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I1.1

We begin by recalling the following theorem of Rosenthal and
0'dell [5]

Jheorem : Let X be a separable Banach space. Then X does not contain a

subspace isomorphic to £, (written ﬁljéX) if and only if every element of

1

sd A . .
, X)) 1limit of a sequence in X.

\ . L3 33
X is the weak (¢o(X

If x;—co(F), I' uncountable, then X;{£1 but not every element of
3 ¢
X is a weak* sequential limit of elements of X.

Below we shall give a non-separable version of the above theorem,

due to Haydon [3], which requires only the following lemma

Lemma (Rosenthal [67) : Let X be a Banach space. Then X;aﬁl if and only
. i ) ¥ 3% #w
if there exist a bounded non-empty subset S of X , x €X , r real number,

: ‘ 3 3
6> 0 such that for any weak open subset U of X , UnNS#¢@, we have

wH, # TS
sup x (x) < r < r+d < sup x (x")

e ¥* =it
X ec%(UﬂS) xeec (uns)
" ¢
(1f M is a subset of X , ¢ (M) is the weak closed convex hull of M.)

* i
By K we denote the unit ball of X 1in the weak topology. A mea-

sure on K is always a complete, regular, Borel measure.

Theorem (Haydon [3]) : Let X be a Banach space. Then the following are

equivalent

(i) Xzﬁl :
TR T

(ii) every x ¢X is universally measurable as a function on K ;
RN . FIEY it .
(iii) for every x ¢ X , every measure U on K there exists a sequence

ixn}z;lggxg Hxn\ls\\fﬂeH for all n, and xn..x** jp-a.e. on K

. 33t *% . . .
(iv) every x ¢X is universally measurable as a function on K and

for every measure on K,

it Er

(x%) dp(x*) = x  (rp)

j X

K

#*
where rp is the unique element of X such that
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j‘ X (x) dp(x*) = (rp)(x) for all x€X ;
K

H*% o .
(v) for every x ¢ X , every measure U on K, every &> 0, there exists

3* *¥ .
KOEK, Ko weak compact and convex such that x is continuous on Ko and

Il (K ) > (1-2) k.

Proof : (v) = (iii). Let p be a measure on K (which we assume to be a

probability measure throughout the proof). Choose KngK, Kn compact, convex,
3

p(Kn)-v 1, and x is continuous on each K . Let Rn : X-.C(Kn) be the canon-

ical operator ; that is, R (x)(x*) =x*(x) for x*e Kn . Then we have

L 3¢

33
R (x )eC(KO), or,R

(x**) is in the weak closure of {Rnx:Hst Hx

*3¢ )
which is a convex set. Thus R::*(x ) is in the norm closure of this set,

3636 3636

. 3* %
so for any e >0 there exists x €X, Jlxnns IIx""|| and | x (xn) -x (x| < €,

2
for all x €K . If g -0 then x 4 x p-a.e. on K.
n n n

>3 .
(v) = (iv). There exist K , p(Kn)" 1, such that x is continuous

. P . *, % 3
on Kn . Since x is continuous on Kn’ x**(rpn)zj‘ x (x) dpn(x ) where
K

-1 . .
Hn~P(Kn) XKn.p. . (Note that rp €K .) Since ry —rp in norm and clearly

I3
J, x**(x*) du (x*) "f N (x*) dp(x*) ,
n K

K
33t * ¢
we have that that xH(rp) = I x *(x%) dp.(x*).
K

(iii) = (ii) and (iv) = (ii) are trivial.

(ii) » (i). If X24 it is an old argument of Sierpinski that

1
*
any weak cluster point of a sequence equivalent to the usual basis of 1,1

is not measurable for an appropriately chosen measure p on K. (See [3].)

. e
(i) = (v). For x €X and r a real number we shall denote by

dedt 33 336

#3t
>r} the set {x*eK : x (x")>r). Let x

{x

assumed to be a probability measure). Let S be the support of p, and r, 6n

, b a measure on K (again,
real numbers with 6n> 0. Note that

¥ = {K' : K' compact, convex, K'CK,

\is adirected set.(The convex hull of a finite union of elements of K is an
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4
element of X.) Choose a subset K' of {Xx ">r)} which is the union of an in-
3t

creasing sequence of compact convex subsets of {x > r} such that for any
convex, compact subset L of {x " r), p(L\K') = 0. Similarly, choose
K"C{x T<red } We shall show that p(K' UK") 1. Suppose p[S\(K' UK")]< 1.
Choose S'ES\Kr'IUK;, S' compact, and for every V weak open, VN S' ;éﬂ,
p(VNS') > 0. By Rosenthal's Lemma there exists Vopen, VNS'£dg, c(VvnS')

33 33t
is a subset {x >r} or {x <r+6}. Thus, [c(VﬂS’)\ (K' UK")] = 0. Contra-

diction. Choose 6n decreasing to O. Define L = U K and M= ﬂ U K'i' .
n=1 n=1 i>n

*3% 3 .
Then LS {x >r} and Mc {x ? <r} and p(LUM) = 1. This proves the following
*a
for 7> 0, there exists a compact, convex Cc {x > r} such that
* 3 ¢
pl{x > r}\C]< 7. Repeating the argument above for —x-) ¥ Wwe obtain that for

3% 3 ] e
every N>0, every r, s, r<s, every x ¢X there exists Cc{rgx <s},

3t
C compact, convex, and p[{r<x <s}\C]<T. Let £>0. Choose of e <€

n=1
and positive integers K(n) such that K(n)en> HX**H. By the above there exist
compact, convex C_ , n=1,2,..., -K(n) < m<K(n) such that
b
*

C c {me_<x < (m+1)e_}

n,m — n n
and ;L(IL;J1 Cn,m) > 1-g

Let C_=c(U C ) = the convex hull of |y C which is compact. Let C= r] C
n n,m o n,m n=1

a3
Then p(C) > 1-¢ and it is a routine computation to show that x is continuous

on C.

#*
Corollary (Haydon [3]) : Suppose X i 21 and M is a weak compact subset
of K. Then E*(M) =c(M) (closure of the convex hull of M in the norm topology).

3* — 3
Proof : Let M be a weak compact subset of K. Then ¢ (M) = {rp: p is a pro-

bability measure on K such that p(K\M) = 0}. Suppose xee-)(-e x** na

33
Mc {x " "<r}. By part (iv) of the theorem

%* %3
(rp) = (x) dp(x Y <r

N

3
if p is a probability measure and p(h M) -0 Therefore, c (M)C:{x <r}.

Invoking the Hahn-Banach theorem proves c (M) =c(M).
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APPLICATIONS

The following appears to be a well known folk theorem. D.R. Lewis
showed the author a proof several years ago. The following proof may be

the same.

Lemma : Let M be a compact Hausdorff space and p a probability measure
on M. Let Y be a weakly compactly generated (wcg) Banach space and 7: M-Y
a scalarly measurable, bounded function. Then there is a MOE;M, M0 measurable,

p(Mo)z 1, and T(MO) is norm separable.

Proof : Since Y is wcg (cf. [1]) for each separable subspace Y of Y and
each separable subspace Z of Y there exists a projection P: Yo Y with

P(Y) separable, YogP(Y), ZO_C_P ‘(). If 7:MaY is scalarly measurable and
Hf(m)Hs 1 a.e. then for any projection P: Y- Y with P(Y) separable,

Po7:M-Y is separably valued and scalarly measurable ; hence P o 7 is strong-

ly measurable [2].

By Lusin's theorem there exists a M €M such that Po 7 is conti-
nuous on M ; that is P(T(M )) is compact. Then the set of functions
*
{y :pP y* Hy Hs 1} is equlcontlnuous on T(M ) because

y*(Pr(k)) (P ey )(T(k))-y *(1(k)) for keM .

Claim 1 : { Hs 1} is a relatively compact set in the L, (M,p) norm.
Suppose there exists {y }1 1 Hy ||l< 1 and

T |y} (x(m)) -yj(T(m))| dp(m) >N >0 for all i,j, i #j. Let P be a projection
M * % ll

in X with P(X) separable and P y; =¥; - There exists M_cM, p(M ) > 1-ZT?:ﬁ7 ,

and {y )1 1 is an equ1cont1nuous family on T(M ). That is, there exists
M cM such that Iy ('t(m))-y ('r(m))|gIl for meM and all i,j, i#j ; there-

fore

f |y§(7(m))-y§(1(m))|dp(m)

M
= f Iy%(T(m))-yﬁ(T(m))ldp(m)rf Ky%-—y?)(r(m))ldp(m)
M, ! My, 77

<D pm) 2 pnwm) <

Contradiction.
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Claim 2 : For each &>0, there exists M_, p(Mo)> 1-¢ such that
* 3 .
{y%o Hy'\s 1} is equicontinuous on M_ . Choose {y.}? dense in the L,

norm of {y o7: Hy HS 1}. By the above, there ex1sts M, p(M ) > 1-¢ such

that y o T is equlcontlnuous on M_. Let y E ' , \W l\gl There exists a
subsequence y such that
'
3* 3*
[lyy G -y  (e@m) [ap(m) ~ 0.
J

3
But there exists {yi } that converges uniformly on MO to a continuous

J
k
*
function ¢. Therefore I ly 7(m) - @(m)ldp(m)z 0. Or y*T= ¢ a.e. on M .

o
! 3
Therefore {yﬁrﬂy Hs 1} is equicontinuous on MO. In particular, T(MO) is

relatively compact. So 7 is essentially separably valued and, thus, is

strongly measurable.
We state without proving, the following
Lemma : T : X-Y an operator, then the following are equivalent
(i) for any bounded set BcX, T(B) is dentable ;
(ii) for any probability space (S,y,y), any operator S: Ll(S,Z,y)-oX

TS is differentiable.

For convenience we shall call an operator satisfying (i) a denting

operator.
Our principal application is the following
Theorem : Let X, Y be Banach spaces, X;ﬁll, Y wcg. Then any operator

T: X ..Y is a dentable operator.

Proof : Let K the unit ball of X" with the weak topology. Let R: X - C(K)
be the canonical operator, R(x)(x) = x (x). Let (S,s,¥) be a probability
space and U : L (s Z,v)-‘X an operator As is well known there exists

U L, (s, z,v)—»C(K) such that R’ U -U [4]. Let p be a measure on K and consi-
der L (K,p) as a subspace of C(K) . The question as to whether TU is a dent-
ing operator is equivalent to whether TR*: Ll(K,p)-.Y is denting. Consider-
ing T as a function from K into Y we have that T is scalarly measurable

(X£4£,) and Y is wcg. So T is p-strongly measurable. Hence there exists
1
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an operator V: Ll(K,p)—»Y, differentiable, Vf = I f(k) T(k) dp(k).

keK
#* * #* *
We shall show VE=TR f for f¢ Ll(K ). Choose y ¢Y . Then <Vf,y >
#* * * %
= f(k)y (T(k)) dp(k) and <TR® f,y > - R E,Ty > = [T y (k) £(k) du(k)

I y (T(k)) f(k) dp(k). Thus V= TR on L (K,p) so TR" is differentiable.

Therefore, T is a denting operator.

Corollary 1 : Suppose x;ézl and T: X-Y is an absolutely summing operator.

Then T is a 1-Radonifying.

Proof : If T:XaY is absolutely summing then there exist a compact Haus-
3*

dorff space M, a probability measure p on K (K is the unit ball of X , as

above), and operators I, R, V, J such that

X T)Y I>C(M)

R \Y

c(X) >L1(K,p)

is commutative, where R and J are canonical and I is an isometry.

Let U: X*-oLl(S,v) be any operator where Ll(S,v) is a finite
measure space (hence wcg). Essentially, proving that T is 1-Radonifying is
equivalent to proving T**U* is nuclear. Regarding L (K,p) as a subspace of
C(K)* we have that UR# is differentiable and bounded That is, U: K-L (S,v)
is p-strongly measurable, I ||Uk||ap (k) < +w, and UR ¥ - f f(k) U(k) dp(k) for

all f¢ Ll(K,p). Since U(k) is an element of Ll(K,p) it is easy to check
that h(k,s) = U(k)(s) defines a unique (equivalence class) function on Kx S

and that [ |h(k,s) |dp(k) dy(s) < +e. Similarly it is easy to check that

the function s-h(.,s) is a strongly measurable function from S to Ll(K,P).

Define 7: S C(M) by 7(s) =V(h(.,s)) ; 7 is strongly measurable and
e 3
f HT(S)“dv(s)< +o, We shall show 7 represents the operator I Te U and
L ST
7(s) € I(Y) y-a.e. Let ge c)™ and \l/eL (S,y) ; then <I T U V,E>

<y, UT 1"gs = <y, UR* IV e> = < () (1) U du (i) v

j [ () (k) v(s) hlk,s) dp(k) av(s) = [ v(s) <h(.,s),V'e> dy(s)
S "K S

I V¥(s) <7(s),g>dv(s) = <I ¥(s) 7(s) dy(s),g> . Thus 7 represents I**T**U*.
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it 3t 3
Since T is weakly compact I' T = IT ; that is T U WeY for all y€L_(S,y)
Suppose z_¢ C(M) and &> 0 such that Hz - IyH> 6 for all ye Y. Let
*3
E=1 1 z: “z- Zng 6%. If v(E) >0, then IT U (v ()~ XE)E {z:|z- ZOHS &)

which is a contradiction. Therefore 7(s) ¢ I(Y) y-a.e. Thus I "7 represents

3%
the operator T U or T is 1-Radonifying.

Corollary 2 : Let X, Y, Z be Banach spaces ; Xi,@l, Z wcg, and YcX

If T: X —~7Z is an operator that is an isomorphism on Y then Y has the Radon-

Nikodym property (RNP).

There are other obvious variations on Corollary 2.
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