4.9).

Using the above Lemma, we can show the following

PROPOSITION 4.2. y(t) satisfies

PROOF. It suffices to prove

for all

By for large 1~. We can see

bounded as I~ --~ 00 and as in the proof of Lemma 4.1 vie have

Using Lemma 4.1, we have

oo. Combining (4.12)-(4.14), we get the desired result. I
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END OF THE PROOF OF THEOREM 0.1. By (4.1), (4.6), we ob-
serve

In particular, 
To complete the proof of Theorem 0.1, we need to show

as t - :t 00 . We deal only with the case « + ». (The case « - » can be
treated in a similar way).

First, we remark y(t) is bounded on R. Indeed, by (4.7), y(t) is uni-
formly continuous on I~ and using (V3) and (4.8), our claim fol-
lows.

From the equation (0.1), we have for any h &#x3E; 0

where m = max gradx V(z, y(,r) 1. .
i e R

Thus, if there is a sequence such that -~0. Set-

ting

we see

for large j E N. Therefore we have

This contradicts (4.7). Thus
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Next we set

there exists some ( tj )~ o such that tj ~ 00,

Using the uniform continuity of y(t) on R again, we can see that

Let us show 1] x For any (s, x) E Z there exists i

such that

Then by the continuous dependence of solutions on data, we have

where z(t) solves

xo , using (4.15) and (V2), we can see z(t) ~ x and we have

since

This contradicts (4.7). Therefore we get y(t) 
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