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Automorphism-invariant modules
ADEL ALAHMADI (*) - ALBERTO FACCHINI (**) - NGUYEN KHANH TUNG (***)

ABSTRACT - A module M is called automorphism-invariant if it is invariant under
automorphisms of its injective envelope. In this paper, we study the endomorphism rings of automorphism-invariant modules and their injective envelopes. We investigate some cases where automorphism-invariant modules are
quasi-injective and a connection between automorphism-invariant modules and
boolean rings.
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1. Introduction
A module M is called automorphism-invariant if it is invariant under
automorphisms of its injective envelope, that is, if W(M)  M for every
W 2 Aut(E(M)) (equivalently, if W(M)  M for every W 2 Aut(E(M))). In
[6, Theorem 16], it was shown that automorphism-invariant modules are
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precisely pseudo-injective modules, where a module M is called pseudoinjective if, for any submodule A of M, every monomorphism f : A ! M
can be extended to an element of End(M). In this paper, we show that if
M is an automorphism-invariant module, then
End(M)=J(End(M))
turns out to be a rationally closed subring of
End(E(M))=J(End(E(M))):
Both the rings End(M)=J(End(M)) and End(E(M))=J(End(E(M))) are
von Neumann regular [11, Proposition 1]. We consider in particular the
case of automorphism-invariant modules of finite Goldie dimension or
indecomposable. Notice that automorphism-invariant modules have the
exchange property [11], so that indecomposable automorphism-invariant
modules have a local endomorphism ring. Moreover, idempotents can be
lifted modulo every right ideal both in End(M) and in End(E(M)) [16].
We then study the connection between automorphism-invariant modules and boolean rings. The existence of such a connection was suggested
to us by the results in Section 5 of [19], where VaÂmos considers modules
whose endomorphism ring (or endomorphism ring modulo the Jacobson
radical) is a boolean ring. He studies modules in which the identity endomorphism is the sum of two automorphisms. This condition is related to
the existence of factors of the endomorphism ring isomorphic to the field
F2 with two elements [12]. Notice that if M is an automorphism-invariant
right R-module and End(M) has no factor isomorphic to F2 , then M is
quasi-injective [10, Theorem 3].
Every automorphism-invariant module is the direct sum of a quasi-injective module and a square-free module [6, Theorem 3]. This leads us to
study, for an automorphism-invariant square-free module M, the relation
between M being quasi-injective and the existence of factors isomorphic to
F2 in End(M) and in End(E(M)).
Throughout, all rings have identity element and modules are right
unital. For a module M, E(M) denotes the injective envelope of M.

2. Notation, definitions, and some properties of automorphism-invariant modules
Let R be a ring. For every pair of right R-modules M and N, let D(M; N)
denote the set of all module morphisms f : M ! N whose kernel ker ( f ) is an
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essential submodule of M. In [11, Proposition 1], it was shown that if M is an
automorphism-invariant module, then the Jacobson radical J(End(M)) of
End(M) consists exactly of all the endomorphisms of M with essential
kernel, that is, J(End(M)  D(M; M). Moreover, End(M)=J(End(M) is von
Neumann regular and idempotents lift modulo J(End(M)).
Recall that the Jacobson radical J of a preadditive category C is the ideal
defined, for every A; B 2 Ob(C), by J (A; B) : f f 2 HomC (A; B) j 1A gf
has a left inverse (equivalently, a two-sided inverse) for every morphism
g: B ! A in C g. Let A be the full subcategory of Mod-R whose objects are all
automorphism-invariant right R-modules. It is easily seen that D is an ideal
of A contained in the Jacobson radical J of A, because if f 2 D(M; N), then
ker (gf ) is essential in M for every g. Hence gf 2 J(End(M)) for every g
[11, Proposition 1]. Thus for the ideals D and J of A, we have that D  J .
Nevertheless the ideal D can be properly contained in J . For instance,
Z=2Z and Z=4Z are automorphism-invariant Z-modules, the monomorphism f : Z=2Z ! Z=4Z does not have an essential kernel, but for
every morphism g: Z=4Z ! Z=2Z the composite mapping gf is the zero
mapping. Hence gf has an essential kernel, and so gf belongs to
J(End(Z=2Z)). Therefore D(Z=2Z; Z=4Z)  J (Z=2Z; Z=4Z).
A ring morphism W: R ! S is local if, for every r 2 R, W(r) invertible in
S implies r invertible in R. We will denote by U(R) the group of units, i.e.,
invertible elements, of a ring R. A rationally closed subring of a ring S is a
subring R of S such that the embedding R ! S is a local morphism, that is,
a subring R of S such that U(R)  R \ U(S) [4].
Recall that a module M satisfies Condition (C1 ) if every submodule of M
is essential in a direct summand of M. An automorphism-invariant module
satisfies (C1 ) if and only if it is quasi-injective [13]. Every automorphisminvariant module M satisfies Condition (C2 ); that is, every submodule of M
isomorphic to a direct summand of M is itself a direct summand of M [5],
[6]. Moreover, every automorphism-invariant module M satisfies Condition (C3 ); that is, if N1 and N2 are direct summands of M with N1 \ N2  0,
then N1  N2 is also a direct summand of M = [13].
THEOREM 2.1. Let M be an automorphism-invariant module and
E(M) be its injective envelope. Then
(a) There is a canonical local morphism
W: End(M) ! End(E(M))=J(End(E(M)))
with kernel J(End(M)), so that W induces an embedding W, as a
rationally closed subring, of the von Neumann regular ring
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End(M)=J(End(M)) into the von Neumann regular right self-injective ring
End(E(M))=J(End(E(M))):
(b) For every invertible element v of the ring End(E(M))=J(End(E(M))),
there exists an invertible element u of End(M)=J(End(M)) such that
W(u)  v.
(c) For every idempotent element f of the ring End(E(M))=J(End(E(M)))
there exists an idempotent element e of End(M)=J(End(M)) such
that W(e)  f if and only if the module M is quasi-injective.
(d) If M is quasi-injective, then W is an isomorphism.
PROOF. (a) For any right R-module M, the morphism
W: End(M) ! End(E(M))=J(End(E(M)))
is defined as follows. If f 2 End(M), let ~f be an endomorphism of E(M) that
extends f . Then W( f )  ~f  J(End(E(M))) [8, §4, p. 412]. It is easily seen
that W is a well-defined ring morphism. Moreover, W is a local morphism,
because if f 2 End(M) and W( f ) is invertible in the ring End(E(M))=
J(End(E(M))), then ~f is an automorphism of E(M). Since M is automorphism-invariant, it follows that ~f (M)  M; that is, f (M)  M. This
proves that f is onto. Moreover, ~f is an automorphism of E(M) implies that its
restriction f is an injective endomorphism of M. Thus f is an automorphism,
and the ring morphism W is a local morphism. It follows that the injective
morphism W: End(M)=ker (W) ! End(E(M))=J(End(E(M))) induced by W is a
local morphism as well. Moreover, ker (W)  D(M; M)  J(End(M)).
(b) If v is an invertible element of End(E(M))=J(End(E(M))), then
v  v0  J(End(E(M))) for some element v0 2 End(E(M)), necessarily
invertible. Therefore v0 is an automorphism of E(M). Since M is automorphism-invariant, the restriction u0 of v0 to M is an automorphism of M.
Thus u : u0  J(End(M)) is an invertible element of End(M)=J(End(M))
and W(u)  v.
(c) If M is quasi-injective, for every f 2 End(E(M)), the restriction
0
f of f to M is an endomorphism of M. Thus W( f 0  J(End(M))) 
f  J(End(E(M))). Hence W is onto, and (a) allows us the conclusion.
(d) Assume that for every idempotent element f 2 End(E(M))=
J(End(E(M))) there exists an idempotent element e of End(M)=
J(End(M)) with W(e)  f . In order to show that M is quasi-injective, we
will prove that it satisfies Condition (C1 ). Let N be a submodule of M. We
must show that N is essential in a direct summand of M. Now E(M) has a
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direct-sum decomposition E(M)  E(N)  E. Thus there is an idempotent
e 2 End(E(M)) with E(N)  eE(M) and E  (1 e)E(M). By hypothesis,
there exists an idempotent e 2 End(M)=J(End(M)) with W(e) 
e  J(End(E(M))). As idempotents lift modulo J(End(M)), there is
an idempotent e0 2 End(M) such that e  e0  J(End(M)). The idempotent e0 2 End(M) corresponds to a direct-sum decomposition M 
e0 M  (1 e0 )M. This direct-sum decomposition of M induces a directsum decomposition E(M)  E(e0 M)  E((1 e0 )M). Thus there is an
idempotent e00 2 End(E(M)) with E(e0 M)  e00 E(M) and E((1 e0 )M) 
(1 e00 )E(M). We claim that endomorphism e00 of E(M) extends the
endomorphism e0 of M. To prove this claim, it suffices to show that
e00 (x)  x for every x 2 e0 M and e00 (y)  0 for every y 2 (1 e0 )M.
Now e0 M  E(e0 M)  e00 E(M), so that e00 (x)  x for every x 2 e0 M.
Similarly (1 e0 )M  E((1 e0 )M)  (1 e00 )E(M), so that for every
y 2 (1 e0 )M one has that y 2 (1 e00 )E(M). Hence e00 (y)  0. This
proves the claim. Thus W(e0  J(End(M))  e00  J(End(E(MR ))). But W(e) 
e  J(End(E(M))) and e  e0  J(End(M)), so that W(e0  J(End(M))) 
e  J(End(E(M))). It follows that e00  J(End(E(M)))  e  J(End(E(M)));
that is, e00 e 2 J(End(E(M))), so 1 e00  e is an automorphism of E(M). As
M is automorphism-invariant, we have that (1 e00  e)(M)  M. Thus
e(M)  (1 e00  e)(M)  1(M)  e00 (M)  M  M  e0 (M)  M. It follows
that e restricts to an idempotent endomorphism of M. In particular, e(M) is a
direct summand of M. Moreover, N  E(N) \ M  eE(M) \ M  e(M), so
that N is a submodule of e(M). It remains to show that N is essential in e(M).
This follows immediately from the fact that e(M)  eE(M)  E(N) and N
is essential in E(N). This proves that M satisfies Condition (C1 ), and
hence is quasi-injective [13].
The converse follows immediately from (d), noting that the inverse
image of an idempotent via an injective morphism is necessarily
idempotent.
p
Notice that if W: R ! S is a local morphism and S is local (resp.,
semilocal), that is, a division ring (resp., a semisimple artinian ring)
modulo the Jacobson radical, then R is local (resp., semilocal) [4, Theorem 1]. Nevertheless, for any ring R there exist a von Neumann regular
right self-injective ring S and a local morphisms x: R ! S. For example, it
suffices to take the first part 0 ! RR ! E1 ! E2 of an injective resolution
of the R-module RR , the von Neumann regular right self-injective ring
S : End(E1 )=J(End(E1 ))  End(E2 )=J(End(E2 )) and the local morphism
x defined in [8, Theorem 5.3].
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PROPOSITION 2.2.
Then

Let M be an automorphism-invariant module.

(a) If M is indecomposable, then End(M) is a local ring.
(b) If M has finite Goldie dimension, then every injective endomorphism of M is an automorphism of M and the endomorphism ring
End(M) is a semiperfect ring.
PROOF. (a) Automorphism-invariant modules have the exchange property [11], and indecomposable modules with the exchange property have a
local endomorphism ring [7, Theorem 2.8].
(b) Let M be an automorphism-invariant module of finite Goldie dimension and let W: M ! M be an injective endomorphism of M. Then W
extends to an endomorphism W0 : E(M) ! E(M), which is necessarily injective. As M has finite Goldie dimension, W0 is an automorphism of E(M).
But M is automorphism-invariant, so W0 (M)  M. Thus W(M)  M, that is,
the endomorphism W is also surjective.
Finally, every module of finite Goldie dimension is a direct sum of indecomposable modules. Thus if M  M1  . . .  Mn is automorphism-invariant and the Mi are indecomposable, then the modules Mi are automorphism-invariant. Hence they have a local endomorphism ring by (a).
Therefore M is a direct sum of modules Mi with local endomorphism rings,
so that End(M) is semiperfect.
p
COROLLARY 2.3. If M; N are two automorphism-invariant R-modules
of finite Goldie dimensions isomorphic to submodules of each other, then
M is isomorphic to N.
PROOF. By the hypothesis, there exists two monomorphisms
f : M ! N and g : N ! M. So fg 2 End(N) and fg is injective. Hence fg
is an automorphism by Proposition 2.2(b). Thus f is onto. Since f is a
monomorphism, f is an isomorphism.
p
We now recall a theorem by Guil Asensio and Srivastava that will be
repeatedly used in the sequel.
THEOREM 2.4 [10, Theorem 3]. Let M be a right module such that
End(M) has no factor isomorphic to F2 . Then M is quasi-injective if and
only if M is automorphism-invariant.
PROPOSITION 2.5. If R is a ring of odd characteristic, then every
automorphism-invariant R-module is quasi-injective.
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PROOF. Suppose that R is a ring of odd characteristic n with a module
M that is automorphism-invariant but not quasi-injective. By Theorem 2.4, the endomorphism ring End(M) has a factor End(M)=M isomorphic to F2 . Then nR  0, so that nM  0. Hence nEnd(M)  0, so
that n(End(M)=M)  0. Thus nF2  0, which is a contradiction because
n is odd.
p
LEMMA 2.6. Let M be an automorphism-invariant module. If
M  M1  M2  . . .  Mn , where each Mi is a quasi-injective module, then
M is quasi-injective.
PROOF. It clearly suffices to prove the case n  2. Assume that
M  M1  M2 is automorphism-invariant, where M1 and M2 are quasiinjective. By [13, Theorem 5], M1 is M2 -injective and M2 is M1 -injective.
Since M1 and M2 are quasi-injective, M is quasi-injective by [1, Propositions 16.10 and 16.13].
p
PROPOSITION 2.7. Let M1 ; M2 ; . . . ; Mn be uniform modules. If M :
M1  M2  . . .  Mn is automorphism-invariant, then M is quasi-injective.
PROOF. By the previous lemma, it suffices to show that each Mi is quasiinjective. On the one hand, each Mi is uniform, and each Mi satisfies (C1 ).
On the other hand, each Mi is automorphism-invariant, being a direct
summand of an automorphism-invariant module. By [13, Corollary 13],
p
every Mi is quasi-injective. Now apply Lemma 2.6.
PROPOSITION 2.8. The following conditions are equivalent for a ring R.
(1) Every automorphism-invariant R-module of finite Goldie dimension is quasi-injective.
(2) Every automorphism-invariant indecomposable R-module of
finite Goldie dimension is uniform.
(3) Every automorphism-invariant indecomposable R-module of
finite Goldie dimension is quasi-injective.
PROOF. (1) ) (2) An automorphism-invariant indecomposable module
M of finite Goldie dimension is quasi-injective by (1). Hence it satisfies
Condition (C1 ). Therefore M is uniform.
(2) ) (3) Let M be an automorphism-invariant indecomposable module
of finite Goldie dimension. Then M is uniform by (2), and hence it satisfies
Condition (C1 ). By [13, Corollary 13], M is quasi-injective.
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(3) ) (1) Let M be an automorphism-invariant module of finite Goldie
dimension. Then End(M) is semilocal by Proposition 2.2(b). So
M  M1  M2  . . .  Mn , where each Mi is an automorphism-invariant
indecomposable module of finite Goldie dimension. By (3), every Mi is
quasi-injective. From Lemma 2.6, it follows that M is quasi-injective. p
By Proposition 2.5, every ring R of odd characteristic satisfies the
equivalent conditions of Proposition 2.8.
Let E(M) be the injective envelope of a module M. It is easily seen that
X
W(M)
W2Aut(E(M))

is the smallest automorphism-invariant submodule of E(M) containing M.
We call it the automorphism-invariant envelope of M, and denote it by
AI(M). Clearly, a module is automorphism-invariant if and only if
M  AI(M).
LEMMA 2.9. Let M; N be arbitrary R-modules. Then every monomorphism M ! N extends to a monomorphism AI(M) ! AI(N).
PROOF. A monomorphism W: M ! N extends to a monomorphism
W : E(M) ! E(N), which is necessarily a split monomorphism. Thus there is
a direct-sum decomposition E(N)  W0 (E(M))  C and, with respect to this
direct-sum decomposition,
W0 : E(M) ! W0 (E(M))  C can be written in maa
trix form as W0 
, where a: E(M) ! W0 (E(M)) is an isomorphism. It
0
suffices to show
that W0 (AI(M))  AI(N): Let f be an automorphism of

af a 1 0
E(M). Then
is an automorphism of W0 (E(M))  C  E(N). Thus
0
1




af a 1 0
af a 1 0
W0 ( f (M))  af (M)  (af a 1 )(a(M)) 
(a(M)) 
(N) 
0
1
0
1
AI N:
0

Therefore W0 (AI(M))  AI(N).

p

3. Boolean rings
Recall that a non-zero ring R is a boolean ring if every element of R is
idempotent. Every boolean ring is necessarily a commutative ring of
characteristic 2. A ring is boolean if and only if it is isomorphic to a subring
of FX2 , where X is a non-empty set and F2 is the field with two elements. If a
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ring R is boolean, then E(RR ) is the Dedekind-McNeil completion of R, and
the Dedekind-McNeil completion of R is a boolean ring, which is isomorphic, as an R-module, to the total ring of quotients of R ([2, Corollary 2] and [18, p. 79]). If R is a boolean ring, the identity is the unique
automorphism of the R-module E(RR ), so that every R-submodule of
E(RR ) is automorphism-invariant, but RR is not quasi-injective (except for
the case RR  E(RR ), that is, R is complete).
The condition ``the endomorphism ring S of a module does not have
maximal ideals M with S=M  F2 '' has recently received a lot of attention
(Theorem 2.4 and [12]).
LEMMA 3.1. Let T be a ring and I the two-sided ideal of T generated by
the subset ft t2 j t 2 T g of T. Then
(a) The ideal I is the smallest ideal of T with T=I a boolean ring or the
zero ring.
(b) The ideal I is the intersection of all maximal two-sided ideals M of
T with T=M  F2 .
(c) The ideal I contains the Jacobson radical J(T) of T.
(d) The kernel of every ring morphism T ! F2 contains I.
(e) I is a proper ideal of T if and only if there exists a ring morphism
T ! F2 , if and only if T has a maximal two-sided ideal M with
T=M  F2 .
PROOF. (a) is trivial.
(b) Let us check that
I

\

M:

T=MF2

(  ) Since I is generated by the elements t t2 , it suffices to show that
t t2 2 M for every t 2 T and every maximal two-sided ideal M with
T=M  F2 . Now F2 is boolean, so that T=M is boolean, hence t  M 
t2  M. It follows that t t2 2 M.
(  ) By (a), the ring T=I is boolean. Boolean rings are isomorphic to
subrings of FX2 for some set X. Let e: T=I ! FX2 be an embedding and
px : FX2 ! F2 (x 2 X), p: T ! T=I be the canonical projections. Then the
morphisms Wx : px ep: T ! F2 have kernels ker Wx , which are maximal
T
two-sided ideals of T, T=ker Wx  F2 and
x2X ker Wx  I. Thus
T
T
T=MF2 M 
x2X ker Wx  I.
(c) By (b), I is the intersection of all maximal two-sided ideals M of T
with T=M  F2 , and all maximal two-sided ideals M of T with T=M  F2
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are maximal right ideals of T. Hence I is an intersection of maximal right
ideals of T, so that I  J(T).
(d) The kernel of every ring morphism T ! F2 is a maximal two-sided
ideal of T with T=M  F2 . Thus (d) follows from (b).
(e) is now trivial.
p
Notice that 1T is an element of T, so that ( 1T ) ( 1T )2 
2  1T 2 I. Therefore I contains the two-sided ideal 2T of T. For example,
for T  Z, the ideal of Z generated by all n n2 , where n ranges in Z, is
exactly the ideal 2Z.
Recall that two modules are said to be orthogonal to each other if they
do not contain non-zero isomorphic submodules. The following Lemma
appears in [15, Lemma 3.3] and will be repeatedly used in the sequel.
LEMMA 3.2 [15, Lemma 3.3]. Let M  M1  M2 . If M1 and M2 are orthogonal, then End(M)=D(M; M)End(M1 )=D(M1 ; M1 )End(M2 )=D(M2 ; M2 ).
The converse holds if M1 and M2 are relatively injective.
COROLLARY 3.3. Let M  M1  M2 be an automorphism-invariant Rmodule where M1 and M2 are orthogonal. Then End(M) has no factor
isomorphic to F2 if and only if each End(Mi ) (i  1; 2) has no factor
isormophic to F2 .
PROOF. Let I be the two-sided ideal of End(M) generated by the set
f x x2 j x 2 End(M) g. By Lemma 3.2, End(M)=D(M; M)  End(M1 )=
D(M1 ; M1 )  End(M2 )=D(M2 ; M2 ). As D(M; M)  J(End(M)) for any automorphism-invariant R-module M, it follows that End(M)=J(End(M)) 
End(M1 )=J(End(M1 ))  End(M2 )=J(End(M2 )) in a canonical way. Thus
there is a homomorphism End(M) ! F2 if and only if there is a homomorphism End(M)=J(End(M)) ! F2 , if and only if there is a homomorphism End(Mi )= J(End(Mi )) ! F2 for an i equal to 1 or 2. The conclusion
follows immediately.
p
Recall that a module is square-free if it does not contain a direct sum of
two non-zero isomorphic submodules. The following important result is
due to Er, Singh and Srivastava.
THEOREM 3.4 [6, Theorem 3]. Every automorphism-invariant module M decomposes as a direct sum M  X  Y, where X is quasi-injective,
Y is a square-free module orthogonal to X, and X and Y are relatively
injective modules.

Automorphism-invariant modules

251

The previous Theorem reduces our study to considering automorphism-invariant square-free modules. Notice that if M is any right R-module
such that End(M) has no factor isomorphic to F2 , then M is quasi-injective
if and only if M is automorphism-invariant (Theorem 2.4).
LEMMA 3.5. If M1 ; M2 are two right modules over a ring R and M1 ; M2
have isomorphic injective envelopes, which are non-zero modules, then M1
and M2 have non-zero isomorphic submodules.
PROOF. Let f : E(M1 ) ! E(M2 ) be an isomorphism. Then M1 and
f 1 (M2 ) are essential submodules of E(M1 ). Hence M1 \ f 1 (M2 ) is an
essential submodule of E(M1 ). It follows that M1 \ f 1 (M2 ) is a non-zero
submodule of M1 . Via the isomorphism f , we find that f (M1 \ f 1 (M2 )) is
an essential submodule of E(M2 ) isomorphic to M1 \ f 1 (M2 ). But
p
f (M1 \ f 1 (M2 ))  f (M1 ) \ M2 is a submodule of M2 .
COROLLARY 3.6. A module M is square-free if and only if its injective
envelope E(M) is square-free.
PROOF. If M is not square-free, then it contains a submodule isomorphic to N  N for some non-zero module N. Hence the same holds for
E(M), that is, E(M) is not square-free.
Conversely, assume that E(M) is not square-free. Then E(M) contains a
submodule isomorphic to N  N for some non-zero module N. It follows
that E(M)  E1  E2  E3 with E1  E2 6 0. Then M \ Ei is a non-zero
essential submodule of Ei for i  1; 2. In particular, M \ E1 and M \ E2
have isomorphic injective envelopes, which are non-zero modules. By
Lemma 3.5, M \ E1 and M \ E2 have non-zero isomorphic submodules.
Thus M is not square-free.
p
COROLLARY 3.7. If M is an automorphism-invariant square-free
module, then every injective endomorphism of M is an automorphism of M.
PROOF. Let M be an automorphism-invariant square-free module
and let W: M ! M be an injective endomorphism of M. Then W extends
to an endomorphism W0 : E(M) ! E(M), which is necessarily injective.
Then E(M)  W0 (E(M))  C, so that E(M)  W20 (E(M))  W0 (C)  C with
W0 (C)  C. By Corollary 3.6, E(M) is square-free, so C  0. This proves
that W0 is an automorphism of E(M). But M is automorphism-invariant,
so W0 (M)  M. Thus W(M)  M, that is, the endomorphism W of M is
also surjective.
p
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Arguing as in Corollary 2.3, we find that:
COROLLARY 3.8. If M; N are two automorphism-invariant square-free
R-modules isomorphic to submodules of each other, then M is isomorphic
to N.
COROLLARY 3.9. Let M be an automorphism-invariant R-module.
Assume that M  M1  M2 , where M1 and M2 are orthogonal. Let Ei be
an injective envelope of Mi . Then E1 is orthogonal to E2 .
PROOF. Assume that there exists 0 6 N1  E1 and 0 6 N2  E2 such
that N1  N2 . Let E0i be an injective envelope of Ni . Then E1  E01  E001 and
E2  E02  E002 where E01  E02 . Set ER : E1  E2  E01  E02  (E001  E002 ).
Then E is an injective envelope of M. Since M is automorphism-invariant
and E01  E02 , we get that M  (M \ E01 )  (M \ E02 )  (M \ (E001  E002 ))
[17, Lemma 7]. We will show that M \ E01  M1 . Let x 2 M \ E01 , then
x  x1  x2 where xi 2 Mi and x 2 E01  E1 . Hence x2  x x1 2 M2 \
E1  E2 \ E1  0. Therefore x  x1 2 M1 . By a similar argument, we get
that M \ E02  M2 . As M \ E0i is essential in E0i and E0i is injective, E0i is an
injective envelope of M \ E0i . Moreover, E01  E02 . Hence, by Lemma 3.5,
there exist non-zero submodules P! 1  M \ E01  M1 and P2 
M \ E02  M2 such that P1  P2 . Therefore M1 is not orthogonal to M2 .
This is a contradiction.
p
PROPOSITION 3.10. Let M be an automorphism-invariant module and
E(M) be its injective envelope. The following conditions are equivalent:
(a)
(b)
(c)
(d)

M is square-free.
E(M) is square-free.
The von Neumann regular ring End(M)=J(End(M)) is abelian.
The von Neumann regular right self-injective ring End(E(M))=
J(End(E(M))) is abelian.

PROOF. (a) , (b) has been proved in Corollary 3.6.
(b) ) (d) follows from the fact that D(E; E)  J(End(M)) for any injective module E and [15, Lemma 3.4].
(d) ) (c) follows from the fact that every subring of an abelian ring is an
abelian ring and Theorem 2.1.
(c) ) (a) Assume that (c) holds. Set S : End(M). Suppose that M
contains a direct sum X  Y of two isomorphic submodules. Taking the
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injective envelopes in E(M), one finds that E(M)  E(X)  E(Y)  C. If
W: X ! Y is an isomorphism, W extends to an isomorphism c: E(X) ! E(Y).
Thus there is an isomorphism
0
1
0 c 1 0
v : @ c
0
0 A: E(M)  E(X)  E(Y)  C ! E(M)  E(X)  E(Y)  C:
0
0
1C
The automorphism v of E(M) restricts to an automorphism v0 of M because M is automorphism-invariant. From [17, Lemma 7], we know that
M  (M \ E(X))  (M \ E(Y))  (M \ C). Thus M  e1 M  e2 M  e3 M
for orthogonal idempotents ei 2 S, where e1 M  M \ E(X) and
e2 M  M \ E(Y). Now v0 (M \ E(X))  v(M \ E(X))  v(M) \ v(E(X)) 
M \ E(Y). Thus M \ E(X))  M \ E(Y), that is, e1 M  e2 M. Applying the
functor Hom(M; ): Mod-R ! Mod-S, one finds that SS  e1 S  e2 S  e3 S
and e1 SS  e2 SS [7, Theorem 4.7]. If ei is the image of ei in S=J(S),
then S=J(S)  e1 S=J(S)  e2 S=J(S)  e3 S=J(S) and e1 S=J(S)  e2 S=J(S)
[1, Exercise 7.2]. But S=J(S) is abelian, so that e1 S=J(S)  e2 S=J(S)
implies e1 S=J(S)  e2 S=J(S) [9, Theorem 3.4]. From this we get that
1 e1 e2  0, i.e., e2  e1 e2 . Similarly e1  e2 e1 . Thus e1 e2 is an idempotent in J(S), from which e1  e2 . Thus M \ E(X)  M \ E(Y), and
X  Y  0.
p
The next Corollary generalizes [14]. Recall that a ring is duo if all its
right ideals and all its left ideals are two-sided ideals. A ring is quasi-duo if
all its maximal right ideals and all its maximal left ideals are two-sided
ideals.
COROLLARY 3.11. The endomorphism ring of an automorphism-invariant square-free module is quasi-duo.
PROOF. Let M be an automorphism-invariant square-free module. By
Proposition 3.10, End(M)=J(End(M)) is an abelian von Neumann regular
ring. One-sided ideals of abelian regular rings are generated by central
idempotents, hence all of them are two-sided. Thus End(M)=J(End(M)) is a
duo ring. The conclusion now follows from the fact that a ring S is quasi-duo
if and only if S=J(S) is quasi-duo.
p
THEOREM 3.12. Let M be an automorphism-invariant module and let
E(M) be its injective envelope.
(a) If M is quasi-injective and End(M) has a factor isomorphic to F2 ,
then End(E(M)) has a factor isomorphic to F2 .
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(b) If M has finite Goldie dimension and End(M) has a factor isomorphic to F2 , then the following conditions hold.
(i) End(E(M)) has a factor isomorphic to F2 .
(ii) E(M) has a direct-sum decomposition E(M)  E  C with E
orthogonal to C, E an indecomposable R-module and End(E)=
J(End(E))  F2 .
(iii) Aut(E)  1  J(End(E)), so that every automorphism of the Rmodule E is the identity on an essential R-submodule of E.
(iv) E is the injective envelope of its non-zero R-submodule annE (2).
PROOF. (a) If M is quasi-injective, the mapping
W: End(M)=J(End(M)) ! End(E(M))=J(End(E(M)))
is an isomorphism by Theorem 2.1(d). Thus End(E(M)) has a factor isomorphic to F2 .
(i) We first consider the case of M indecomposable. If M is automorphism-invariant indecomposable, then End(M) is local by Proposition 2.2. If End(M) also has a factor isomorphic to F2 , then
End(M)=J(End(M))  F2 :
Since M is automorphism-invariant, we get that M  N  P, where N is
quasi-injective and P is square-free (Theorem 3.4). But M is indecomposable,
so that either M  N or M  P. If M  N is quasi-injective, End(E(M)) has
a factor isomorphic to F2 by (a). In the other case, M  P is square-free, so
that End(E(M))=J(End(E(M)) is abelian. As M has finite Goldie dimension,
E(M) has finite Goldie dimension. Hence End(E(M)) is semilocal. Therefore
End(E(M))=J(End(E(M))  D1  D2  . . .  Dn , where each Di is a division ring. Consider the mapping W: End(M) ! End(E(M))=J(End(E(M)) of
Theorem 2.1. From ker W  J(End(M)), it follows that im W  End(M)=
J(End(M))  F2 . Moreover, the group of units of End(E(M))=J(End(E(M))
is contained in im(W), because M is automorphism-invariant. Hence the group
of units of
End(E(M)=J(End(E(M))
has one element. Since it is isomorphic to D1 n f0g  . . .  Dn n f0g, it follows that Di  F2 for every i  1; . . . ; n. So End(E(M)) has a factor isomorphic to F2 . This concludes the proof of (i) for M indecomposable.
Now let M be an arbitrary automorphism-invariant module of finite
Goldie dimension and assume that End(M) has a factor isomorphic to F2 .
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The proof will be by induction on the Goldie dimension n of M. If n  1,
then M is indecomposable, and we are done. Suppose n > 1. Since M is
automorphism-invariant, we have that M  N  P, where N is quasi-injective, P is square-free and N; P are orthogonal. If P  0, then M is quasiinjective, and we conclude by (a). If N  0, then M is square-free. If M is
indecomposable, we are done, as we have seen in the previous paragraph.
Otherwise M  M1  M2 for suitable non-zero submodules M1 ; M2 . The
modules M1 ; M2 are orthogonal because M is square-free. By Corollary
3.3, either End(M1 ) or End(M2 ) has a factor isomorphic to F2 . Without loss
of generality, we can assume that End(M1 ) has a factor isomorphic to F2 .
Let Ei be an injective envelope of Mi , so that E(M)  E1  E2 . By the
inductive hypothesis, we get that End(E1 ) has a factor isomorphic to F2 .
Moreover, E1 ; E2 are orthogonal by Corollary 3.9. Thus End(E) has a
factor isomorphic to F2 by Corollary 3.3, and we are done.
It remains to consider the case M  N  P with both N and P nonzero. Then E(M)  E(N)  E(P). Then E(N) and E(P) are orthogonal
(Corollary 3.9), and either End(N) or End(P) has a factor isomorphic to
F2 (Corollary 3.3). By the inductive hypothesis, End(E(N)) or End(E(P))
has a factor isomorphic to F2 . The conclusion follows by Corollary 3.3.
(ii) Since M is of finite Goldie dimension, E(M) decomposes as E(M) 
E1  :::  En , where the Ei are indecomposable injective R-modules. Now
End(M) is semiperfect (Proposition 2.2(b)), hence semilocal. By the hypothesis, there exists a ring morphism End(M) ! F2 , so that there exists a
ring morphism End(M)=J(End(M)) ! F2 . The semisimple artinian ring
End(M)=J(End(M)) is a finite direct product of rings of matrices Mnj (Dj )
over division rings Dj . The kernel of the ring morphism End(M)=
J(End(M)) ! F2 is a maximal ideal of this finite direct product of rings of
matrices Mnj (Dj ). It follows that there exists an index j with nj  1 and
Dj  F2 . Thus, in the direct-sum decomposition E(M)  E1  :::  En ,
there exists an index i with Ei 6 Ek for every k  1; . . . n different from i
and End(Ei )=J(End(Ei ))  F2 . Set E : Ei and C : E1  . . .  Ei 1 
Ei1  . . .  En . In order to conclude the proof of (ii), it suffices to show
that E is orthogonal to C. Assume the contrary. Then there exist isomorphic non-zero submodules A of E and B of C. Thus E(B) is an indecomposable direct summand of C isomorphic to E(A)  E. By the KrullSchmidt-Azumaya Theorem, the module E(B) must be isomorphic to one of
the modules E1 ; . . . ; Ei 1 ; Ei1 ; . . . ; En . This is a contradiction.
(iii) If W 2 Aut(E), we have that W  J(End(E)) is an invertible element
in the ring End(E)=J(End(E)). But End(E)=J(End(E))  F2 , so that
W  J(End(E))  1  J(End(E)). Thus W 2 1  J(End(E)). This proves that
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Aut(E)  1  J(End(E)). In particular, every automorphism of the Rmodule E is the identity on an essential R-submodule of E.
(iv) From End(E)=J(End(E))  F2 , it follows that 1E  1E 2 J(End(E));
that is 2 annihilates an essential submodule of E. Therefore annE (2) is a
non-zero R-submodule of E. But E is uniform.
p
Theorem 3.12(b) does not hold when M is not automorphism-invariant.
To see this, take R  Z and M  ZZ . Then QZ is an injective envelope of
ZZ . The endomorphism ring of ZZ is isomorphic to Z. So it has a factor
isomorphic to F2 . But the endomorphism ring of QZ has no factor isomorphic to F2 .
REMARK 3.13. Let M be any right R-module, let E(M) be its injective
envelope and S : End(E(M)) be the endomorphism ring of E(M), so that
E(M) turns out to be a S-R-bimodule. Let I be the two-sided ideal of S
generated by the set f s s2 j s 2 S g. Then the annihilator annE(M) I :
f e 2 E(M) j Ie  0 g is an S-R-subbimodule of S E(M)R , as is easily seen.
Thus there is an R-module direct-sum decomposition E(M)R  E1  E2 ,
where E1 is an injective envelope E(annE(M) I) of annE(M) I in E(M)R and
E2 is a complement of E1 in E(M)R , so that no non-zero element of E2 is
annihilated by I, i.e., e2 2 E2 and Ie2  0 imply e2  0. Assume there are
two non-zero R-submodules A1 ; A2 such that A1  E1 , A2  E2 and
A1  A2 . Then their injective envelopes E(A1 ); E(A2 ) are isomorphic and
each E(Ai ) is a direct summand of Ei . So E(M) decomposes as a direct
sum E(M)  e1 E(M)  e2 E(M)  e3 E(M) for orthogonal idempotents
ei 2 End(E(M)) where ei E(M)  E(Ai )(i  1; 2). Since E(A1 )  E(A2 ),
e1 E(M)  e2 E(M). Applying the functor Hom(E(M); ): Mod-R ! Mod-S,
one finds that SS  e1 S  e2 S  e3 S and e1 SS  e2 SS [7, Theorem 4.7],
where S  End(E(M)). So there exists a unit element u 2 S such that
e1  u 1 e2 u. As e2 annE(M) I  0 and e1  u 1 e2 u, it follows that
e1 annE(M) I  0. But this contradicts e1 annE(M) I 6 0, because e1 annE(M) I 
E(A1 ) \ annE(M) I 6 0: Therefore two R-modules E1 and E2 are orthogonal.
By Lemma 3.2, S=D(E(M); E(M))  S1 =D(E1 ; E1 )  S2 =D(E2 ; E2 ), where Si
denotes the endomorphism ring of the R-module Ei . As D(E; E) 
J(End(E)) for any injective R-module E, it follows that S=J(S) 
S1 =J(S1 )  S2 =J(S2 ) in a canonical way. If Ii denotes the two-sided ideal of
Si generated by all x x2 with x 2 Si , then I=J(S)  I1 =J(S1 )  I2 =J(S2 ).
Now consider the ring morphism r: S ! End(annE(M) I) that associates
to any f 2 S its restriction f jannE(M) I to annE(M) I. The ring morphism r is
well defined because annE(M) I is a left S-submodule of E(M). The
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morphism r is clearly an onto mapping, and its kernel is ker r :
f f 2 S j f (annE(M) I)  0 g. In particular I  ker r. Since S=I is a boolean
ring, the ring End(annE(M) I) is also boolean. Moreover, J(S)  I  ker r,
so that r induces a ring morphism r: S=J(S) ! End(annE(M) I). As
S=J(S)  S1 =J(S1 )  S2 =J(S2 ) and the elements of S2 =J(S2 ) are clearly
mapped to 0 by r, we get that 0  S2 =J(S2 )  ker (r). Thus there is a
surjective ring morphism S1 =I1 ! End(annE(M) I).
From Remark 3.13, we get in particular that:
PROPOSITION 3.14. Let M be an R-module, S : End(E(M)) be the
endomorphism ring of E(M) and I be the two-sided ideal of S generated
by the set fs s2 j s 2 S g.
(a) If annE(M) I 6 0, then End(M) has a factor isomorphic to F2 .
(b) If M is automorphism-invariant and annE(M) I is an essential
submodule of the R-module E(M), then the ring End(M)=J(End(M))
is a boolean ring.
PROOF. Compose the ring morphism W: End(M) ! S=J(S) of Theorem 2.1 with the morphism r: S=J(S) ! End(annE(M) I) in Remark 3.13,
obtaining a morphism rW: End(M) ! End(annE(M) I), where End(annE(M) I)
is a boolean ring. If annE(M) I 6 0, then End(annE(M) I) is a non-zero boolean
ring, so that there is a morphism End(annE(M) I) ! F2 . Thus there is a
morphism End(M) ! F2 , necessarily surjective. Hence End(M) has a
factor isomorphic to F2 . This concludes the proof of (a).
If M is automorphism-invariant and annE(M) I is essential in E(M),
then in Remark 3.13 we have that E(M)  E1 , E2  0 and ker r 
D(E(M); E(M))  J(S). As I  ker r and J(S)  I, it follows that I 
ker r  J(S). Thus S=J(S)  End(annE(M) I) is a boolean ring. By Theorem(a) 2.1, the ring End(M)=J(End(M)) is isomorphic to a subring of the
ring End(E(M))=J(End(E(M)))  S=J(S). Thus End(M)=J(End(M)) is
boolean.
p
PROPOSITION 3.15. Let M be an automorphism-invariant square-free
module of finite Goldie dimension. Then M decomposes as a direct sum
M  N  P, where N is a module orthogonal to P, End(N) has no factor
isomorphic to F2 , and End(P)=J(End(P)) is isomorphic to a boolean ring
Fn2 for some n.
PROOF. The automorphism-invariant module M of finite Goldie dimension, decomposes as a direct sum M  M1  . . .  Mt of indecomposable
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modules, necessarily automorphism-invariants. Let e1 ; . . . ; et 2 End(M) be
the orthogonal idempotents corresponding to this direct-sum decomposition
of M. Then e1 ; . . . ; et 2 End(M)=D(M; M) are orthogonal idempotents of
End(M)=D(M; M), which is an abelian ring by Proposition 3.10. Thus the
idempotents e1 ; . . . ; et of End(M)=D(M; M)  End(M)=J(End(M)) are central, so that
End(M)=J(End(M)) 
 e1 End(M)=J(End(M)) e1  . . .  et End(M)=J(End(M)) et 
 End(M1 )=J(End(M1 ))  . . .  End(Mt )=J(End(Mt ));
is isomorphic to the direct product of the residue division rings
End(Mi )=J(End(Mi )). Let N be the direct sum of the Mi with the residue
division rings End(Mi )=J(End(Mi )) not isomorphic to F2 and P be the direct sum of the Mi with the residue division rings End(Mi )=J(End(Mi ))
isomorphic to F2 . Then M  N  P, End(N) has no factor isomorphic to F2 ,
because End(N)=J(End(N)) is a direct product of finitely many division
rings not isomorphic to F2 , and End(P)=J(End(P)) isomorphic to a direct
product of finitely many copies of F2 .
Finally, N and P are relatively injective by [13, Theorem 5]. As
End(M)=D(M; M)  End(N)=D(N; N)  End(P)=D(P; P);
we conclude that N and P are orthogonal (Lemma 3.2).

p
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