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VIII.1

§ 1. Let (Ei)iGN be the Bernouilli sequence of independent
random variables on a probability space (Q,M,P) (e.g. each CH is distri-
1
= = = = =“"\ -
buted by the law P(si +1) P(ci 1) 5) and let (Yi)iEN be a sequen

ce of independent Gaussian random variables on (Q,R,P) (each of 1 is
distributed by the law

P(yi<t)=—1—j e © ds)

2n -

Theorem 1 : Let X be a Banach space. The following conditions are
equivalent :

1) X is isomorphic with a Hilbert space.

2) QC ¥ x,%g,...x €X
n n n
1 2 2 2
L2 Il s EUX xe ) sc 2 lx,!
i=1 i=1 i=1
3) I, FX Xy, X € X
n n n
2 2 A
1Y e l? s B =7 03 s o2 lIx, |12
i=1 1=1 1=1
1) 3o ¥ x %% €X, "‘(ai,j)nxn

n
oL ax 2sc? el 2k
. N 1=1 1

where ”a“ is the norm of the operator a:lg - 1; given by the matrix

(a. )%

i,
Proof : 1) = 2). It follows from the fact that if X is a Hilbert space
then
n n
Bl 2 x el X lxl®
i=1 i=1
2) = 3). Let us fix a positive integer n and let us put
m-1
s = 2 e for i = 1,2,...n ; m = 1,2,...

1
. — . .. H
i \/m' k=0 im+k



VIII.2

By the Moivre-Laplace theorem the common distribution of (6?, 50 6m)

2’7" " n
converges to the common distribution of (yl,y2,...yn) as m = @, from
which we deduce ea511y that if h : R® = R is a continuous function such
that h(s, ,s,...5 )e (Tsg[+lsgl+--- 151D i vounded on B® then

E h(’Yi’Yg,' 'Y ) = lim Eh(6 2,...6m)

m—+ n

n

Let x,,...,x € X and let h : R = R be given by h(sl,sz,...s ) =

n

”six1 + SyX, +...+snan2.

By 2) we have that

n
1 Zl Ix 1% = B llxo} + xpsh v xynl® = 0 3 I
1= 1=

Now passing to the limit with m we obtain 3).
3) ® 4). It is well known that the extreme points of the unit ball of the
n2 dimensional space of linear operators on 12

2
isometries. Hence, by the Krein-Milman theorem any n»*n real matrix

are exactly linear

(aij)nx n such that “AH < 1 is a convex combination of matrices of
isometries. Hence to estabilish 3) = 4) it is enough to show that 4)
holds for any matrix (a.

1j)n¥n
have by 3)
n n 9 n B! 9 n n
.. X.)y.|| = CE .
PRI X NERIA LI DI ) AL
2
) cxll £ =01l

where yJ = z: a5y - Since (aij) is isometry (yl,yz,...yn) are the
same distribuated as (yl,y2,.,.yn) and thus

which represents an isometry. Then we

n n n
¢ BIIY xv31® = cIlY x;p 0% s 0 3 I,
j=1 j=1

j=1

I
1 ’
I is of sufficiently great cardinality then there exists such operator)
I
1

4) = 1). Let u € L(1,,X) be a linear operator which is a surjection (if

and let u(éi) = x, for i € I where Ei is the i-th unite vector in 1
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We shall prove that 4) implies that u is 2-absolutely summing. For this
it is enough to show that if v¢ L(l;, li) then

L fueviep]® < +o

i€l
i€l is the family of unite vectors in 1;). By the Grothen-
dieck theorem v=Ac¢ca where ac¢ L(lI, 1;) and A € L(l;, li) is a diago-

3 A .
for fixed ( i)ieI with

(where (ei)

nal operator e.g. A((§i)iel)==(7\i§i)ieI

2 2 . .
igll ﬁ} =||a]|" <+». Let a be given by a matrix (ai,j)i,jel . Now
2 2
T llueved||"= | £ a, .2, x.0|7.
iel : iel jer J0t 3 J

By 4) it follows that

sz ay axl® s c®al® s Iax)® < el ®flal® flul®
i€l jel jel

(because for each ig I Hxﬂjslhﬂh.

Thus u is 2-absolutely summing. Hence it follows from the Pietsch fac-

torization theorem that u may be factorized through a Hilbert space

e.g. w=wo Vv where v¢ L(li, H) and we L(H,X) where H is a Hilbert

space. Since u is a surjection the same is true for w and this implies

that X is isomorphic with a Hilbert space. Q. E. D,

Remark 1 : The proof of the implication 3) = 4) of theorem 1 is valid
only for real Banach spaces, But it is not difficult to improve the ar-

guments to obtain also the complex case.

Remark 2 : If a Banach space X fulfills the condition

7 ¥ Bz x ef2sc 3 x|
C . i1 i1 i

X,
o xnEX i=1 i=

xl,xz
(resp.

n
E|| = X, siﬂz

n
2
J ¥ z¢Cc = |Ix)|°)
C o xppxp.ex €X 7,y i1 &

1=

then it is called to be of type 2 (resp. of cotype 2). From Theorem 1

it follows that if a Banach spacc is of type 2 and of cotype 2, then

it is isomorphic with a Hilbert space. As it was observed by Maurey this

may be generalized on operators in the following way : if X is of type
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and Y of cotype 2 then each operator u€ L(X,Y) may be factorized through
a Hilbert space. A simple counter-example shows that it is not the case

when X 1is of cotype 2 and Y of type 2.

§ 2.

Theorem 2 : Let (@i) ieN be an orthonormal complete system in L2[0,1]

and let X be a Banach space. The folowing two conditions are equivalent
1) X is isomorphic with a Hilbert space,

2 3 C I"Lxl,xz,.. X

1 n n
) 2 2 2
= T X. < \ Tox. 8.(t) dt < C 1 x“ .
¢ I, IEH fo \i=1 ; 0| 2 llx;
Proof : If X is a Hilbert space then the condition 2) holds with
C=1, Therefore 1) = 2),

2) = 1), Let us observe that if (d’k)kEN is an orthonormal sys-
tem in L2[0,1] such that for each k, 1€N k# 1 and 1 €N it is

((bk ;) 4y 9;) =0 then 2) implies that ’v‘xl,xz Veerx €X

™M B

1
C

1 'n n
B e N R RN EN

(with the same C as in 2) ).

This follows from the two equalities

R It | % x, 12
L ox, ¢, (B)| Tdt = T ox, T (¢,,9.009.(t)|| dt =
J'0 k-1 Kk ‘ro k-1 ¥j-q K 1771
YRR 2
|l £ (5 Ws9.)x)0. ()| %dt
J'O iz1 kel k"1 k"1
and
n 2 n 2 -] ) +o0 n 2
v x = v lx T W90 = = g Wo,90x ]| .
k=1 %l k=1 Il jo1 kK71 ic1 ko1 KT il

Now let (en) be a Bernouilli sequence on [0,1], as in

néeN
Theorem 1 (for example the Rademacher system).
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By the standard " gliding hump" method for a fixed €>0, we
can find an increasing sequence (nk) of indicies and an orthonormal sys-

tem (¢k)k€N which fulfills the above mentioned assumption and such that

1

folﬂ&(t)—¢kbwl2dt$;% i
From this we derive easily that BC in.. x_€X
) 2 1 n 2 n 2
E 1:51“xkn - Ionk§1xk€nk(t)n dtS(:k§1“xk“ '
Since
1 n 0 1 n 5
Io” Elxkenk(t)n dt = jonkflxkek(tﬂl dt
(because (g_ ) is distributed the same as (g,) we obtain that

) s
nk keN k’ keN
X fulfills the condition 2) of theorem 1. By theorem 1 we obtain that X

is isomorphic with a Hilbert space. Q. E., D,

¢ 3. Let X be a complex Banach space. Denote by Li(X) the normed

linear space of all simple functions f : R— X under the norm

e 2 ..1/2
| £] = QF ”f(t)“ dt) . Here by a simple function we mean any function

®
n
of the form -2 X X where ij.X 3 Aj are measurable subsets of R of
=1 7]
finite Lebesgue measure and Xp denotes the characteristic function of

J
Aj j=1,...,n., The completion of Li(X) in the norm l . | will be deno-

ted by L2(X). The Fourier transform

5 : 120 - 12X
is defined by

1 277 -ist 2
S(H) () = o fﬂwe f(s)ds for t€R, f¢€ LO(X) .
And similarly we define the inverse Fourier transform

S L0 - 120
by
~ +o
F(O (1) = 7= [ -melst'f(s)ds for t€R, fe€L3(X)
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Clearly.§, {§ are linear operators in general unbounded. Our next lemma
seems to be known. The proof repeat the classical argument used in the

Poisson summation formula.

n x
k
: = = =
Lemma Let h k=2_n V'é'x[k a, (k+1)a) '’ where a> 0, xkeX
(k=0,%1,.,..,¥n) , n-any positive integer., Then
2 2 2 2 Lom o onkti g2
In]® = = = l7 s Ism ] = | = e 7 et
k=-n 0 k=-n

Proof : The computation of the norm Ihi is trivial. To establish

the second formula we compute directly {§(h). We have

R -ist
S (V) = F5x ar_w kf_n_; X[k a, (ke1)a) ¢S © ds =
. t .at
n (k+1l)a . sin &% -i— n .

1 2 2 -

= N sl g e D) 1 ox T
k=-n ka 35 k=-n
Hence, changing the wvariable u=-g£ , we get
2 ** gin ux n -2mikuy 2
Ixw||® = =—= 1l ¢ =x % du =
- (un) k=-n

+c0 '\{+1 . 2 Lo

5 J\ sin ug “ . x, o 27t1kuH2du -
y=—® v (unr) k=-n

1 400 . 2 n .
j- > sin un - u s xk e-—2a1:1kuHZ du .

0 y=-o [n(u+y)] k=-n

e sin2u7t
Since T S— 1 for all real u we get
y==o [n(u++y]
1 n .
Isml® = [ | 5 x e 2 qu . Q. E. D.
0 k=-n

Theorem 3 : Let X be a complex Banach space. The following conditions

are equivalent

1) X is isomorphic with a Hilbert space,

2) acv

X 9Xg9X_q 50000 X X €X

0 k=—1’l k:—n



VIII.7

3\ ¥
3 C xo,xl,x_l,..., xn,x_n€4X

I RS N L

4) The Fourier transform { :Li(X)-.Lz(X\ is bounded.

Proof : 1) = 2), If X is a Hilbert space, then
t.» 2rikty 2 n 2
J‘ ” z Xk e H dt= ¢ “ka
0 k=-n k=-n

and hence 1) = 2), Next, we prove that 2) & 4) & 3),

Since the simple functions h of the form as in Lemma are
dense in Li(X\ we get by Lemma that 2) @ 4), and also that there
exists C>0 such that lﬁln|22 % |h|2. This means exactly that the inver-
se Fourier transform 5 is bounded. But it is clear that {§ and 5 are si-
multaneously bounded or unbounded. Thus we get that 4) & 3).
Now, if any of the conditions 2), 3), 4) is satisfied then the conditions
2) and 3) are satisfied and they together , by Theorem 2, imply the
condition 1), Q. E. D,



