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Minimum Problems on SBV

with Irregular Boundary Datum.

PIETRO CELADA (*)

ABSTRACT - A lower semicontinuity result for functionals, defined on functions
u e which depend both on the « j umps » of u and on a boundary da-
tum 99 is proved. An application to minimum problems is given.

0. - Introduction.

The so-called free discontinuity problems (see [9]) constitute a

broad class of problems whose main feature is the presence of a set of
discontinuities which is not prescribed a priori. Such problems arise in
the variational approach to problems originating in such different
branches of applied sciences as image segmentation (see [15]), fracture
mechanics (see [2] and the references therein) and liquid crystals
(see [18]) among others.

The pioneering work of E. De Giorgi and L. Ambrosio on this sub-
ject (see [10] and [1]) led to the introduction of the space of spe-
cial functions of bounded variation on 0 which turned out to be a natu-
ral functional-analytic environment for the existence theory for such
problems.

The model case of a free discontinuity problem, in its weak formula-
tion, is the minimum problem for the relaxed Mumford-Shah functional

(*) Indirizzo degll’A.: Dipartimento di Scienze Matematiche, Universita de-
gli Studi di Trieste, P.le Europa 1, 34100 Trieste, Italy.
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(see [15]), i.e.

where Q is a bounded open subset of ~~c is the approximate gradient
of u, Su is the set of «jumps» of u in S2, i.e. the set of points of approximate
discontinuity of u and 1/J is a given function in Loo (~2). This problem has
been widely investigated both from the point of view of existence (see [1],
[8]) and from the point of view of regularity (see [11], [8], [3] and [4]).
Here we notice that problem (0.1) features no prescribed boundary condi-
tions on Whenever boundary conditions are to be taken into account,
it is natural to consider the following minimization problem

where cp : is a given HN - 1-measurable function and Su = Su U
U gg(x)l consists of the «jump» points of u inland of
those points of where the trace y ag u of u on 9S differs from ~. For a
smooth enough boundary datum, say cp E W 1~’ 2 ( aS~ ), the minimization
problem (0.2) can be handled by arguments similar to those used for
problem (0_.1), see for instance [8]. Indeed, once a bounded open set S~’
containing S has been chosen, 99 can be recovered as the trace on 3S of
a function v E W 1 ~ 2 (S2, BQ) so that, letting Loo ( S~ ’ ) denote any ex-
tension of tp, the minimization problem

J

is equivalent to (0.2) up to an additive constant.
The aim of this short note is to contribute to the studying of mini-

mization problems of the form (0.2) in the case of an irregular boundary
datum 99. In particular, denoting the traces of u on Su by u ’ and u - , we
shall prove, for a suitable integrand g, the lower semicontinuity of inte-
gral functionals defined on of the form
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along bounded sequences of functions in which converge in

LI (Q) and whose approximate gradients are relatively weakly compact
in L, ( S~, e) in the case of a boundary datum 99 which is only assumed
to be The proof of this lower semicontinuity result
is based, as the original proof by L. Ambrosio ([1]), on the properties of
the one dimensional sections of functions of bounded variation. The
same fruitful approach has been widely used; see for instance [6] and
also [5] in the context of (vector-valued) functions of bounded deforma-
tion (see [17]).

Finally, the lower semicontinuity of the functionals (0.3) yields an
existence result for the problem of minimizing

on SBV(Q) in the case of a suitable integrand g provided 99 is 
sentially bounded on Indeed, the boundedness assumptions on 99
and 1/J ensure the existence of a minimizing sequence for the above men-
tioned functional which is bounded in Loo (Q) and hence in so

that the direct method of the Calculus of Variations applies.

1. Notation and statement of the main result.

Throughout this paper, let S~ be a bounded open subset of HN with
Lipschitz continuous boundary and let ~3( S~ ) be the or-algebra of all
Borel subsets of S~. For k ~ 1, we shall denote the Lebesgue measure
on by 2k and, for a ; 0, the a-dimensional Hausdorff measure on R~
by 

The functional framework of this paper is the space of func-
tions of bounded variation on S~, which consists of all functions u E

whose distributional gradient Du is an RN-valued Radon mea-
sure with bounded total variation on S~. We shall denote the total varia-
tion of Du by It is well known that endowed with the
norm

is a Banach space. Moreover, its bounded subsets are relatively com-
pact in LI (Q) and the closure with respect to the topology of LI (Q) of
any bounded subset of is contained in itself. We now re-
call some properties of functions of bounded variation that will be used
in the sequel.
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I) Structuracl properties of functions in 

For each u E the Radon-Nikodym derivative of Du with re-
spect to 2N will be denoted by Vu E L, (S~, RN ) while the 2N-singular
part of Du will be denoted by D8U. This latter part of Du can be further
splitted in a unique way into two parts D8U = Dju + D’u where Dju,
the so-called «jump» part of D8 u, is an HN - 1-absolutely continuous
measure and Dcu, the Cantor part of D8u, is a measure that does not
charge any Borel subset of S2 of finite HN - 1-measure. More precisely,
Dj u turns out to be concentrated on the countably (N - 1 )-rectifiable
set Su , the singular set of u, which consists of all points in S~ which are
not Lebesgue points of u. For a given approximate unit normal

Vu: we set u + and u - to be the traces of u on the
sides of Su determined by v u and - v u respectively. As is well known,
they are defined for E Su by

and satisfy u + ~ u - ~CN -1_a,e. on Su . In the sequel, we agree to extend
u + and u - XN - l-a.e. on S setting them equal to the approximate limit
of u. Moreover, Dj u can be written as

When S~ is an open subset of R and u E we simply write u ’ for
Du, ú for Vu and

for the Lebesgue decomposition of u’ with respect to 21. We refer
to [12] for a detailed exposition of the properties of functions of bound-
ed variation.

Finally, we recall that a function u E BV(D) is said to be a special
function of bounded variation if DCu = 0 (see [1]) so that the fol-
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lowing decomposition formula holds

We shall denote by the space of all such functions.

II) Characterization of BV(Q) by one dimensional sections.

As proved in [ 1 ], functions of bounded variation on an open subset of
R~ can be characterized by means of their one dimensional sections. In-
deed, given any ~ let _ ~ y E ( y, ~ ) = 0} be the hyper-
plane of codimension one orthogonal to ~ and for all subsets E c R~
set

Then, if u: ~3 2013~ R is an e-measurable function, set

for all E E and for all x E Q ç. It turns out (see [1]) that, for a func-
tion u E and for all E E it happens that E for

and 
,~ ,~

If this is the case, for 
1 and for ~~~ we

have

Moreover, letting ~ and x be as above, if we agree to choose the approxi-
mate unit normal to defined by

we have also the following identities:
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Finally, for all ~ E SN -’ and B E ~3( SZ ), the different parts of Du can be
reconstructed from the corresponding parts of the one dimensional sec-
tions as follows

so that, in particular, for all u E and ~ E we have ux, ~ E
E for E Q ~ and conversely, a function u E 
is a special function of bounded variation on S~ provided there exist N
linearly independent vectors ~ E SN -1 such that the sections ux, ~ are in

for E S~ ~ . 
,~

Now, we describe the functionals on whose lower semiconti-

nuity will be investigated. To this purpose, given an HN - 1-measurable
function 99: 3a -~ R, for all u E we let be defined

by

where y is the trace of u on It is clear that J cp u is defined HN - 1-
a.e. on Q and is an HN - 1-measurable function. Moreover, as u ’ ;d u -

on Su , it is also clear that, up to an set, J cp u is dif-
ferent from 0 on the set

only. In the sequel, when no confusion may arise, we shortly write Ju
instead of J,,u.
Then, given a function g: R~ x [0, (0) ~ [0, 00] such that

(1.6) g is lower semicontinuous on x [0, -);

(1.7) for E the function t E [0, oo) -~(~ t) E [0, oo)
is non decreasing and subadditive;
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(1.9) there exists a non decreasing function ~: [ o, ~ ) -~ [ o, ~ ) such
that

we let G~ : BV( S~ ) ~ [ o, ~ ) be the functional defined by

Throughout this paper, we shall always assume that g satisfies hy-
potheses (1.6), (1.7), (1.8) and (1.9). We notice that, as depends
both on the size of the « j umps » of u in SZ and on the trace of u on 3jQ, it
has the meaning of a « surface » energy which simultaneously measures
how far is u from the given boundary datum cp . We also point out that
the model case (0.2) can be recovered by letting

so that all the previous hypotheses on g are fulfilled.
We can now state the lower semicontinuity result for G97 that we are

going to prove.

THEOREM 1.1. Given an 
let and Uoo such that

b) the sequence bounded in 

c) the sequence weakly relatively compact in

L1(Q, RN);
d) the sequence is bounded.

Then, Uoo E and 
 lim

h--

REMARK 1.2. The above theorem remains true if we replace hy-
pothesis (b) with

b’ ) the sequence is bounded in 

This follows from the fact that (b’ ) together with (d) and the be-
havior of g near 0 (see (1.9)) imply that the total variations of the
singular parts of the gradients of the functions are uniformly
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bounded. This argument will be used in the proof of the following
Theorem 1.4.

REMARK 1.3. A further statement of Theorem 1.1 is the follow-

ing. Drop hypothesis (a), replace (d) with

and assume (c) and either (b) or (b’ ). Then, the existence of a function
Uoo E SBV(92) which is the limit in L1 ( S2 ) of a subsequence of (uh )h be-
comes part of the thesis and the remaining parts of the conclusion hold
true up to a subsequence. This follows immediately from the compact-
ness theorem for functions of bounded variation.

The previous theorem can be applied to ensure the existence of sol-
utions to minimum problems on for functionals of the form (0.4)
provided q? is HN - 1-essentially bounded on Indeed, we shall prove
the following theorem.

THEOREM 1.4. Let 1jJ E L ~ E Loo 9Q with respect to 
and set

Then, the minimum problem

admits a solution.

The proofs of Theorems 1.1 and 1.4 will be given in the next
section.

2. - Proof of the main result.

The proof of Theorem 1.1 will be accomplished by reduction to the
one dimensional case by. means of a slicing argument. Indeed, consider a
bounded open interval I = (ai’ a2 ) of R and let g: R x [ 0, oo --~ [ 0, oo )
satisfy (1.6), (1.7), (1.8) and (1.9). Then, 
G~ : BV(I ) -~ [ o, ~ ) defined by (1.10), Theorem 1.1 reads as follows.

LEMMA 2.1. Let and Uoo E L1 (I ) be such that
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b) the sequence (Uh)h is bounded in BV(I );
c) relatively compact L1 (I );
d) the sequence bounded.

Then, weakly in L1 (I ) and 
~ lim 

~2013~ 00

The proof is an immediate consequence of the lower semicontinuity re-
sult on SBV(I) with respect to convergence in L1 (I ) for autonomous
functionals defined on the set of jumps (see [1] and [7]). Indeed, set
I ’ - (c~i, a2 ) where a’ = al - 1 and a2’ - a2 + 1, extend each function
Uh, h E N+ U { oo} to a function vh on I ’ by setting

and notice that vh E ,SBV(I ’ ) for h &#x3E; 1, v ~ E L, (I ’ ) and that and v ~
satisfy hypotheses (a), (b) and (c) of Lemma 2.1 with respect to I ’ .

Moreover, it is clear that

so that the functional’ ) is bound-

ed along the sequence Now, this latter functional is independent
of any boundary datum. Hence, it belongs to the class of functionals
considered in [1] where its lower semicontinuity along bounded se-

quences of functions in converging in L1 (I ’ ) whose approxi-
mate gradients are relatively weakly compact in is proved, at
least in the case of autonomous functionals. The case where an explicit
dependence on t is allowed can be dealt with similar arguments. Thus,
the conclusion follows.

It is clear that the previous lemma extends trivially to the case of a
finite union of bounded open intervals of lI~ with pairwise disjoint
closures.

Before inferring the proof of Theorem 1.1 from its one dimensional
version, we prove some technical results.

LEMMA 2.2. a bounded open subset of with Lipschitz
continuous boundary. Then,
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b) for for the open set 
has finitely many connected components with pairwise dis-
joint closures;

PROOF. By assumption, 3Q can be covered by finitely many
graphs of real-valued Lipschitz continuous functions defined on bound-
ed open subsets of so that, by the area formula, (a) holds
true.

As far as (b) is concerned, choose ~ E and notice that Corollary
2.10.11 of [13] applied to the orthogonal projection p~ of onto ~
yields

Hence, the set is finite for so that is
the union of finitely many disjoint intervals. Next, let N~ be the set of
those points x E such that there exists a connected component of

which reduces to a singleton. We claim that ~CN -1 (N~ ) = 0 .
In order to estimate the size of N~ , let us notice that N~ c ~~ (N’ ) U
U p~ (N~ ) where the sets N’ and N; are defined as follows:

N’ is the set of those points y E such that there is no tangent
hyperplane to 9Q at y;

2013 ~ is the set of those points y E 9Q such that the tangent hyper-
plane to 3Q at y exists and the unit normal vector v( y ) to 3Q at y
is orthogonal to ~.

We claim that both p~(N’) and p~(A~) are sets. Indeed,
as S~ has Lipschitz continuous boundary, N’ itself is an 
set and hence the same property holds true for its projection on

As far as the set p~(~) is concerned, notice that A~ is an

HN - 1-measurable subset of the countably (N - l)-rectifiable set 9Q
so that the area formula (see [16], pg. 68) yields

where is the Jacobian of p~ : with respect to the

countably set 9Q (see again [16]). It is then easy
to check that vanishes on N~ so that N~ f1 ~~ 1 (x) _ ~ for
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Thus, ~’~(p~(N~))=0 and the claim is proved
so that (b) holds true.

Finally, it is easy to check that c (3~)~ ~ for all ~ and
for all x E and, for a the set of those points x for
which the previous inclusion is strict is easily seen to be contained in
N~. Thus, (c) follows from (b).

_ 

LEMMA 2.3. Let M be a countably (N - set such that
M c Q, Let v M be an approximate unit normal to M and Let u E 
Then, for every ~ E SN- 1 and for 

a) the set Mx, ~ consists many points and 
+ t~), ~) ~ 0 for every t E Mx, ~ ;

b) Letting y ttz, s ux, ~ be the traces on the sides of Mx, ~ determined
b y the approximate unit normal 
+ t~), ~), t E Mx, ~ , have

PROOF. Suppose first that M is a el-submanifold of codimension
one whose closure is contained in S2 and let v M be a continuous orienta-
tion of M. and notice that, since the 

(~~(~/), ~) = 0} is closed with respect to M and has proj ec-
tion we can assume for instance that ~) &#x3E; 0 for all y E M.
Then, recalling that XN - restricted to M is 6-finite, we see that claim
(ac) can be proved by the very same argument of Lemma 2.2. Then, we
decompose M as a countable union of possibly overlapping open (with
respect to M) sets (Mh )h of the form 

is continuously differentiable. We have (Mh )x, ~ _
for every h and for every x E (Mh)ç and the sets (Mh )h can be

chosen in such a way that for every h there exists ê h &#x3E; 0 such
that

It is clear that it is enough to prove (b) for XN -1-a.e. x E (Mh)~ and for
all h. Therefore, choose h and, in order not to overburden the notation,
drop the index h everywhere from now on. We are left to prove
that
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for Now, by Tonelli’s theorem, the functions
defined belong to

with respect to for 21-a.e. E E (0, c’) and satisfy

for 0  ~1  E2  E’ avoiding a suitable 21-null set (see [14]). Hence,
converges in L1 M~ with respect to as E -~ 0+ avoiding a suit-

able L1-null set and its limit is

Now, choose a sequence Ek ! 0+ such that Vek E with respect to
X’- 1 for all k ~ 1 and Vek -~ v on M~. Let x be such a

point with the further property that Then, we
have

and this holds true for E M~. This proves the first equality
in (2.1) and, as the proof of the remaining one is completely analogous,
claim (b) holds true for a smooth manifold.
Finally, we notice that, as claim (b) is of pointwise nature, it remains
true even if we let the orientation vM be only HN - 1-measurable so that
the statement for countably (N - l)-rectifiable sets can be proved by a

. 
standard argument. 0

LEMMA 2.4. Let 0 c RN be a bounded open set with Lipschitz con-
tinuous boundary and Let Then, for and for

we have

PROOF. Let Q’ be a bounded open set containing the closure of Q
and let v E be the function which agrees with u on 92 and van-
ishes on S~’ B S~. As aS2 is a closed countably (N - 1 )-rectifiable subset
of S~ ’ that we orientate by the inward normal, the conclusion follows
from the previous lemmas. 8

We can now prove the lower semicontinuity result stated as Theo-
rem 1.1. Its proof follows the lines of [1] (see also the proof of Theo-
rem 6.1 in [5]).
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PROOF OF THEOREM 1.1. We split the proof into two parts.

First, we notice that ~oo E and that it is not restrictive to assume
that is a convergent sequence. Then, let CI  00 be such
that

and, recalling hypotheses (b) and (c), let V: [0, oo) - [0, oo) be a Nagu-
mo function such that

for some constant C2  00. Next, recall that XN - 1 coincides with the
(N - 1 )-dimensional integral-geometric measure on every countably
(N - I)-rectifiable subset M of R~ (see [13], Theorem 2.10.15), so that,
for every non negative HN - 1-measurable function f : M - [0, oo) we
have

where a N = ( 2 cv N _ 1 ) -1 and is the 2m-measure of the unit ball of R7
for m ~ 1 and too = 1. Starting from the previous formula and taking
into account (1.2), (1.3) and Lemmas 2.2 and 2.4, it is easy to establish,
for all u E the following formulae

where = ux, ~ and where, for all ~ E and x we have
set gx, ~(t, s) = g(x + t~, s) for (t, s) x [0, oo). In order to simplify
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the notation, and set

and notice that the functions x E jr~ 2013~ ~, ~(~) ~ [0, 00], i = 1, 2, 3 are
well defined up to an set and are HN - 1-measurable on 
Moreover, Tonelli’s theorem together with (2.4), (1.1) and the mono-
tonicity of ~ yields that

In particular, all functions I1x, E(uh), h &#x3E; 1 are finite-valued on
Now, we turn to 2 Ix, ~ (uh ) and /~(~). Taking into account (2.5)

and (2.6), the estimates (2.3) and (2.4) and using Fatou’s lemma, we see
that, for there exists C3 ( ~)  00 such that

Moreover, hypothesis (a) and Tonelli’s theorem together yield for each

Therefore, such that (2.9) holds and 0  E  1, there
exists a subsequence uk = uhk , k ~ 1, which depends on ~ and E such
that
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Using (2.11) and Fatou’s lemma again, for we End

C4 (x, ~)  00 such that

Moreover, recalling the properties of the one dimensional sections of
functions of bounded variation and Lemma 2.2, we notice that, for

E 0 ~, the functions Uk, x, ç belong to for 1
where S2 x, ~ is a bounded open set consisting of finitely many connected
components with pairwise disjoint closures such that ( a,S~ )x, ~ = 
Now, choose such a point x E S~ ~ with the further property that both
(2.12) and (2.13) hold true. Then, there exists a subsequence Uj = ukj,
j ~ 1, which depends on ~, E and x such that 

:J

As and the sequence satisfy all the hypotheses of Lemma
2.1, we get that uoo, x, ~ E This holds true for XN - 1-a.e. x E
E Q ~ and for E S N -1 so that, as ~oo E we conclude that

u ~ E Moreover, the lower semicontinuity of 7~ ~ along the se-
quence (~,:c,~ follows from Lemma 2.1 again so that

Such an estimate holds true for x E JC ç with indepen-
dent of x E Therefore, integrating both sides of (2.14) on JC ç with re-
spect to ~CN -1, using Fatou’s lemma once more and (2.11), we get
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Again, this formula holds true for E SN - with inde-

pendent of ~. Thus, on account of (2.5), (2.6) and (2.4), the very same ar-
gument previously used yields

As 0  ~  1 is arbitrary, the lower semicontinuity of GqJ along the se-
quence follows.

We prove this by showing that, for every subsequence uk = uhk ,
l~ &#x3E; 1, whose gradients are weakly convergent in there
exists a basis B c SN -1 of vectors of with the property that, for each
E E B, there exists a further subsequence ui = 1, depending on
~, such that weakly in 
Therefore, let be a subsequence such that is

weakly convergent in L, (Q, Notice that

due to (2.5), (2.6) and (2.3), (2.4) so that Fatou’s lemma yields

... , of vec-
tors of such that (2.15) holds true for each ~ E B. Then, choose ~ E B
and a subsequence ui = Uki’ i &#x3E; 1 depending on E such that

for some constant C5 (~)  oo. Now, we claim that

for all w E L 1 (0). This is equivalent to proving that (V~, ~) ~ 

by Proposition 4.4 in [1]. In order to prove the claim, choose w E L1 (Q)
and a subsequence ul = Uil’ L ~ 1 depending on ~ and w such that
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Then, for u E consider the function

defined for x E QE. It is HN - 1-measurable and satisfies

by Tonelli’s theorem. Now, choosing 0  E  1, relying on (2.8), (2.16)
and applying Fatou’s lemma as in (I), we get

for x E so that, choosing such a point x E S~ ~ with the fur-
ther properties that for all and

ul, x, ~ ~ x, ~ in L 1 ( S~ x, ~ ), we find a further subsequence Uj = u~ , j ~
~ 1 depending on ~, w, E and x itself such that

Thus, weakly in by Lemma 2.1 so that the
weak lower semicontinuity of the norm and (2.19) yield

This estimate holds true for E S2 ~ with (ul), independent of
x so that, integrating both sides of the previous inequality on Q  with
respect to XN - 1, using Fatou’s lemma once more and taking into ac-
count (2.8), (2.16) and (2.18), we get that

As this holds true for all 0  E  1 with (ui )i independent of E, claim
(2.17) is proved and this completes the proof. 8

The proof of Theorem 1.4 is now immediate.
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PROOF OF THEOREM 1.4. Assume that 
otherwise there is nothing to prove and let 

c SBV( Sl ) be a minimizing sequence for (F + G~ ) along which the func-
tional is bounded. Set c = and R ~ R the

Lipschitz continuous function defined by

The functions are uniformly bounded in Loo ( S~ ) and
still belong to 
We claim that is still a minimizing sequence for (F + G~ ). Indeed,
as ~uh vanishes 2N-a.e. E S~ : VUh ;d for h ~ 1 and IUh - 1jJ ~
~ ~ vh - 1jJ on S for h ~ 1, we conclude that F(uh ) ~ for all
h &#x3E; 1. Moreover, for all h ; 1 we have uh (x) - uh (x)|  |vh+ ( x ) -

I for and similarly 
~ y (X) - Uo (~)! for E 3S2 so that the monotonicity as-
sumption (1.7) on g yields for all h &#x3E; 1 as well.

Now, recalling (1.9), choose a &#x3E; 0 such that

so that, as 2 c on ,S~ for h ~ 1, we see that the jump
parts of have uniformly bounded total variation on S~. Thus,

is bounded in and hence there does exist u ~ E and a

subsequence k ~ 1 such that in LI (Q). Moreover,
is relatively weakly compact in Therefore, Theorem

1.1 ensures that and that weakly in

RN) so that the lower semicontinuity of G~ and F follows from
Theorem 1.1 again and from a classical result respectively. Thus, the di-
rect method of the Calculus of Variations applies.
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