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Harmonic Measures of Perforated Domains.

ANNALISA MALUSA (*)

ABSTRACT - Let L be a linear elliptic operator of the second order with bounded
measurable coefficients on a bounded open subset Sl of RN with smooth
boundary, and be an arbitrary sequence of open subsets of S~. For
every n E N and for every x ~ Q n, let Xn (x, -) be the harmonic measure of
Qn at the point x. We consider the extension of the family 
tained by setting Hn(x, .) = d x for every x e where 6 x is the Dirac
mass at the point x. We prove that there exist a subsequence, still denoted by
~ S~ n }, and a positive Borel measure ,u not charging polar sets, such that for
almost every x e Q converges in the weak*

topology of measures in Q to a measure H03BC (x, 0) which is characterized as the
unique probability measure in ~2 such that for every g E fl the
function

coincides almost everywhere in Q with the solution to the problem

where (’,’) denotes the duality pairing between H -1 ( Sz ) and 

(*) Indirizzo dell’A: 1st. di Matematica, Fac. di Architettura, Via Monte-
oliveto 3, 80134 Napoli.
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1. - Introduction.
N

Let Lu = - E Di(aijDju) be a uniformly elliptic operator with
Nbounded coefficients on a bounded open subset Q of N &#x3E; 2, with

smooth boundary. We recall that for every g E H 1 (S) there exists a
unique solution u to the problem

and, by De Giorgi-Nash Theorem, the solution u is also locally Holder
continuous in 0. The notion of solution of a Dirichlet problem with a
boundary datum g E is usually given in terms of harmonic mea-
sures in the following way. One introduces the linear functionals

defined in and with values in R, which as-
sociate to every g E f 1 C(,3Q) the value H(g)(x) = u( x ) of the sol-
ution of (1.1) at x. By the maximum principle, each H(.)(x) turns out to
be a bounded functional defined on a dense subspace of C(,30). Thus we
can extend H(.)(x) to a functional, still denoted by jpf(’)(.r), which is lin-
ear and bounded in endowed with the uniform norm. Then, by
the Riesz representation theorem, there exists a family of nonnegative
Borel carried by such that

for every x and for every g E C(8Q). The are

called harmonic measures of S~ (associated to the operator L), and H(g)
coincides with the Perron-Wiener-Brelot solution of the boundary
value problem corresponding to the datum g E C(3S) (see [12], Section
6.3, for more details on this subject, and [8], [13] for applications to the
potential theory).

The aim of this paper is to describe the asymptotic behaviour of sol-
utions of Dirichlet problems with inhomogeneous boundary conditions
in perforated domains. More precisely, given an arbitrary sequence

of open subsets of Q, we want to investigate the behaviour of the
sequence {un} of the solutions to the problems

corresponding to a datum 
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Moreover, we are interested in the asymptotic behaviour of the har-
monic measures {Hn (x, .)}x E Qn carried by goes to oo, in order
to describe the limit of the functionals

defined in 

Among the motivations for this subjects, we mention the applica-
tion to the study of physical phenomena in domains with a complicated
boundary, and the applications in the framework of the shape optimiza-
tion theory (see, e.g., [4] and the references therein).

We prove that there exist a subsequence, still denoted }, and
a positive Borel measure It not charging sets of capacity zero, such that
for every g E HI (Q) the solutions un of (1.2), extended to S~ by setting
Un = g in converge to the solution u to the problem

which we call inhomogeneous relaxed Dirichlet problem corresponding
to,u and with datum g . The technique used in order to obtain this result
relies on the theory of relaxed Dirichlet problems, developed in [6], [7]
and [4] for the study of the asymptotic behaviour of Dirichlet problems
with homogeneous boundary conditions. Moreover we prove that if we
extend the family of the harmonic by

where 6 x is the Dirac mass at x, then for almost every x E S~ the se-
quence converges in the weak* topology of measures in
Q to a probability measure H03BC(x, ). Such a measure is called ,u-harmon-
ic measure and it is characterized as the unique probability measure
such that for every g E f1 C(Q) the solution u of (1.3) can be writ-
ten as

Since for every open subset 92’ of 0 there exists a measure 03BC’ not
charging sets of capacity zero such that the (unique) solution u of (1.3)
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corresponding to u’ coincides with the solution to the problem

prolonged to g in QBQ’, then the class of inhomogeneous relaxed
Dirichlet problems contains all the inhomogeneous Dirichlet problems
defined in subdomains of S~. Moreover, if we extend the family

of harmonic measures of S~ ’ by setting ~C(a?,’) = 6~ for
every x E S~BS~’ , then there exists a subset N of S~ with capacity zero
such that for every the measure coincides with

.).
On the other hand, every nonnegative Borel measureu vanishing on

sets of capacity zero can appear in the limit problem (1.3) for a suitable
choice of the 

For a general measure ,u, problem (1.3) is not equivalent to a prob-
lem of the form (1.4) and the ,u-harmonic measures cannot be
written in terms of classical harmonic measures. For instance, if p, is the
Lebesgue measure, then problem (1.3) reduces to

so that the It-harmonic measure also charges the interior of Q, and

where G is the Green function associated to the operator L~c + u with
homogeneous boundary conditions in S~, and .) is the harmonic
measure in S~ relative to the same operator. 

_

Since .) is a probability measure, then for every g E we

can consider the function J~(/) defined by

for every x E ~3. We prove that, if u is a finite measure, then H Il (g ) is a
local solution of the inhomogeneous relaxed Dirichlet problem corre-
sponding and for everyu E ~ (Q) we consider H Il (g) as a general-
ized solution of problem (1.3).

As a direct consequence of the compactness result for the harmonic
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measures, we obtain that for every of open subsets of
Q, there exists a subsequence, still denoted and a measure 11-
not charging polar sets such that for every g E C(Q) the generalized sol-
ution = j dy) of the Dirichlet problem in Dn, extend-

Q
ed to Sd by Un = g in converges a.e. in G to the generalized sol-
ution H~ (g) to the problem (1.3).
A question strictly related to the study of inhomogeneous Dirichlet

problems is whether the solution corresponding to a continuous bound-
ary datum attains its boundary value continuously at a fixed boundary
point xo . The Wiener criterion, proved in [18] for the Laplace operator
and generalized in [14] for elliptic operators in divergence form with
bounded coefficients, stated that the regularity of a local solution at a
certain point xo E is related to some geometric properties of near

xo , detected by the so called Wiener modulus. In [6] and [7] a notion of
Wiener point with respect to a measure 11- was introduced, in order to
study the pointwise behaviour of local solutions of relaxed Dirichlet
problems near the «irregular boundaries- inside S~ that the presence of
the measure 11- may produce. Also in this case the regularity at a certain
point D is equivalent to the property of vanishing of a Wiener mod-
ulus associated to the measure 11-.
We prove that xo E ~3 is a Wiener point for the measure ,u, in the

sense given in f6], if and only if

where the limit above is taken in the weak* topology of measures in S.
Thus we obtain a pointwise regularity of all generalized solutions

H~ (g), at a Wiener point for the measure ,u.

Acknowledgments. The author wishes to thank Gianni Dal Maso for
having addressed her attention to this subject and for the helpful
discussions.

2. - Preliminaries.

Sobolev spaces and capacity. Throughout this paper S~ will be a
bounded open subset of RN , N &#x3E; 2, and Br (x ) will be the open ball of
center x E RN and radius r. For every Borel set B, we shall denote by J5
the closure of B in the Euclidean topology of RN .

We shall denote by y) and Ll~ ( SZ, ~c ) 1 ~ ~ ~ + ~ , the usual
Lebesgue spaces with respect to a Borel measure u. If u = 2 is the
Lebesgue measure on RN , we shall use the standard notations 
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and 2(B) = I for every B orel set B . We shall denote by
and the usual Sobolev spaces, and by the dual

space of The duality pairing between H -1 ( S~ ) and will
be denoted by (’,’). By we shall denote the set of all functions
u E (Q) such that u E for every open set S~ ’ compactly con-
tained in S~ 

If S~ is compactly contained in an open set S B and u E Hol ( S2 ), then
we can extend u to Q’ by setting u = 0 in Q’ BQ. We shall always iden-
tify u with this extension, which is an element of Hol (Q’).

For every subset E of 0, the (harmonic) capacity of E with respect
to S~ is defined by

where the infimum is taken over all the functions u E Co (Q) such that
u ~ 1 in a neighborhood of E.

It is well known that cap (-, S~ ) is a monotone nondecreasing, subad-
ditive set function, and that, if S~ ’ is an open set containing Sd , then for
every Borel set E we have that cap (E, ,S~) = 0 if and only if

cap (E, S’) = 0 (see, e.g., [10]).
We say that a property ~(x) holds quasi everywhere (q.e.) in S~ if

there exists a subset E of G with capacity zero such that ~(x) holds for
every x in The expression «almost everywhere- (a.e.) refers, as
usual, to the analogous property for the Lebesgue measure.
A function u : Q -4 R is said to be quasi continuous if for every E &#x3E; 0

there exists a set E c S~, with cap (E, ~3) ~ c such that the restriction of
u to is continuous.
We say that a sequence {un} converges uniformly q.e. in Q to u, if

there exists a set N with cap (N, Q) = 0, such that for every E &#x3E; 0

for every x E and for n large enough. It is easy to see that, 
is a sequence of quasi continuous functions such that there exists a set
N with cap (N, Q) = 0 and such that for every e &#x3E; 0

for every X E and for n, 1~ large enough, converges uni-

formly q.e. in S~ to a quasi continuous function.
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We recall that, if u belongs to H ~ ( S~ ), the limit of the aver-

ages

exists and is finite for quasi every x E Q (see, e.g., [19]). Moreover u is a
quasi continuous function in S~.

We make the following convention about the pointwise values of a
function u in for every x E S~ we always require that

With this convention, the quasi continuous representative u defines u
up to sets of capacity zero.

Now we give some properties of the quasi continuous representa-
tive we shall use in the following.

PROPOSITION 2.1. be a sequence of functions in HI (Q)
that converges strongly to u in the same space. Then there exists a

that converges to u q. e. in Q. Moreover, if u
and v are two functions in H 1 (Q) such that u ~ v a. e. in Q, then
u ~ v q. e. in Q.

PROOF. See [ 10], Theorem 2.1.

Measures. By a Borel measure on S~ we mean a nonnegative, count-
ably additive set function defined on the a-field of all Borel sub-
sets of S~. By a Radon measure on Q we mean a Borel measure which is
finite on every compact subset of S~ . is a Borel measure and
E e the Borel measure 03BC L E is defined by (,u L 
for every set B E We shall denote by supp (y) the support of the
measure u, that is the smallest closed set in 0, whose complement has
measure zero.

The Dirac mass at a point x e Sz will be denoted by 6x. Finally, 1B
will be the characteristic function of the set B, which is defined

by

We shall consider the following notions of convergence of mea-
sures.
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DEFINITION 2.2. We say that a sequence measures

in S2 converges weakly* to the measure v in 52, fdvn converges to
Q

Every continuous function f with compact support in S2. If vn
Q 

_

and v are finite measures defined in S2, we say that {vn } converges

to v, if jfdvn converges to Jfdv for every function
f e C(Q). i5 i5

A subset A of 92 is said to be quasi open if for every e &#x3E; 0 there
exists an open set UE with cap (7e, S2) ~ E, such that A U U, is an
open set.

Using the notion of capacity, we can define a class of Borel
measures.

DEFINITION 2.3. We denote by X4(Q) the set of all nonnegative
Borel measures u on S2 such that

(i) u(B) = 0 for every Borel set _B c S~ with cap (B, = 0;
(ii) jl(B) = A quasi open, B c A}.

For every subset E of S2 we shall denote by the measure in

M4 (Q) defined by

for every Borel set B c S2.
It can be easily seen that a function u belongs to fl

fl L 2 (S~, ~ E ) if and only ff u E Ho’(QBE) and u = 0 q.e. in S~.

Relaxed Dirichlet problems. Let (c~2~ )i, j =1, ..., N ~ with 
be a matrix with measurable coefficients such that

for some constants 0  A  l1. Let L : H1O(Q) - H -1 ( SZ ) be the opera-
N

tor defined by Lu = - E Di(aijDju); thanks to the hypotheses on
i, j = 1

L is a uniformly elliptic and bounded operator.
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We give the definition of relaxed Dirichlet problems for the opera-
tor L as it was given in [6].

DEFINITION 2.4. Let Il be a measure in M0(Q). We say that a func-
tion v is a local solution of the relaxed Dirichlet problems associated to
Il and with right-hand side 
and

for every cp e Il) with compact support in S2.
We say that v is a solution of the relaxed DirichLet problem associ-

ated to u and with right-hand if v satisfies

THEOREM 2.5. oppose that and ,u E ~ ( S2 ). Then
there exists a unique sotution v of the problem (2.5), and we have the
estimate

for some positive constant c depending only on N, A, and li.

PROOF. See [6], Theorem 2.4.

We recall some results about solutions of relaxed Dirichlet problems
we shall use in the following sections.

PROPOSITION 2.6. Let v be a nonnegative Radon measure belong-
ing to H -’ (92), and Let v be a local soLution of (2.4) with right-hand side
v. Then zue have

for every 99 E Ho’(0) with (p ~ 0 a. e. in Q.

PROOF. See Proposition 2.6 in [6].

THEOREM 2.7. Let y E f E L 00 (Q), and v be the solution to
the problem (2.5). Then v belongs to L °° (Q), and there exists a constant
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c, depending only on N, ~,, ll, acnd Q, such that

Moreover v admits a pointwise value in Q, which coincides with the
timit of its averages. 7/*/~0, then such a representative is given
by

where vo is the (continuous) solution of

y is a suitable nonnegative measure belonging to and G(’, ’) is
the Green function associated to the operator L, and with homogeneous
boundary conditions on Q.

PROOF. See [16], Theorems 3.3, and 5.2.

THEOREM 2.8. Letul with ,u 1 ~ ~2- Let fl and
f2 be in H -1 ( S~ ), with 0 ~~ ~~. Let v, and v2 be the solutions of

for every 99 E ,u ). Then 0 ~ ~2 ~ v, almost everywhere in
S~.

PROOF. See [6], Theorem 2.10.

For every ,u E we shall denote by w. the unique solution of
the problem

The properties of wp that we need in the sequel are listed in the follow-
ing proposition.
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PROPOSITION 2.9. Let w~ be the solution (2.7). Then the
following properties hold:

(a) w~ has a pointwise value given by the limit of its averages at
each point x E Q, and this representative is a upper semicontinuous
function;

(b) there exists a constant c &#x3E; 0, depending only on A, A, N, and
Q, such that 0 ~ w~ ~ c in Q;

(c) if f E L °° (Q), and v is the sohction of problem (2.5), then I v
’s;

(d) ifu,,u 0 belong to = 

Q.

PROOF. By Theorem 2.7 there exist a continuous function wo and a
nonnegative measure such that

for every x E S~. As an easy consequence of the Fatou lemma and of the
fact that the Green function is positive and continuous, we have that

y) dy(y) is a lower semicontinuous function. Thus (a) is proved.
s~

The fact that w~ is nonnegative is a direct consequence of Theorem 2.8.
Moreover, if we apply again Theorem 2.8to./i=j~=l,~i=0,~2=/~ 9
and the regularity results for classical Dirichlet problems (see [17],
Th6or6me 4.2), we obtain that there exists a constant c, depending
only on À, A, N and Q such that w03BC  c in Q. Property (c) is another
consequence of Theorem 2.8, applied to f2 = f, and f1 = and
of Theorem 2.7. Finally property (d) was proved in [4], Proposi-
tion 3.4.

The main tool for the study of the asymptotic behaviour of Dirichlet
problems in perforated domains is the following notion of convergence
in 

DEFINITION 2.10. Let a sequence 
and let u E M0(Q). We say that 1,U n I y L-converges to ,u (in Q) if the se-

of the solutions to the problems
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converges (Q) to the solution v of the problem

for 

This convergence of measures is the natural extension of the notion
of y L-convergence introduced in [7], when L is the Laplace operator,
and in [ 1 ] when L is symmetric.

Then main properties of y L-convergence are the following.

PROPOSITION 2.11. Every sequence of measures contains
ac y L-convergent subsequence.

PROOF. See [4], Theorem 4.5.

THEOREM 2.12. Let p be a meccsure in Then there exists a

of closed subsets of Q such that the sequence of meac-
y L-converges to ,u .

PROOF. See [4], Proposition 4.7, and [5], Theorem 6.2.

3. - Inhomogeneous relaxed Dirichlet problems.

be a sequence of open subsets of 92. Applying Proposi-
tion 2.11 to the sequence of we obtain that there
exists a subsequence {Qnk} and a measure such that for

the solutions vnk to the problems

extended to S~ by setting vnk = 0 in QBQ nk’ converge in the weak topol-
ogy of Hol (Q) to the solution v of the relaxed Dirichlet problem

Moreover several examples show that the limit problem may not have
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the same form of the approximating ones, that is there exists no subset
E of S~ such (see, e.g., [2]). Thus the asymptotic behaviour
of solutions of elliptic equations with homogeneous boundary condi-
tions on oscillating domains is described by a relaxed Dirichlet

problem.
Now we want to investigate the asymptotic behaviour of the sol-

utions of inhomogeneous Dirichlet problems. More precisely, fixed a
function let us consider the solutions un to the prob-
lems

Hence, the function vn = Un - g solves the problem

The previous result about homogeneous Dirichlet problems with right-
hand side in implies that the converges in the
weak topology of to the solution v to the relaxed Dirichlet prob-
lem associated and with right-hand side f = - Lg.

Thus, if we call u = v + g, we obtain that the sequence {unk} con-
verges weakly in H’ (S2) to the function u which is a solution to the
problem

Hence this seems to be the class of problems needed for the study of the
asymptotic behaviour of solutions of inhomogeneous Dirichlet prob-
lems in wildly oscillating domains.

DEFINITION 3.1. Let p, E ~ ( S~ ) and let g be a function in Hlo~ ( S~ ).
A function u is said to be a local sotution of the inhomogeneous relaxed
Dirichlet problem associated to p, and with datum g if u - g E

and

I with compact ~2.
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If g E H’(Q), then a function u which solves (3.3) is said to be a sol-
ution of the inhomogeneous relaxed Dirichlet problem associated to p,
and with datum g.

THEOREM 3.2. For every it E ~ (Q) and for every g e (Q) there
exists a unique solution u of (3.3), and there exists a positive constant
c, depending only on S~, A, A, and N, such that

Moreover, let h be a function in such and

g - h = 0 q.e. in supp (g). If z is the soLution to the problem

then u = z q. e. in Q.

PROOF. By Theorem 2.5 there exists a unique solution v to the
problem

and there exists a positive constant c, depending only on 92, ~l, ~,, and n
such that

Thus u = v + g is the unique solution of (3.3), and satisfies (3.5).
Finally, let h be a function satisfying the assumptions of the theo-

rem, and let z be be the solution to (3.6). Taking the difference between
the equations solved by u and z, we obtain

which, by the uniqueness, implies that u = z q.e. in G. *

The first result about this class of problems is a stability theorem
with respect to the y L-convergence.
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THEOREM 3.3. Let a sequence of measures in yL-
converging to a measureu. Let be a sequence in which con-

verges strongly in H1 (Q) to a,function g. For every n E N, let un be the
solution to the problems

and let u be the solution to the problems (3.3~. converges to u

Moreover, every n E N, then un converge
to u strongly in 

PROOF. If we define vn = un - gn , then Vn solves

where converges strongly to Lg in By Proposition 4.8
in [4], the sequence converges in the weak topology of Ho’ (0) to
the solution v of the problem

Thus the sequence {un} converges weakly in HI (Q) to the function u
solution of (3.3).

Finally, if = ,u for every n E N, then, by the linearity of problem
(3.3), un - u is the solution of the inhomogeneous relaxed Dirichlet
problem associated to ,u, and with datum gn - g. Thus, by the continuity
estimate in Theorem 3.2, we have

which implies the strong convergence of un to u.

REMARK 3.4. If !J = 00 E , E closed subset of S~, then it can be easily
seen that u is the solution of (3.3) if and only if u = g q.e. on E and u is
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the solution of the classical Dirichlet problem

Then the class of inhomogeneous relaxed Dirichlet problems contains
all the classical Dirichlet problems with inhomogeneous boundary con-
ditions on open subsets of S~. The following proposition, which is a di-
rect consequence of the theory of homogeneous relaxed Dirichlet prob-
lems, states that the classical Dirichlet problems on subdomains of S~
are dense in the class of inhomogeneous relaxed Dirichlet problems
with respect to the strong convergence in L 2 ( S~ ) of the solutions.

PROPOSITION 3.5. For every there exists a sequence
of cornpact subsets of Q, such that for every g E the sol-

utions un to the problems

extended to S2 by setting un = g q. e. in En , converge (Q) to
the solution u o, f problem (3.3).

PROOF. The result follows from Theorem 2.12, once we notice that
v = u - g is the solution of (3.8).

We recall that the positive part of a function 1jJ is defined by

and that for every y~ E H 1 ( S~ ), the positive part 1/1 + also belongs to
The negative part 1/1 - of 1/1 is defined as (-1/1) + .

DEFINITION 3.6. Let g and h be functions in We say that

g  h on 8Q 

If g E and E c Q, the previous definition allows us to intro-
duce the quantities
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and

g(x) &#x3E; m q.e. in 
E U dQ

We are now in a position to state a maximum principle for solutions
of inhomogeneous relaxed Dirichlet problems.

THEOREM 3.7. Let and Let ,u E ~ ( S~ ). If u is the sol-
ntion to the problems (3.3), then

for quasi every x E Q.

PROOF. Let M = ess sup g. It is not restrictive to assume that
supp(/) U C90

M  + 00, so that we can introduce the function cp = (u - M)+ . Since
u - g E then cp E Moreover

so that and we can choose it as test function in (3.3),
obtaining

By (2.2) and the definition of M, we get

which implies that u ~ M a.e. in Q, and hence, by Proposition 2.1, q.e.
in 

Similarly, setting m = and cp = ( m - u ) + , we obtain that

which implies q.e. in 

As a consequence of the maximum principle, we obtain a comparison
principle between solutions of inhomogeneous relaxed Dirichlet prob-
lems.



290

COROLLARY 3.8. Let g, h E H’(0), and let u, z be respectively the
solution to (3.3) and to the problem

If g ~ h a. e. in supp (,u ), and (g - h ) + then u ~ z q. e. in S~ .

PROOF. Thanks to the linearity of the problem, we have that u - z
is the solution of the inhomogeneous relaxed Dirichlet problem corre-
sponding to Ii and with datum g - h. Then, by the maximum princi-
ple,

for quasi every x e Q, which conclude the proof. m

Another consequence of the maximum principle which will be useful
is the following stability result with respect to the uniform conver-
gence of the data.

COROLLARY 3.9. Let and Let sequenee of
functions belonging to fl C(~2). If converges uniformly to a

in S2, then the solutions un to the problems

converge uniformly q.e. in S2. If in addition g e then the limit u

of the solution of the problem (3.3).

PROOF. By Theorem 3.7, for every n, k e N we have

for every x f/. N(n, k), with cap (N(n, k), Q) = 0. Thus converges
uniformly q.e. in S2 to a quasi continuous function. If in addition g be-
longs to H 1 ( S~ ), then, replacing gk by g in the previous computation, we
obtain that
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for quasi every x E Q, where u is the solution of problem (3.3), so that
the limit of un coincides with u q.e. in ~2. *

REMARK 3.10. In the sequel it will be useful to assume that ,S~ has
a smooth boundary. This is not restrictive to our purposes, since if S~ is
not regular, we can consider an open set S~ ’ with smooth boundary such
that S~ cc and we can associate to every measure f.l E the
measure E T4 (0’) defined as _ ,u + ~ ~ ~ ~,~ . As a direct conse-
quence of the fact that a function cp belongs 
and only if cp = 0 q.e. in S~ ’ BS~ and cp E n L 2 ( S~, /~), we obtain
that for every g E HI (Q ’) a function u is the solution to the prob-
lem

if and only if u = g q.e. in ~2’ B~, and u is the solution to the problem
(3.3).

Thus from now on we shall always assume that S~ has a smooth
boundary, eventually making the previous reduction.

4. - Pointwise value of the solution and ,a-harmonic measures.

The aim of this section is to introduce a notion of ,u-harmonic mea-
sure which generalizes the classical harmonic measure of the potential
theory.

We recall that the harmonic measure of a bounded open set Q is the

unique probability measure ~C(~ ’) such that for every g E the
Perron-Wiener-Brelot solution H(g ) of the Dirichlet problem in S~ with
boundary datum g can be represented as

for every x E S~ . We notice that each term in (4.1) is well defined, be-
cause the Perron-Wiener-Brelot solution H(g) is, by construction, an
harmonic (and thus continuous) function in S~ (see e.g., [8] and [13] for
more details on the classical framework). The approach in the case of in-
homogeneous relaxed Dirichlet problems will be quite different from
the classical one, due to the lack of continuity of the solutions. We
shall overcame this difficulty by proving that the solution u of an
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inhomogeneous relaxed Dirichlet problem corresponding to a datum
g E fl can be defined pointwise as the limit of its averages
at each point x E 92. To this aim we need the following density result.

L E MMA 4.1. T he class of all f unctions with

Lg E L °° dense in with respect to the uniform norm.

PROOF. It is enough to prove that the class_of all functions g E
E H 1 (Q) fl C(Q) with Lg E L 00 (Q) is dense in C1 (Q) with respect to the
uniform norm. Let us fix f belonging to Since 

with p &#x3E; N, there exists a of functions in Co ( S~ ) which
converges to Lf in the strong topology of Let gn be the sol-
ution of the classical Dirichlet problem

Since Q has a smooth boundary, by Theorem 7.3 in [17], the sequence
is uniformly Holder continuous in Thus, by Ascoli-Arzela com-

pactness theorem, there exists a subsequence, still denoted by 
and a continuous function g such that gn converge uniformly to g in S~.
On the other hand, standard arguments applied to (4.2) assure that

is also equibounded in so that, taking a further subse-
quence, we obtain converges to g in the weak topology of

Finally, taking the limit in (4.2) we obtain that g = f q.e.
in ~2. *

THEOREM 4.2. Let g be ac function in For every
be the solution of (3.3). Then there exists the

limit

for every x E Q.

PROOF. If we assume, in addition, that Lg E L 00 ( SZ ), then the result
follows from Theorem 2.7 applied _to v = u - g.

Let us fix now g By Lemma 4.1, for every e &#x3E; 0
there exists with such that I I g -
- 

g e  e. Let uE be the solution of problem (3.3) corresponding to the
datum ge. Then, by Corollary 3.9, Ilu - and, by by the pre-
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vious step, for every x E Q there exists o o such that

for every e, o ’  Thus we have

so that the sequence of the averages of u at a point x is a Cauchy se-
quence with respect to e, for every x E S~, and this implies the
result. 0

COROLLARY 4.3. For every g E fl we define point-
wise the soLution u of the problem (3.3) acs the limit of its acveracges (4.3),
then

for every x E SZ .

PROOF. By the maximum principle, (4.4) holds q.e. in Thus the
result follows taking the limit of the averages for u, and from the fact
that for every g E fl C(S2), ess sup g I = sup I g

0 s~

For every we can consider the map 
Q C(S) 2013~, which associates to every g E H 1 ( S~ ) fl the pointwise
value in x of the solution u to the problem (3.3). By Lemma 4.1 and
Corollary 4.3, 7~(’)(~) turns out to be a linear and bounded functional
defined in a dense subset of C(Q). Thus there exist_s a unique extension,
still denoted by ~(’)(a?), linear and bounded in endowed with the
uniform norm. By the Riesz representation theorem, for every x E S~
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there exists a Radon measure such that

DEFINITION 4.4. The *)}~e~ are the ,u-harmonic
measures associated to the operator L .

5. - Properties of the 03BC-harmonic measures.

The following propositions single out some properties of the ,u-har-
monic measures.

LEMMA 5.1. For every the measure X. (x, -) is a positive
Radon measure with ~C~ (x, ,S~) = 1, and such that 
c supp (,u ) U aS2.

PROOF. By the maximum principle

for every nonnegative f1 C(S~). Moreover every nonnegative
f E can be approximate by meaning of nonnegative functions

in the uniform norm, then (5.1 ) remains valid for
every g E C(S~), and it implies that is a positive measure.

Since u = 1 is the solution to the problem (3.3) corresponding to
9 = 1, then = u(x) = 1 for every x E Q.

Finally, let U be an open subset of S~ such that U n supp (,u) = 0. By
the second part of Theorem 3.2, for every g E Co ( U) we have that the
solution to the problem (3.3) corresponding to g is identically zero.
Since, in particular, g E HI (Q) fl get

for every x E Q, so that C7 Q )) = o for every x E
r= Q. 0

Now we partially describe the connection between the ,u-harmonic
. measures and the capacity. A complete description of the mass of the ,u-
harmonic measures inside sets of capacity zero needs some additional
tools, and will be given in Theorem 7.6.
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L EMMA 5.2. bounded open set such c c B
be a Boret subset of 92 with cap (B, Q’) = 0. Then XII (x, B) = 0 for
every x E QBB.

PROOF. As a first step we consider the case where B = K is com-
pact subset of Q. Let xo be a point outside K, and let us choose r &#x3E; 0 be
such that Br (xo ) n U = o for a suitable neighborhood U of K in S~’ .
Since cap (K, U) = 0, there exists a sequence Ign I of nonnegative func-
tions belonging to Co ( U) 1 on K and such that

Let us consider the solution Un to the problems

Since gn E fl c(Q) we have that

for every x E Q. It remains to prove that lim = 0. Since Un = 0
- 

n- - 00 
--

in Br ( xo ), then the function un is a local solution to the relaxed Dirichlet
problem (2.4) in with right-hand side/= 0. Let us consider the
solution zn to the problem

By (5.2), the functions un are nonnegative, and then, by the classical
maximum principle, we 0 a.e. in (see [12], Theorem
8.1). Moreover Corollaire 5.2 of [17] implies that there exists a constant
a &#x3E; 0 such that .

Finally, by Proposition 2.6, 0 in the sense of distributions in
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so that L(zn - un ) &#x3E; 0 in the sense of distributions in B,(xo),
and zn - Then, by Theorem 8.1 in [12], we have that
zn ; un in Thus we obtain

By Theorem 3.3, and the fact that converges to zero strongly in
H’(0), we have also converges strongly to zero in 
This implies that also converges to zero strongly in and a

passage to the limit in (5.3) gives Hm Un (xo) = 0, so that the result is
proved for the compact sets. 

n--

If B is a Borel subset of S~, then for every compact set K c B we have
cap (K, S~’ ) = 0 so that ~C~ (x, K) = 0 for every x E Finally, since

is a Radon measure, then B) = K): K com-
pact, K C B} = 0. D

Fixed xo E S~, for every e &#x3E; 0, we consider the measure

It is well known that, if ,u = 0 and L = 2013J, then the harmonic measure
B) of a Borel set B is an harmonic function, and thus B ) _

= l/IBe(xo)1 J B) for every E &#x3E; 0.
BE(x0)

The behaviour of the in the general case is
described in the following lemma.

LEMMA 5.3. The converges to in

the topology of measures in S~.

PROOF. It is enough to prove that for every xo E S~ the following
two properties hold:

(i) B ) ~ B), for every open subset B of S~;
E - 0+

(ii) lim sup HE03BC (xo , (xo , K), for every compact subset K
of S~. 

_

In order to prove (i), we consider two open subsets A and B of S~
such that A cc B, and a function g E fl such that 
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~ 1B q.e. in S~. Then, by Theorem 4.2, denoting by u the solution of prob-
lem (3.3) corresponding to g, we have

If we take a sequence of open sets, such that An cc B for every
n E N, and with An increasing to B, then we obtain

for every xo E S~ .

Similarly one can prove that (ii) holds.

The following result shows how the depend
on f-l.

THEOREM 5.4. Let assurrze that u = u 0, then
X, (x, -) = for every x E S~ . if X. (x, -) L ,~ _
= L S~ for ahnost every x in S~, then fJ = ,u o .

PROOF. If u = u 0, then

for every U C(S) and for every x E S2. As HI (Q) n C(Q) is
dense m with respect to the uniform norm, then (5.4) extends to
g E C(Q), that is .) = .) for every x E Q.

Conversely, let us suppose that ~(a?,’) L S~ _ ~Q(.c,’) L S~ for al-
most every x E S~. We consider the solution g to the classical Dirichlet
problem
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Since , then the solutions u, uo to the problems

and

coincide. Since u - g = and = ,u o , then, by Proposition 2.9(d)
we obtain that 03BC =,uo. m

We are now in a position to investigate the asymptotic behaviour of
a sequence of ,u-harmonic measures associated to a y L-converging se-
quence of measures in 

THEOREM 5.5. Let and ~c be measures belonging to ~ (S~).
The following conditions are equivalent:

( a ) to ,u ;

(b) for almost every x E converge
weakly* in S2 to X. (x, -);

(c) for almost every x E S2 the L con-

verge to L Q.

PROOF. Let us suppose that y L-converges to ,u. Thus, by The-
orem 3.3, for every g E fl there exists a subset N(g ) of S~
with Lebesgue measure zero such that

for every X E Let a countable subset of fl 
which is dense in F1 C(Q) with respect to the uniform norm,

= {gn}, and let N = U N(gn ). Fixed g E H 1 (Q) fl and E &#x3E; 0,
n
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let n EN be such that llg - E. Then we obtain

which implies

for every x E Thus (5.6) holds for every g E H 1 (Q) nC(Q) and for
every Finally, since is dense with

respect to the uniform norm we extend (5.6) t_o every g E C(Q), obtain-
ing converge weakly* in S~ to ~C~ ( x, ~ ) for almost
every x E S~ . Thus condition (a) implies ( b ). Clearly ( b ) implies (c),
and then it remains to prove that (c) implies (a). Let us suppose that
{~(~, ’) L converges weakly* in S~ to ~(a?, ’) L S~ for almost
every x E S~. By Theorem 2.11 we have that, up to a subsequence, 
y L-converges to a measure ,u o E ~ ( S~ ). Thus the previous part of the
proof guarantees converges weakly* in S~ to

for almost every x E 0. Then by Theorem 5.4 we obtain that
~=~0. ’

REMARK 5.6. It is possible to construct a sequence E 

and a measure such that y L-converges to ,u, but
there exists such that the does not

converge weakly* in S~ to ~(:Co,’). It is enough to take ,u = 00 E
where E is a closed subset of S2 such that xo E aE and xo is not
a Wiener point, that is, the solution u of (3.3) corresponding to

g defined by (5.5) has pointwise value (see Theorem
7.3 below). If we consider the measures ,u n = ~ E,~ , where En are
closed sets with smooth boundary which contain xo in their interior
and which uniformly approximate the set E, then for every g E

fl the solutions Un to the problems (3.3) corresponding
to ,un satisfy for every n E N. Thus for every n E N
the measure coincides with the Dirac mass d xo carried



300

by xo, while because

Let 9 be a function in H 1 (Q). The values of g on 3S can be defined as
follows. We fix a bounded open set S2 ’ such that S~ c c Q’ , and we con-
sider a function g * E which extends g. The existence of such a
function g * is due to the regularity of the boundary of S~. Since g * E
E H 1 ( S~ ’ ), it is defined in Q’ except possibly a set of capacity zero, and
then it is defined almost everywhere with respect to the (N - l)-di-
mensional Hausdorff measure supported by 90. Then for quasi every
x E aS2 we can define g(x) = g * (x), and this representative does not de-
pend on the choice of the extension g * (for more details, see [19], Sec-
tion 4.4). With this convention about the pointwise values of g on 
is well defined in D, up to a set N of capacity zero. Thus, by Lemma 5.2,
the integral

is well defined for every x E The following result shows that this
function coincides q.e. in S~ with the solution to the problem (3.3) corre-
sponding to the datum 

THEOREM 5.7. Let and let u be the solution to the

problem

Then

for q2ca,si every x in Q.

PROOF. As a first step, we consider g E HI (Q) such that

ess sup g  M. If we define pointwise g on dQ as before, then we can
sa 

2013

find a sequence gn E HI (Q) fl C(~2), such that M fo_r every n E N,
and which converges strongly to g in HI (Q) and q.e. in ,5~. Let us now
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consider the solutions un to the problems

Since I then

for every x E S~ . The strong convergence to g in implies,
by Theorem 3.3, converges to u strongly in Thus, by
Proposition 2.1, we can find a subset N of ,~ with capacity zero such
that, up a subsequence, converges to g pointwise in S~ BN and

converges to u pointwise in By Lemma 5.2 and by dominate
convergence theorem, we can pass to the limit in (5.9), obtaining
(5.7). 

_

As a second step, we consider g E H 1 ( S2 ) such that g ~ 0 q.e. in 0.
Then for every n E N the functions gn = min (g, n ) belong to H 1 ( S~ ), and
they converge to g both pointwise and in the strong topology of 
Then, up to a subsequence, the solutions un of the inhomogeneous re-
laxed Dirichlet problems associated to u and with datum gn converge
both strongly in H 1 (,S2 ) and q.e. in S~ to the solution u of the same equa-
tion with datum g . Thus, since u( x ) is finite for quasi every x E ,5~, and
since, by the previous step, the representation formula (5.7) holds for
gn , we have

for quasi every x E S~. Thus we can apply the monotone convergence
theorem, obtaining

for quasi every x Notice that, in particular, (5.10), implies that
every nonnegative function is integrable with respect to

for quasi every x 
Let now g be a function in H 1 ( SZ ). We can split g = g + - g - , and we
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already know that for the solutions ul and u2 , corresponding to the po-
sitive and negative part of g, formula (5.7) holds up to a set of capacity
zero. Moreover we have u = u2 q.e. in 92, due to the linearity of
problem (3.3). Thus (5.7) holds for u.

In the last part of this section we show that, in some cases, it is pos-
sible to exhibit an elliptic equation solved by the ,u-harmonic mea-
sures.

THEOREM 5.8. Let ,u E No (Q), and Let B be a quasi open subset of 0
such that  oo. Then u(x) _ B) E n L2 (SZ, ,u) and it
solves

for every

PROOF. Since B is a quasi open subset of S2, then, by Lemma 2.1 in
[4], there exists a sequence {gn} of functions belonging to such
that 0 ~ and increasing to IB q.e. in S~ . Let Un be the solution to
the problem

By Theorem 5.7 we have that

for quasi every a?eS. Moreover, by Corollary 3.8, the sequence {un}
increases to a function u. Thus, taking the limit in (5.12) as n goes to oo,
we obtain that u( x ) = B) q.e. in S~ . Since for every n E N, 1 B

is finite, both gn and un belong to Ho’(s2) n L2(Q, 03BC), so that
(5.11) can be written as
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for every 99 E P). Choosing 99 as test function in

(5.11 ), and using the Young inequality in the left-hand side, we
obtain

which implies is a bounded sequence in n L 2 ( S~, ,u ).
Thus, up to a subsequence, {un} converges to the function u in the
weak topology of and we can pass to the limit in the

equations solved by Un, obtaining that

for every 

In order to state a more precise result in the case when u is a finite
measure, we need the following result.

THEOREM 5.9. Let 8 be a class subsets such that the

following holds:

(i) if En E ~, and En increases to a Borel subset E of Q, then
E E E;

(ii) if En E ~, and En decreases to a Borel subset E of 0, then
EE y

(iii) 8 contains all the open subsets of Q.

Then 8 coincides with the class of all Borel subsets of Q.

PROOF. See [8], Theorem II.6.

COROLLARY 5.10. Let a finite measure. Then for
every B E B(92) the function u( x ) = B ) belongs to 0

and it solves 
u (x, B) belongs to Hol (Q) n

for 

PROOF. In order to obtain the result it is enough to prove that the



304

class 8 of all Borel subsets of S~ such that the function X. (x, B) belongs
to and solves (5.13) has the properties required in
Theorem 5.9. In Theorem 5.8 we have proved that (iii) holds.

Let us consider a sequence of elements of 8 which increases to
a Borel subset E of S2. Then En ) increases to E) for every
x E S. Moreover the function un = solves

so that, choosing un as test function in (5.14), we have

Thus u,, converge to E) weakly both in and in L 2 ( S~, u ),
and a passage to the limit in (5.14) implies that E belongs to 8. Similarly
one can check that the property (ii) holds. Thus we can apply Theo-
rem 5.9, obtaining that 8 = ~3( S~ ).

As a corollary of Theorem 5.10 we have that for every finite measure
,u and for every Borel subset B of S~, the function B) is the sol-
ution of the relaxed Dirichlet problem associated to the measure p, and
with datum v = ,u ~ B. The notion of solution of a relaxed Dirichlet
problem with a right hand side measure was introduced in [16], and it
was proved a representation formula for this solution in terms of ,u-
Green functions (see [16] Theorem 7.6). Thus, for every B c Q, we have
that

for quasi every x E 0, which implies that

for quasi every x E Q. In the special case when 03BC = 0, then L
L S~ = 0, and coincides with the classical harmonic measure in
Sz. If ,u is the Lebesgue measure, then G~ is the Green function corre-
sponding to the operator Lu + ~c and with homogeneous boundary con-
ditions in Q, and is the harmonic measure in S~ relative to the
same operator, so that we recover the well known representation for-
mula of the potential theory.
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6. - Generalized solutions.

Fixed a measure 03BC E and a function g E C(Q), we have that
the function = j dy ) is the pointwise limit of any

i5

sequence {un} of solutions of inhomogeneous relaxed Dirichlet prob-
lems corresponding to the measure ,u and with datum n

converging uniformly to g. Thus it seems to be natural to define
as a generalized solution of the inhomogeneous relaxed Dirichlet

problem associated to a measure It and with datum g E C(Q). This defi-
nition is also motivated by the following result, which states that every
generalized solution of an inhomogeneous relaxed Dirichlet problem as-
sociated to a finite measure It, is a local solution of (3.4).

PROPOSITION 6.1. Let ftnite measures. Then for
every g E C(Q) the = belongs to 
and it solves

for all 99 E n L2(Q, 03BC) with compact support in Q.

PROOF. Let 9 be a function belonging to If we consider a se-

of functions in f 1 converging to g in the uni-
form norm, then by Corollary 3.9, the corresponding solutions un to the
problems

converge uniformly q.e. in Q to a function u. Moreover the limit u does
not depend on the choice of the approximating sequence, and a passage
to the limit in

gives u = q.e. in 0. 
_ 

2 (Q,Since u is finite, every g E fl belongs to u), and,
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by (4.4), problem (3.3) can be written as

Fixed xo E Q, and 0  r  R such that c BR (xo ) c Q, let us con-
sider V E Co° (BR (xo )) such that Br (xo ), and
ID1jJ1 :s:: 2/(R - r) in BR (xo ). If we put UV2 as test function in the equa-
tion (6.1), we obtain .

By Young inequality we have that 
*

Choosing 0  E ~ A12A, we obtain

Now we can apply formula (6.2) to un - which is the solution of

problem (6.1) corresponding to the datum 
Since gn converge uniformly to g and un converge uniformly q.e. in Q to
u, then (6.2) implies that is a Cauchy sequence in H1 (Br (xo )), so
that it converges weakly to u in this space. Thus we can pass to the lim-
it in

provided that we choose test functions cp with compact support in Q,
obtaining the result. 0

REMARK 6.2. The previous result does not hold is not a finite
measure. Namely, if we consideru = ~ ~~~ , , where Q’ is an open sub-
set of Q, then for every g E the function coincides with g
a.e. in ,S~~,S~ ’ . Thus, if g does not belong to (Q), then there is no hope
to obtain that HIl(g) is a local solution of the inhomogeneous relaxed
Dirichlet problem.
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In the following propositions we single out the main properties of
the generalized solutions.

PROPOSITION 6.3. If a sequence of measures belonging to
which y L-converges to ,u, then for every g E the generalized

solutions converge pointwise a. e. to the generalized sol-
ution 

PROOF. The result follows directly from Theorem 5.5.

PROPOSITION 6.4. For every there exists a sequence
of compact subsets of S2 such that, if we denote 

the harmonic measures = then for every g E C(Q), the gen-
eralized soLutions

extended to Q by un = g in En’ converge pointwise a. e. in Q to the gen-
eralized solution ~(~).

PROOF. By Proposition 2.12 there exists a sequence of com-

pact subsets of S~ such y L-converge Thus, by Propo-
sition 6.3, for every g E the sequence IH Pn (9)1 converges a.e. in S~
to H03BC(g). It remains to .prove that coincides a.e. in Q with the

generalized solution (6.3) extended to Q by setting Un = g in But
this is a direct consequence of Remark 3.4, which implies that

for every g E and for quasi every x E 

7. - A new formulation of the Wiener criterion.

be a measure in ~o(~3). Fixed xo E S~, let R &#x3E; 0 be such that

BR ( xo ) c S~ . Here and henceforth we set Be = Be ( xo ) for every e &#x3E; 0 .
For every 0  (! ~ R, theu-capacitary potential ze of Be in ,~ relative to
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the operator L is the unique solution to the problem

By the maximum principle, 0 ~ ~ ~ 1 q.e. in Q. Moreover, by (7.1) and
Proposition 2.6, L( 1 - ze ) ~ 0 in the sense of distributions in S~. Thus ze
is a L-superharmonic function belonging to so that z. coincides
with the limit of its averages at each point x E S~, and it is a lower semi-
continuous function.

The ,u-capacity of Be relative to the operator L is defined
by

The notions of ,u-capacitary potential and of 03BC-capacity were intro-
duced in [6], in order to obtain the following Wiener criterion for re-
laxed Dirichlet problems.

THEOREM 7.1. Fixed ,u E acnd ac point xo E S~, the following
properties are equivatent:

(a) if v e n satisfies

for every test function cp E n L 2 ( S2, ~M) with compact support in
a neighborhood of xo , then lim ess sup I v I - 0;

e-.&#x3E;0+ 
(b) xo is a Wiener point of u, that is

PROOF. See Theorem 5.5 in [6], and Theorem 2.1 in [11]. m

Theorem 7.1 is the generalization to the case of relaxed Dirichlet
problems of the classical Wiener criterion established in [ 18] and in
[ 14], which characterizes those points xo E aS2 such that every local sol-
ution of an elliptic equation defined in a neighborhood of xo is continu-
ous and vanishes at xo (regular points of aS~), as being those points
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(Wiener points) xo E 3~2 such that

We want to prove that xo is a Wiener point for ,u if and only if for
every g E the generalized solution u = H~ (g) of the inhomoge-
neous relaxed Dirichlet problem corresponding to the measure ,u and
with datum g, satisfies

A first step in this direction is to characterize the Wiener points by
using the ,u-capacitary potentials 2;p.

PROPOSITION 7.2. E ~ ( S~ ), xo E S~, and R &#x3E; 0 such
that BR c Q. For every 0  e  R, let ze be the 03BC-capacitary potential of
Be in Q relative to the operator L . If xo is a Wiener point for the mea-
sure ,u, then ze ( xo ) = 1 for every 0  o ~ R . Conversely, if xo is not a
Wiener point for the measure ,u, then lim = 0.

e - 0+

PROOF. If xo is a Wiener point for the measure,u, then it is a Wiener
point for the measures ,u L B. for every 0  ~o ~ R (see Lemma 2.6 in
[3]). Since 1 - ze is a local solution of the relaxed Dirichlet problem (2.4)
corresponding to the measure 03BC L Be and with datum f = 0, then, by
Theorem 7.1, we obtain that ze (xo ) = 1 for every 0  ~o ~ R.

Conversely, let us suppose that xo is not a Wiener point for the mea-
sure,u. This implies, as it was shown in the proof of Theorem 5.5 in [6],
that there exists a sequence Qi i &#x3E; 0, decreasing to zero, such that

if N ~ 3, or

if N = 2. If we denote by Zn the ,u-capacitary potential of Ben in Q, and
by zi, i + 1 the ,u-capacitary potential of Bei BBei + 1 in S~, then by Proposi-
tion 3.8 of [6], we have
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a.e. in S~. Since zi, i + 1 is an L-superharmonic function, then there exists
a constant c &#x3E; 0 depending only on A, ~l, such that

for every 0  r ~ R. Thus we can pass to the limit in the inequali-
ty

as r tends to zero, obtaining

On the other hand, by Proposition 3.9 of [6],

if N ~ 3, and

if N = 2. Thus, for every e &#x3E; 0, there exists no E N such that

for every n -&#x3E; no , which concludes the proof. m

Now we give a new version of the Wiener criterion which involves
the behaviour of the solution of problem (2.7).

THEOREM 7.3. Let u be a measure in sol-
ution of the relaxed Dirichlet problem (2.7) corresponding to the mea-
sure ,u and with right-hand side f = 1. The following properties are
equivalent:

(a) xo is a Wiener point;

PROOF. If xo is a Wiener point, then for every f E L °° (Q), every lo-
cal solution v of the equation (2.4) in a neighborhood of xo satisfies
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lim ess sup Ivl = 0 (see [6], Theorem 6.4). Thus (a) implies (b) . More-
e-.~0+ Bp (xo)
over, by Proposition 2.9(a), wu is a nonnegative upper semicontinuous
function, so that (b) is equivalent to (c). It remains to show that (b) im-
plies (a).

Let us now consider a function f E L2(Q) such that there exists an
open set ,SZ ’ c c 92, with xo E Q’ and f = 0 a.e. in ,S~ ’ . The function f can
be approximate in the strong topology by a of
functions in L °° (Q) such that fn = 0 a.e. in S2 ’ . Let vn be the solution to
the problem

It is easy to see converges strongly in Hol (Q) to the solution v
of the relaxed Dirichlet problem corresponding to I’- and with right-
hand side f. Since both Vn and v are local solutions of (2.4) with right-
hand side zero in S~ ’ , then, by Theorem 4.2 of [15], they belong to
L1; (Q’), and, if we fix an open set c c ,S~ ’ , there exists a constant
c &#x3E; 0 such that

Thus, fixed c &#x3E; 0, there exists no E N such that

On the other hand, by (b) and Proposition 2.9(c), there exists 0
such that

for every 0  Q ~ Qo. Then

for every 0  e  e0, which implies that lim ess sup |v| = 0.
P-.0+ 

Finally, let v E u) be such that
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for with compact support in 92. Fixed

~o &#x3E; 0 such that let us consider a function

1jJ E Co" (B2e ) such that y = 1 in Be’ and 0  y  1 in Q. For every
we have

Then we obtain

1."

for every Moreover the function E 
i’ i=l

+ + vL1jJ belongs to L2(Q), and it is zero a.e. in Thus, by
the previous step,

which concludes the proof.

REMARK 7.4. Let All be the set of or-finiteness of ,u, that is the
union of all quasi open subset A of 92 such that /-Z(A)  + 00, and let S,~
be the complement of All in S~. In [3] it was proved that is contained
in the set of all Wiener points and coincides with that set up to a set of
capacity zero. On the other hand, in [4] it was proved that S~ coincides
with the set = 0} up to a set of capacity zero. By Theorem 7.3, these
two results are the same.

The characterization of the Wiener points in terms of ,u-harmonic
measures is the following.

THEOREM 7.5. Let ,u E ~o(S), and xo E 92. The following properties.
are equivalent:

(a) xo is a Wiener point for the measure ,u ;

( b ) lim = d xo , where the is taken in the 
_

topology of measures in Q;
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( c ) lim H03BC(x, .) L S2 = 6 X0 where the timit is taken in the it

topology of measures in 0;

PROOF. Let us suppose that xo is a Wiener point for the measureu.
For every g E n with Lg E L 00 (Q), we consider the func-
tion v = u - g, where u is the solution of problem (3.3). Then v is the
solution to the relaxed Dirichlet problem (3.6) with right-hand side

Thus, by Proposition 2.9(c), we have

for every x E S~ . Then, by Theorem 7.3

so that for every g E with Lg E L °° ( S~ ), and for every E &#x3E;

&#x3E; 0 there exists ~o ~ &#x3E; 0 such that

for every x By Lemma 4.1, we obtain that (b) holds. Clearly
(b) implies (c). Let us now suppose that (c) holds and let us consider the
solution g of (5.5). We already know that the solution u to the problem
(3.3) with datum g is such that u - g = Since lim .) L Q =
- 

9 and E Ho (~2) f 1 C(~), then 
x - X0 

,, (x, -) L Q =

and, by Theorem 7.3, this means that xo is a Wiener point for the mea-
sure ,u . Thus (c) implies (a).

As a direct consequence of Theorem 7.3 and Proposition 2.9(c), we
obtains that, if xo is a Wiener point for ,u, then for every g E n
fl with Lg E L °° (Q) we have

Thus, (a) implies (d). Conversely, if ~(a?o,’) = then = 0,
that is xo is a Wiener point foru. As usual, it follows from the fact that
W,u = ~ (g) - g, where g is the solution of (5.5).

By (d), we have that = 1, that is (e) holds.
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Let us now suppose that = a &#x3E; 0; we want to show
that xo is a Wiener point. Let R &#x3E; 0 be such that BR (xo ) = BR c Q, and,
for every 0  ~o ~ R, let ze be the ,u-capacitary potential of Be in S~ rela-
tive to the operator L. By Proposition 7.2, in order to show that xo is a .
Wiener point it is enough to prove that &#x3E; a for every 0  p ~ R.
We consider a function go E Hol (0), 0 ~ 1 q.e. in S~, such that ge = 1
q.e. in Bp/2, and ge = ze q.e. in Let ~p be the solution of the inho-
mogeneous relaxed Dirichlet problem corresponding to that is

By the maximum principle, 0 ~ ~ ~ 1 q.e. in 92, and then

which implies that the function (ue - ze ) + belongs to p). More-
over z = ue - ge q.e. in so that (u. - ze ) + belongs to

HJ(Q) fl If we put it as test function both in the equation
solved by and in the equation solved by we obtain

Taking the difference between these two equations we obtain

Since each term of the sum is nonnegative, then we have that 
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a.e. in S~. By Theorem 5.7 we have that

for almost every x E D. Finally, by Lemma 5.3, we get

for every 0  p ~ R, which concludes the proof. 8

Finally, we use the previous result in order to describe the mass of
the ,u-harmonic measures inside the sets of capacity zero.

THEOREM 7.6. Fixed a bounded open set Q’ such that Q cc ~2 ~ Let
B be a Borel subset of S~ with cap (B, 0’) = 0. Then for every Wiener
point x E Q we have X. (x, B) = while B) = 0 for every x E ~2
which is not a Wiener point.

PROOF. By Theorem ~’~.5, for every Wiener point
x E Q, so that the first assertion is obvious. Conversely, if x is not a
Wiener point, then, by Theorem 7.5(c), for every Borel subset B of S~ we
have Thus, by Lemma 5.2, we obtain

5C. (x, B) = 0 for every B with capacity zero. 8
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