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XVIII.1

One of the most interesting questions in uniform topology on in-
finite-dimensional spaces is the following problem : 1if two Banach spaces
are uniformly homeomorphic (i.e. if there is a bijection f between them s.t.
f and f_l are uniformly continuous) are they (linearly) isomorphic ? (See

Bessaga [1].) ... (1)

In this seminar we will be mainly concerned with some recent
development on this question. Before going into this we will, however, first
point out some related results and questions on uniform topology. The ques-
tion above could naturally be studied also in the more general contexts of
Fréchet spaces, topological linear spaces or even commutative topological
groups. 1t is also natural to study simultaneously problems about Lipchitz

homeomorphisms between spaces. Two metric spaces are called Lipschitz

1satisfy a

equivalent if there is a bijection f between them s.t. f and £~
first order Lipschitz condition with a uniform constant. One important
reason for this is the simple fact that a uniformly continuous map g from

a convex set in a Banach space into a metric space satisfies a first order
Lipschitz condition for large distances in the following sense : for every

6>0 3 Kg s.t. if ||x=-y||= & then d(g(x),g(y))s;Kbnx-yH.

One of the first observations in this more general context is the
following result (see [1])
1. If a locally convex space A is uniformly homeomorphic to a Banach
space B then A is itself a Banach space [i.e. its topology is given by a

norm].

Proof : By Kolmogoroff's characterization of normed spaces we need only

to prove that A has a bounded neighbourhood of O [i.e. a neighbourhood U

of 0 s.t. for every neighbourhood V of O there is an n s.t. UcnV]. Let E be
the wunit ball in B and let f: B- A be a uniform homeomorphism. Then for
every convex neighbourhood V of 0 in A there is an %u—ball W around O in B

s.te

f(E)= f(W+W+ ... WcV+Vs+ ...V =nV
N———— N———
n terms n terms

Thus f(E) is bounded and the proof is complete.
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From Enflo [3] we mention the following results
2. If a locally bounded space A [i.e. a topological linear space with a
bounded neighbourhood of 0] is uniformly homeomorphic to a Banach space

which is p-smooth, then A is itself a Banach space.

3. If a uniformly convex Banach space is given a commutative group struc-
ture (x,y) -xy s.t. 3 K s.t. for all x, y, z |xz-yz| <K|x-y|| and in ad-
dition x2::y2:>x::y, then the group is isomorphic to (the additive group

of) a Banach space.

Mankiewisz [8] [9] has studied uniform homeomorphisms and Lips-
chitz homeomorphisms between many classes of Fréchet spaces. Let s be the
countable product of real lines. We mention here
4. If a Fréchet space is uniformly homeomorphic to s then it is isomor-

phic to s.

The problem (1) in this more general context is also open, for
example we do not even know the answers to the following questions : If
a a Banach space B is given a commutative group structure (x,y) -xy s.t.
(x,y)—exy_1 is uniformly continuous, must the group be isomorphic to the
additive group of B ? Can the group have the property x2= e (the unit ele-

ment) for all x ?

Another type of question that has been studied is the problem of
uniform embedding. The results that we will mention also shed some light

on the question (1).

5. (See [5]). <, is not uniformly homeomorphic to any subset of Hilbert
space.
6. (Aharony) C€(0,1) is uniformly homeomorphic to a subset of c, -

We do not know whether Lp(p) is uniformly homeomorphic to some
subset of some Lq(y), 1< p<q<w. In Mazur [10] the following result was
proved )

7. The unit ball in Lp(O,l) is uniformly homeomorphic to the unit ball
in Lq(O,l), 1<ps<q< o,

Of these results 5 reminds more of the results 1-4 and 6 and 7

reminds more about results on infinite-dimensional topology which say that
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many different objects are homeomorphic. See Bessaga and Pefczynski [2].

We now go back to the question (1).

The first results were obtained by Lindenstrauss [7] who proved
that many separable Banach spaces are not uniformly homeomorphic. Together
with the results in [4] they give the following
8; Lp(p) is not uniformly homeomorphic to Lq(v) for 1<p<q<w.

More examples of non uniformly homeomorphic Banach spaces were

given in Henkin [6].

In [3] the following result was proved
9. If a Banach space is uniformly homeomorphic to a Hilbert space then

it is isomorphic to the Hilbert space.

The methods to obtain the results 4 and 9 (and many of Mankiewisz's
other results)make use of the connection between uniformly continuous maps
and Lipschitz maps. They also make use of Fréchet derivatives of certain
Lipschitz maps in order to get linear maps from Lipschitz maps. The special
symmetry properties of the spaces s and Hilbert space then give the results
4 and 9. A different approach to obtain linear maps from uniformly conti-
nuous maps has recently been found by Ribe [11] who proved the following
result
10. If two Banach spaces are uniformly homeomorphic then there is a number
C>0 s.t. every finite-dimensional subspace of one of the spaces is embedd-
able into the other by a linear map T with HTH\F_ln <C. Another way of
stating 10 would be to say that two uniformly homeomorphic Banach spaces
are (crudely) locally equivalent. As is easily seen 10 implies the results
8 and 9. However, it still leaves the following problems open : Is £
uniformly homeomorphic to Lp(O,l) ? For p=1 the answer is known to be no.
If a Banach space is uniformly homeomoprhic to a £p—space must it be a

L ~-space ?
p

We will spend the rest of this seminar trying to give the main
ideas of the proof of 10. For details we refer to [11]. We say that G is
a &-net around H if for every ycH 3 z< G with d(z,y) <8.

Let A and B be uniformly homeomorphic Banach spaces and f: A-B

a uniform homeomorphism from A onto B. Fix an €> 0 and let K8 be the
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Lipschitz constant of f corresponding to distances > &. Take an n-dimensional

subspace E of A with a basis e R not necessarily normalized. Choose

177

a N and consider the set M of lattice points et ta e, aj integer,

|aj|5;N. By changing the scale we now assume

min |x-x']] > €
x,x'eM
x £ x!
. . . . . 1
f is linearized in the following way. Put h(y) = = E: (f(x') - £(x))
m x,x'eM
x'-x=y

where m is the number of such pairs. It is easy to see that as N gets bigger
h approximates better and better a linear map hL in the following sense

Given 6>0 3} w s.t. if N>w and h  is defined by hL(ej)::h(ej), j=1,2,..,n

L
and hL is extended by linearity then there is a 6-net around the unit sphere

in E s.t. ”hL(y)— h(y)||< & for every y in the &-net. Moreover |lh <2K_.

] o

The main problem is to ensure that hL1 exists and does not have too large

a norm. The method of doing that is to pass to a sublattice of M since M

itself might not work. Pick a vector y in the lattice M. We will show the

following:3 numbers Kf, m_, N1 and N2 and a uc E*, Hu”: 1, and a sublattice
m ’
of M of the form w+2 ° zaje, Iajl <N, s.t. in this sublattice
Mo Mo
u(f(x') -f(x))>K_ .k.2 |y|| for every pair x, x', x'-x=k.2 "y ,....(1)

f

Here K_ depends only on f. N

£ qnd N

: m
if y runs through a bounded set. 2 ® is a scale increase of the distances

tend to infinity with N uniformly in ¥y

1 2

in M which we get from the construction of the sublattice. Obviously

m m
||h(k 2 oyU;Msz .k 2 O[WWL k=1,2,...,N, if h is defined from this sublattice.
So by now picking a new vector and passing to a sublattice of the sublattice
we can ensure that h is big also on multiples of another vector. By repeat-

ing this process for sufficiently many vectors in E we get

| f .
”hLyH;z?? lly|| for every y in E.

Now we show (2). Given a vector y and a lattice M with a large N

consider for every m

m
sup f(z+2y)-f(z2) )
2m

m
z2+2 yeM
zEM
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By the tgvivgvsgle igequality this is a decreasing function of m and since it
is bounded/from 0/say 2Kf“y‘\, there must be arbitrarily long sequeces of m's
for which it is almost constant (the lengths tending to infinity with N).
Assume that this happens for mo,mo+1,...mo+j. Take a functional uc¢ E%, Hu*\: 1
and a z, such that
mo+j m -
) f(zo+2 y)-f(zo) - f(zs2 ° y)-f(z)"

2m0+3 . m_+J "

+J

Since this sup is almost constant and > 2K, llyl| we get

m m
f(z + (k+1)2 °y) - f(z +k2 °v)

u — = K, lly |l

2O

for all k, O<k< 29 just by the triangle inequality. For every
m m +J

v=2 %a,e, +...+a e ) s.t. z +vandz +v+2 % y are in M
171 nn o o}

we consider for every k, O<kcg 24

m m
f(zo+v+ (k+1)2 oy) -f(z0 +Vv+k 2 Oy)

u ,
"o
2

m +j
If |lv]| is sufficiently small compared to 2 ° |I¥||, then the number of k's

for which this last expression is <HKnyH is small compared to 29. Call

these k's exceptional. So by removing form every "line"
m .
z,* V+k.2 Oy, 0<k<2) all the exceptional k's we will still be left with

an arbitrary big sublattice consisting of all points

m
o
zo+v+(ko+k')2 y , k’=1,2,...,Né ,
m +j

v has small norm compared to 2 ° ll¥|| and ko+k' is not exceptional for any v:

It is easy to see that this lattice can be written in the form (2).
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