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In this talk we want to emphasize on the "miraculous" effect
that a lattice structure has on the geometry of a Banach space. We are
mainly concerned by new characterizations of the Radon-Nikodym property
which do not hold if the lattice structure is absent. We will deal first
with spaces having local unconditional structure a la Gordon-Lewis [8]
(l.u.s.t.). For this notion, we will only use the fact that they are
exactly the spaces whose duals are complemented in a Banach lattice.
The positive results obtained for this class of spaces are particularly
useful for identifying the spaces with no l.u.s.t., namely the James-
type of spaces.

We start by the following key proposition due to Johnson-

Tzafriri [11].

Proposition 1 : Let X be a complemented subspace of a Banach lattice L.

If S does not embed in X, then there exists an order continuous Banach

~ ~

lattice L which contains a complemented subspace X isomorphic to X.

The idea of the proof is to renorm L by the semi-norm
MxI = sup{HPzH; [zl < Ix|} where P is the projection. Let I be the ideal
of elements x in L so that [lIxIl] = 0, let f be the completion of L/I for
that norm and Q the quotient map from L to L/I. The following diagram

then commutes

e
o ¢

The restriction of Q to X is an isomorphism and SN is killed in L.

Using the above proposition, we can refine a result of Kalton

(10) which extends a well known result of Enflo-Starbird in L. [3].

—
Proposition 2 : Let X be a Banach space complemented in a Banach lattice

L such that c, does not embed in X. If X contains a subspace Z isomorphic

1
to L1, then Z contains a subspace Zo isomorphic to L and complemented

in L.
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Sketch of proof : Associate the diagram of proposition 1 and suppose

T is an 1somorph1sm from L LA] onto a subspace Z of X (A being the Cantor
set). Let Y be the smallest sublattice of L containing X Since L does
not contain €yt it is a standard manner to associate a probability space

(Q,p) such that the following diagram commutes. For details see [10].

L][A] > X >

.

c(n) ° > 170, 1) —SL(Q,n)

As in [10], one proves that S°Q°T is atomic in the sense of
Kalton from L1LA] into L](Q). Hence, there exists a non-negligeable Borel
subset B of A such that S°Q T is an isomorphism on L1[B] and
Se°Q °T(L1[B]) is complemented in Li(Q). Let ¢ be such a projection. It
is easy to see that (S-o Q)_1° ®o (SeQ) projects L onto T(L](B)).

[Proposition 3 : Under the hypothesis of Prop. 1, every X-valued Pettis

integrable random variable is equivalent to a Bochner integrable r.v.

Proof : It is enough to prove it for a complemented subspace of an

order continuous lattice by Proposition 1. According to [2] it is enough
to show that such an X has the separable complementation property, that
is every separable subspace Z of X, is contained in a separable subspace
Y which is complemented in L. Since Z is separable, it is contained in a

principal ideal V which is the rang of a band projection P L-V. But V

1t
is W.C.G. hence there exists Y separable containing Z and Y complemented

in V.

S 4 P
L—Hv—23y>52z

The following theorem is now a consequence of the above and some

well known facts

Theorem 4 (Ghoussoub-Saab) : Let X be a Banach space with l.u.s.t.
The following properties are equivalent

1) £ ¢7L9 X

2) L s/—>x
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% A
3) ¢ ¢A>X and L > X
1) X has the weak Radon-Nikodym property.
*
5) Every operator from 1! to X" is Dunford-Pettis.

6) X has the Radon-Nikodym property.
An immediate consequence of the above theorem is that the James
tree space and the James-Hagler space do not have l.u.s-t.

We also have the following

rCorollary 1 : If X has l.u.s.t. and if £1 embeds in X but not comple-

mentably, then (ZéBzz)L embeds in X.
n 1

This follows from Proposition 1, a result of Pelczynski L11]
¢ %
(ﬁ1 A x<==>c0\—->x ) and a theorem of Hagler-Stegall [ 9]

(z4"), > xea1' Esx).
n 1

We do not know if the above corollary is true in general.

One can also prove the following L4]

Theorem 5 (Ghoussoub-Johnson) : Let X be a separable Banach space with

3*
l.u.s.t. such that cOCwL+X . Then every operator T from X into any Banach

¥ %
space Y sucht that T (Y ) is not separable, fixes a copy of (ZG)ﬁg)ﬁ .
n 1

Theorem 5 was proved by Hagler-Stegall [9], for X being a sepa-

‘CO
rable £ -space.

What about fixing C(A) ?? Is is clear that this is not true
even for £w—spaces-
On the other hand, Rosenthal proved such a result for X=C(K) and then

Lotz-Rosenthal extended it to Banach lattices namely

Theorem 6 (Lotz-Rosenthal [13]) : If X is a separable Banach lattice
such that coch,x“, Then every operator T from X into any Banach space

3¢ 3
Y such that T (Y ) is not separable fixes a complemented copy of C(A).

The above theorem extends immediatly to complemented subspaces
of a Banach lattice via the following renorming theorem which is the

predual version of Proposition 1.
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Proposition 7 (Ghoussoub-Johnson) : Let X be a complemented subspace

%
of a Banach lattice L. If cOCqux , then there exists a Banach lattice

~ ~

~ %
L, such that coﬁ—%é (L) , and which contains a complemented subspace X

isomorphic to X.

Proof : Let P be the projection from L onto X, and P its adjoint.

Define the new norm on L by
Mxll = sup{ | f(x)| over all f's such that HPWgHS 1 whenever lgl < [fl}

One may verify immediatly that Il Il is a lattice norm and that for eve-

ry x in L
Mexlll < ||x|| < |[p - i

Let now L= {x€ L ; llxlll <o}. It is a Banach space and the following

diagram commutes

L1 s, |
Pl lP
X e— x

where Q is the canonical injection and X is X equipped with the new norm

il equivalent to ” H on X. Consider the dual diagram
* ~ %
(L, 1) —> @, 101D
3* 3
P l p
3* ~ 3

X — (X)

~ 3 ~ 3
Since coCﬁL§(X) , we apply the renorming of Proposition 1 to (L) ,
* ~ %
Il Il ana P". That is for f€ (L)

¥*
bel - sup{ llP glll 5 lgl < [£]}
An immediate verification shows that
~ %

Melll < Yeb < ||p| Welll on (L)

~ 3%
which shows that (L) does not contain c, -
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Theorem 8 : 1If X is a separable complemented subspace of a Banach lattice

¥*
and if coﬁfé-x , then every operator T from X to any Banach space Y such

that T (Y ) is not separable fixes a complemented copy of C(A).

Proof : Consider the diagram of Prop. 7 and apply the result of lLotz-
Rosenthal to T-Q <P

L s,y
7| l"
}«% Q > X T > Y

In Theorem 4 we showed that for dual spaces complemented in a
Banach lattice, the Radon-Nikodym property is equivalent to the property
that every operator from L1 into the space is Dunford-Pettis. It is still
unknown if this remains true for non-dual complemented subspaces of Ll.
For non-complemented subspaces of L1, the counterexample of Bourgain-
Rosenthal [ 1] gives a negative answer to this question. In the sequel,
we shall prove that the answer is positive in the case of Banach lattices.
For that we recall the notion of order dentability introduced in [5].

Let X be a Banach lattice. For every convex closed bounded set C

in the positive cone X+ and any element u in X+, define

a,(C,u) = N conviyecC ; ||yAuHs%}
n

and by transfinite induction on ordinals

GQ(C,U) = 01(0 (Cyu),u) if a=pB+1

B
and
a (Cyu) = n a,(Cy,u) if a is a limit ordinal.
x B
B<a
Definition | : A set C in X+ is said to be order dentable with respect

to u if for all closed convex subsets B of C, we have

Q1(B,u) ; B

1
. Let now T: L +-X be a positive operator. The smallest closed

sublattice of X containing T(L‘) contains a quasi-interior point u.
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- 1 . .
Definition 2 : A positive operator T: L -X is said to be order dentable

- 1 .
if the closure of the image of the positive part of the unit ball of L is

order dentable with respect to u.
Theorem 9 : A Banach lattice X has the Radon-Nikodym property if and
only if COC—%—§X and every positive operator from L1 to X is order

dentable.

Sketch of proof : If X has R.N.P., the results of [5] gives the first

implication. For the reverse implication, note first that since c¢ Gqﬁé X,
every operator from L - X is the difference of two positive operators,
hence it is enough to show that every positive operator is representable

or equivalently that the martingale

T(X ) = 27" ¢ T(x; )XI converges a.s.
k n,k n,k
The X1 's being the characteristic functions of the diadic intervals
n,k
k-1 k
Tnk™| Tn ' on
? 2 2

For every k€ IN, the supermartingale (TX Ak ) is in LO0,ku] which
is weakly compact, hence it converges to Z_ A kuw where Z €L [Y] Moreover,

we have
n
O<E |[Z]<TX a.s.
@ n

. Define the operator T'(f)::f f Z_ d» and the martingale E n[Zm]
is actually equal to 2 " ¥ T' (x. . )x =T'(X_ ). One then verifies that
k n,k”*n,k n

the martingale TXn-T'Xne aa((ETTEWTT§3,u) a.s. for every countable ordi-
nal a.

. Since T-T' is order dentable, the family G is strictly decreas-
sing unless it reaches {0}. Since T(L ) is separable, (Ga) must become
stationary before the first uncountable ordinal. It follows that T=T'

which is representable.

[Theorem 10 : 1If every positive operator from L1 into a Banach lattice X

is Dunford-Pettis then every positive operator is order dentable.

Sketch of proof : If T is not order dentable, there exists a positive

1
bounded finitely valued martingale Xn: [0,1] =X such that HXnAlﬂls;;,
¥ n. Define T': L1-»X by T'(f) = lim f an dA. That is, for every n, there

n—o
exists a finite family 1 of positive reals (ai) Z a,=1 and

. [
1€l 7 4oy
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(fi)iEI in B such that

x =T'1: T o« T'f and [TIAT'f]| =1 ¥ e
i€l

(.

3 %
Let x be in X, such that x (x)=a>0.

- Let B, be the support of (fi— 1)7, we get

¥ 3*
X (TiB ) < % and x ( % aiT'(fi_ Yy > a..l
i

iel

=

In other words, if & is the ring generated by the Bi's and if H is the
greatest elements of &, we have x*(TQH) > a-—% and if P in an atom of 2
x*(Tkp) < %. Using this fact, one can construct by induction an increasing
sequence of finite algebras (Un) and a sequence of sets (An) with AnéEun

for every n, such that for every ps<n

4

¥ a ¥* ' ' o
X (TXA ) > = and x (lTXA - Tx, DS 13
p p n

which shows that the image of the sequence (XA ) which is valued in the

weakly compact order interval [0,1] in L1, does not have a cluster point

in X which contradicts the fact that T'is Dunford-Pettis.

PTheorem 11 : For a Banach lattice X, the following conditions are equi-
valent

1) X has R.N.P.

2) X contains no bounded 6-tree.

3) Every operator from L1 to X is Dunford-Pettis.

The above theorem shows that there exists a positive operator
from L1 into the Banach lattice MT constructed by M. Talagrand [16] which
is not Dunford-Pettis and yet this operator does not fix a copy of L1.
However, by extending the results of Rosenthal [14] on Ll, via the embed-

ding technique of Kalton [ 10] one can show
Theorem 12 : 1If X is a Banach lattice such that coa—f‘>X, then every
positive operator from L1 to X which is not Dunford-Pettis fixes a copy

2
of L.

Now we have the immediate
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Corollary 13 : A Banach lattice X not containing isomorphic copies of

[CO and L2 has the Radon-Nikodym property.
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