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Abstract
Dénote by X = (Xlt ..., Xn) a lime séries of length n, and consider the null

hypothesis HQ under which the Xt's are independently (possibly nonidentically)

distributed, with unspecified distributions symmetric about a common known médian. If

HQ is to be tested againstfirst-order sériai dependence, classical similarity andNeyman

structure arguments lead one to consider conditional tests, viz. tests based on the

distribution of the first-order autocorrélation coefficient r2 conditional on the séries of

absolute values. In practice, however, exact critical values for such tests are difficult to

dérive. We propose an exponential bound for the tail areas of the conditional null-

distribution ofrj. This bound is related to a bound of Edelman (1986) for the tails of

permutation t-tests, and allows one to obtain conservative critical values. Finally, a

conjecture of Edelman (1986) on a least conservative bound for this type of situation is

discussed and disproved by means ofthree counterexamples.
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Résumé
Soit X = (Xj, ..., Xn) une série de longueur n. On considère l'hypothèse nulle

Ho sous laquelle les observations Xt sont indépendantes et admettent des distributions

symétriques par rapport à une médiane commune, supposée connue; ces distributions ne

sont cependant pas forcément identiques entre elles, et demeurent non spécifiées. Si HQ

doit être testée par rapport à une contre-hypothèse de dépendance sérielle du premier

ordre, des arguments classiques de similitude et de structure de Neyman conduisent à la

considération de tests conditionnels. Ceux-ci sont fondés sur la distribution

conditionnelle, sachant la série des valeurs absolues, du coefficient d'autocorrélation

usuel r;. En pratique, les valeurs critiques de tels tests sont cependant difficiles à calculer

de façon explicite. C'est pourquoi nous proposons une borne, de type exponentiel, pour

les probabilités de queue des distributions conditionnelles de rj sous HQ- Cette borne est

apparentée à une borne proposée par Edelman (1986) pour les probabilités de queue dans

les test t permutationnels. Elle permet la construction de valeurs critiques conservatives.

Enfin, une conjecture d'Edelman (1986) à propos d'une borne optimale pour ce genre de

situation est réfutée au moyen de trois contre-exemples.

Mots-Clefs : test de permutation, test semblable, corrélation sérielle,

hétéroscédasticité, bornes exponentielles, structure de Neyman.
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1. INTRODUCTION

Dénote by X = (Xj,..., Xn) a séries of length n. In many situations of practical

interest, one may wish to test the null hypothesis that the X t 's are independently

distributed, against alternatives of first-order sériai dependence. If the observations under

the null hypothesis were assumed to be identically distributed with known médian mo, a

classical solution would consist in rejecting the hypothesis for large (or small) values of

the first-order autocorrélation coefficient

r 1 = £ ( X t - m o ) ( X l + 1 - m 0 ) / £ ( X t - m 0 } 2 . ( 1 . 1 )
t=i t=i

Under fairly gênerai regularity conditions the distribution of ri is known to be

approximately normal, with mean zéro and standard error ir^2; see e.g. Anderson (1971)

or Brockwell and Davis (1987).

Now, if the Xt's under the null hypothesis cannot be assumed to be identically

distributed, this procédure is clearly inappropriate. In this paper, we deal with the much

more gênerai null hypothesis Ho under which the observations Xt are independent but

possibly nonidentically distributed, with distributions symmetric about a common

specified médian mo- Further, the distributions of the observations may be discrète.

Without loss of generality, the médian mO can be assumed to be zéro, and we henceforth

set mo = 0. A suffîcient complète statistic for HQ is then the séries IXI = ( IXil,..., iXnt)

of absolute values. Further, classical arguments of similarity and Neyman structure lead

one to consider tests which are conditional with respect to the complète suffîcient statistic

IXI; see Lehmann (1986, chapter 4).

Denoting the sign of x by

sgn(x) = -1, if x < 0 , (1.2)

= 0, if x = 0,

= 1, if x > 0 ,

the first-order autoconrelation coefficient ri can be written as
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n-1

TX = — - £ s g n ( X t X t + 1 ) c t , (1.3)

where

= |XtXt+i| ^ ( L 4 )

Accordingly, conditional on 1X1, n isa weighted sum of the variables sgn(Xt Xt+i). As
shown in Section 2 below, such sums are conditionally distribution-free and thus
theoretically allow for the dérivation of exact cc-level critical values.

In practice, however, the conditional distribution of ri dépends on each spécifie

sample and may be difficult to compute (e.g., by enumeration), a problem also met in the

more traditional case of permutation t-tests. A possible remedy to this consists in

replacing tight critical points with conservative ones obtained from bounds on the tail

areas of permutational distributions. A simple exponential bound of this type was

proposed recently for the t-test by Edelman (1986); for related results, see also Hoeffding

(1963), Efron (1969) and Eaton (1970). In Section 2 of this paper, we establish a bound

similar to Edelman's for the distribution of the autocorrélation coefficient n ; for a more

gênerai case, with other bounds, see Dufour and Hallin (1990). Our main resuit

(Proposition 1) provides a simple exponential bound on the conditional tail areas of ri

given IXI. Further, critical values yielding conservative unconditional tests based on ri

are derived from the latter.

Along with his exponential bound, Edelman (1986) also stated (in a somewhat

ambiguous form) a conjecture on a least conservative bound that would yield a

considérable improvement over the exponential one. The most natural and straightforward

interprétation of this conjecture is discussed in Section 3, and disproved by means of

three counterexamples.
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2 . EXPONENTIAL BOUND

In the following proposition, we dérive a simple exponential bound for the

conditional tail areas of the autocorrélation coefficient ri when the observations Xi,...,

Xn are independent with distributions symmetric about zéro.

Proposition 1: Let Xi, ..., Xn be independent random variables will distributions

symmetric about zéro, IXI = (IXil,..., IXnl ), and

^* Y Y / NT̂  Y
1 " Za A t A t + 1 / 2mi X *

t=l t=l

with n s 0 for Xi = X2 = ... = Xn = 0. Then, for ail y > 0,

P [ r x > y | IXl] < exp
2D{|X|)2J

where

x?
t=l

and D (IXI) s 0 when Xi = X2 = ... = Xn = 0.

(2.1)

(2.2)

Proof : When Xi = X2 = ... = Xn = 0, we hâve n = 0 and P[n > y I IXI] = 0 for

y > 0, so that (2.1) holds trivially. Suppose now that Xt * 0 for at least one t and set

0/0 = 0. Then we can write

n-l

t=i

n-l

X t X l + 1

n-l
A vi

1/2

(2.3)

w tsgn(X tX t+1),
t=i
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where wt = | X t X l + 1

n- l
2 X 2

AX ^ s X s + 1

1/2

. LetA( |X|) = J t : | X t | * O , l £ t < n } .

Since each Xt is symmetrically distributed with respect to zéro, though possibly with a
probability mass at zéro» we hâve, for each t e A (IXI),

s g n ( X t ) = - l | | X t | J = p [ s g n ( X t ) = ±.

Further, since Xi, ..., Xn are mutually independent, the variables in the set {sgn(Xt):
t e A( IXI )} are mutually independent conditional on IXI, with

p[sgn(Xt) = p [ s g n ( X t ) = (2.4)

Let Zt = Xt Xt+i, t = 1 n - l,andB(IXI) = {t : I Zt I * 0 , 1 < t < n- 1}. If the

set B(IXI) is empty, we hâve ri = 0 and (2.1) again holds trivially. We can thus assume

that B(IXi) is not empty. Clearly, t e B(IXI) if and only if t e A(IXI) and t + 1 e A(IXI).

Conditional on IXI, the variables in the set {sgn(X0 : t e A(IXI) and t + 1 e A(IXI)} are

mutually independent and satisfy (2.4). Thus the variables in the set (sgn(Zt) :

t e B(IXI)} are also mutually independent conditional on IXI, with

(2.5)p [ s g n { Z t ) = - l | | X | ] = p [ s g n ( Z t ) = l l | X | ] = i ;

for a similar argument, see Dufour (1981, proof of Theorem 1). Let St = sgn(Zt), t = 1,

...., n - 1, and

n-l
w t S t , (2.6)

t=i t € B { | x | )

n^l 2
where ^ w t = 1. The moment generating function of R± given | X | is

t=i
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n E{exp[xwtSt]l|X|}
16B( |X | |

n- l

= n
t € B ( | X | ) t = l

for ail real x, where the last indentity follows by observing that cos (wt x) = cosh (0) =

1 for t « B (IXI). By Markov's inequality,

P [RJ > y | |XJ < pfexpjxRj) > exp(xy)l |X|| (2.7)

< EfexpfcRj] /exp(xy)

n-l

< Y\ cos^ y* tx) I exP (T y)

for ail x > 0 and y > 0. Taking x = y, we then obtain, for y > 0,

n-l

P [RX > y | |XJ < exp(- y l n c o s h K y) (2.8)
t=i

n-l

< exp(-y2) n expjwf y2/l) - exp (-y2/1\
t=i

where the last inequality follows from cosh(x) < exp(- x2/2); on this latter inequality, see

Edelman (1986). Finally, since ri = D (1X1) Ri and D (IXI) > 0, we get

p[ri>yl|xj = P J R ^ ^ H X J

< exp [-y2 / 2D(|X|)2]

for any y > 0. Q.E.D.
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From (2.1), we see that exp {- r\ /2D( |X | ) 2 | provides an upper bound on p-

values for (right-one-sided) sign-permutation tests of independence based on ri, Le. for

tests based on the conditional distribution of ri given 1X1. Note also that the latter

distribution is symmetric about zéro (this is easy to see from (2.3) or (2.6) above), so that

bounds on p-values for left-one-sided and two-sided tests may be computed from

inequality (2.1) in a similar way.

Since the bound in (2.1) is valid for any vector of absolute values IXI, it is

straightfonvard to dérive unconditional bounds from it. The following corollary restâtes

inequality (2.1) in a possibly more attractive form and gives the corresponding

unconditional bound.

Corollary 1: Under the assumptions of Proposition 1,

P [ r i > y D ( | X | ) | | x j <e" y 2 / 2 (2.9)

for any 1X1 and y > 0, and hence

P [rx> y D(|X|j] < e'y2/2 (2.10)

for ail y >0.

In (2.9) and (2.10), > is replaced by > because D (IXI) can be zéro. Using (2.9)

and the fact that the unconditional distribution of ri is also symmetric about zéro, it is

easy to sélect y = c(a) so that c(cx) D (IXI) is a conservative critical value for a level-cc

(one-sided or two-sided) conditional test of the null hypothesis. Clearly, the same critical

value c(a) D (IXI) also yields an unconditional unbiased test, the size of which does not

exceed a.

3 . ON A CONJECTURE OF EDELMAN

The bound given by Edelman (1986) as well as the one we provide in Proposition 1

follow from bounding the distribution of an arbitrary linear combination of independent

Bernoulli variables [see (2.6) above]. Considering this latter problem, Edelman (1986)

stated a conjecture on a least conservative bound that would yield a considérable

improvement over the exponential one. In this section, we disprove this conjecture by

three counterexamples.
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Let Ui, ..., Un be independent Bernoulli random variables such that

P (Ui s 1) = p (Ui = -1) = 1/2, i = 1, ..•, n, and consider n constants ai, ..., an, not ail

zéro. Edelman's conjecture states that "distributions of sums of the form

* N? o 1 / 2

Y = 2* ai Ui / ( 2* aj ) with the largest tail probabilities are the binomial
i = i j = i

distributions averaged at ail points of discontinuity". As stated, this implies the inequality

> X < P -1/2 TT

u » > x (3.1)

for any n-tuple^, ...,an) such that ]T aj > 0, at ail positive continuity points x ofthe

distribution functionof n" ^ Uj. For discontinuity points, Edelman proposes an

averaging device which, however, does not affect the validity ofthe conjecture.

At fîrst sight, this conjecture looks highly plausible. Among ail sums of the form

considered, Z(n) = n ~1/2 (Ui + ... + Un) indeed yields the largest and smallest possible

values (n1^ and - n1/2, respectively), the largest moments of ail orders (Efron, 1969) and,

more generally, the largest expectations for a fairly gênerai class of positive functions

(Eaton, 1970). Nevertheless, as shown below, (3.1) is not generally true : Examples 1

and 2 are simple counterexamples based on small values of n, while Example 3 shows

that the conjecture need not be true for arbitrary values of n.
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Example 1. Let n = 2, and consider ai - 1, a2 = 2, i.e. Y = (Ui+ 2U2) / A/5. The

probability functions of Z@) = (Ui+U2)/V2 and Y are

x -A/2 0 V2

P [Z(2) = x] 0.25 0.50 0.25

and

x -3/A/5 -1/A/5 I /A/5 3/V5

P [Y= x] 0.25 0.25 0.25 0.25

respectively. Though 2 is the smallest non-trivial value for n, (3.1) clearly does not
hold : for 0 < x < 1 / V5 - 0.4472,

P [Y>x] = 0.50 > 0.25 = P[Z(2) > x].

Counterexample 1 is not relevant for applications. The following case is perhaps

more convincing, since it shows that Edelman's conjectured conservative critical value

can be too libéral at the 10 % level (one-sided).

Example 2. Let n = 4, ai = a2 = ^3 = 1 and M = 5, so that Y = (Ui+ U2 + U3 + 5U4)

/V28. The probability functions of Z(4) - (Ui + U2 + U3 + U4) / 2 and Y are (for x > 0)

P [Z(4) = x] 6/16 4/16 1/16

and

x 0 2/V28 4/V28 6/V28 8/V28

P[Y= x] 0 1/16 3/16 3/16 1/16
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respectively. Clearly, for 1 < x < 6 / V28 ~ 1.3389, P[Y > x] = 0.2500 > P[Z(4) >

x] = 0.0625. The upper 10 % cutoff point for Z(4) is 1, which is severely non-

conservative with respect to the actual distribution of Y, since P[Y > 1] = 0.25.

Example 3 (arbitrary n). Let n > 2, ai = ... = an-2 = n-1/2, an-i = n*1/2 + e i ,

an = n - ^2 » where £ j and e 2 are positive, such that e ̂  + £2 < n and T̂ aj = 1.
i = l

It is easy to check that this is possible, for example by taking 0 < ei < n~*/2 (V3 - l)/2 and

e2 = n"1'2 - (n-1 - 2e\ n"1/2 - e2])1/2. In such a case, we also hâve - n*1/2 < ei - z% < 0.

Then, for n"1/2 (n - 2) < x < n'1/2 (n - 2) + ei + £2,

P[Y > x] = P [{Y = nV2 + (£l - e2)} u {Y = n-1/2 (n - 2) + ei + e2}]

> P [Ui = ... =Un_2 = 1] P [{Un-i =Un = 1} U { Un-i = 1, Un = - 1}]

= (l/2)n-2 [(1/2)2 + (1/2)2] = (V2)n-1,

whereas P[Z ( n)>x] = P ^ ^ n 1 / 2 ] = (l/2)n. Hence

P[Y>x] > (1/2)"-! > (1/2)" = P[Z (n) > x]

for n-1/2 (n - 2) < x < n-1/2 (n - 2) + ei + e2* Accordingiy (3.1) may not hold for

arbitrary n and values of x close to the largest possible value n^ of Z(n).
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