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Séminaire BOURBAKI
(Février 1959)

A RIEMANN-ROCH THEOREM FOR DIFFERENTIABLE MANIFOLDS

by Friedrich HIRZEBRUCH

We shall show that the Riemann-Roch-Grothendieck theorem [2] has analogies in the
differentiable cases The theorems are formulated in 3.4, 3.5, 3.7 « In 3.3 their
-motivation by the RR=-Grothendieck theorem is explained. Further generalizations
of these differentiable RR-theorems are possible (ATIYAH) but we shall not go
into that. Paragraph 4 brings examples how one can apply the differentiable
RR~theorems. In paragraph 5 we indicate the proofs which rely heavily on the Bott
theory [4],[8].

The results reported upon in this exposé are mainly due to ATIYAH and can be
found in his correspondence with the speaker who had conjectured theorem 3.4
and has contributed a 1ittle bit to the prodf of the differentiable RR-theorems
and to their applications.

l. The groups K(X) and K, (X) .

o)

The base spaces X , Y of vector bundles are assumed to be finite dimensional
CW—complexes except otherwise mentioned. This assumption, much too strong for
many of the following definitions and results, is made for convenience.

l.l. = Let F(X) be the free abelian group generated by the set of all isomor-
phy classes of complex vector bundles over X . (It is not assumed that a complex
vector bundle has the same fibre dimension over different connectednsss components
of X). An element x of F(X) 4s thus a formal finite linear combination

x=n }i » By €%, X, complex vector bundles over X .

Let

(E) 0—=>3'—>F—> " —0
be an exact sequence of complex vector bundles, (i.s. } is the Whitney sum
F'®@§")e To (E) We attach the element Q(E) = ¥ - '~ 3%" of F(X).
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F. HIRZEBRUCH

DEFINITION. - K(X) 4is the quotient group of F(X) modulo the subgroup genera—
ted by the elements Q(E) where E runs through all exact sequences with three
terms. In the same way, starting with real vector bundles, one defines the group
K, (X) , (where *9\ stands for "orthogonal®).

This definition is analogous to that of [2], paragraph 4. The group operation
in K(X) and KO(X) respectively is called "Whitney sum".

~
1.2. - A complex vector bundle is called trivial if it is the product bundle over

each connectednsss component of X . Two conmplex vector bundles fl ’ }2

(over X) are called I-squivalent if there exist trivial complex vector bundles

Y1 s Yo such that T, @ hy eand 3, @ v, are equivalent. To each complex

vector bundle & there existsa complex vector bundle f such that X® £ 1is trivial.

This follows from the consideration of the universal bundle over the Grassmannian.

Thus the I-equivalence classes constitute an abelian group X!'(X) whose group

operation 1s induced by the Whitney sum. We have the canonical split exact sequence

(1) 0 —> B (X ,3)—19K(x)—->xv(x)-——>o

where j 41is the isomorphism of i (x, Z) onto the subgroup of K(X) generated
by the trivial bundles. If one attaches to each vector bundle g the element
rk(}) of H° x, Z) which as a continuous map X == Z attaches to sach

p €X the dimension of the fibre of ¥ over p , one get.s the "rank-homomorphism"
rk : K(X) = ®° (X,MZ‘\) with rk o j =1d .

The tensor product of vector bundles induces a product in X(X) , but not in
K'(X) , which is also called tensor product. K(X) 4is a ring with respect to
Whitney sum and tensor producte.

1.3. - The discussions of 1.2 can also be made for real vector bundles. We have
the ring K, (X) and a canonical ring homomorphism KO(X) ~>K(X) , the complex

;A o
extension. If f is a continuous map Y —> X , then we have ring homomorphisms

& KX) > K(E) and £* : K (X) =¥ (¥) which are induced by the lifting

of bundles.

1.4, - The (total) Chern class c(}) =1+ cl(S) + 02(5) + 4ee is well
defined for every EeK(X) « This follows from the Whitney multiplication theorem

() e(¥) =0(5')-c(.§")
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for every exact sequence (E) , (see 1.1). The Chern character ch( }) éH*(X , 3)

1s defined as follows

ch(§)=rk(§)+z(eaj-1), Jek®

whers the Chern class ci(} ) €H21(X ,'i) is regarded formally as the i=th
slementary symmetric function i:ll the 4, « If ci(j) =0 for 0O<iecn,
then oh(§) = k() + (- 1)"" 0, (§)/(a = 1) 1 + higher terms.

& .
ch 3+ K(X) =H (X "ﬁ) is_a ring homomorphisme

The Pontrjagin classes of an element <€ KO(X) are well defined [5], para-
graphs 4.5, ch(%) is defined as the Cherr™character of the complex exbension

of X e

ch s KO(X) - B (x ,3) is a ring homomorphism.

Mo

1.5. - The theorem of Peterson [ 8] , theorem 3 is a consequence of Bott's

theory. It can be formulated as follows.

THEOREM. -~ If the torsion coefficientsof qu(X »2), a=1,2, ..., are
Lol .
O or prime to (q-1)!, then ch 3 X(X) —->H*(X , Q) is a monomorphism.
_Or prime 1o Lhaen ot 7

Thus, under the above assumptions, XK(X) and the subring ch(K(X)) of

H*(X , Q) are isomorphic.
_ _ X

1.6, - For the sphere 3211 we have K£§2n) = ch(KSEZn)) =H S..S@n ,NE) o This
follows from Bott's theorem ([4] and [8] theorem 2) that the Chern class c,
of a complex vector bundle over 3211 1s divisible by (n -'1)! and that there
exists a complex vector bundls over EZn with o, equal to (n - 1)1 times
a generator of I*!‘QX:‘SVS“:Zn R ‘&) s 5ee also [1], paragraph 26,5 . For a sphere
S
Se we have

KoSg) 2 oK, (Sg)) = K (Sg, 5 2)

whereas for the sphere sm with m = 8 + 4 we have
~ _ 40
o) Eenigls,) =5, , 2) + 24P, , 2)

(See [8] , lemma on p. 07) .
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1.7, - Lot BU denote as usual the classifying space of the infinite unitary
groupe. BU is the limit of the classifying spaces BU( ) * The ™"universal® Whitney

sum BU U(s) --)BU(I_ +8) induces an H=-space structure on BU o Lot

A

o! € BU be a base point. In the following all sets of homotopy classes are taken

with base points. If X 1s a space, we let X" be the disjoint union of X with
a point e which plays in X" the role of a base point. The group TT(X BU)
is cenonically isomorphic with K!'(X) , (see 1.2). e

Let K be B. x Z with base point o' x O . It is an H-spece. It follows from

1.2 that K(X)Ma.nd ('t K) are canonically isomorphic. For an arbitrary space
X we define K(X) to be TI’(X ) . Chern classes and Chern character for an
element of K(X) are well—deflned. For FEK(X) we have ch(}) 3 *(x ,3) .
Here H*® denotes the direct product of the Hj . K(X) can also be made into

a ring.

If Y is a subspace of X , we can consider the space X/Y obtained by collap-
sing Y to a point which is then teken as base point of X/Y . We define

KX, Y) = TX/AX ,~I§) .

For T €K(X , Y) the Chern character ch(§) ia an element of H**(X , Y ,3) .

If the pair (X , Y) satisfies the homotopy extension condition, then we have

the exact sequence

3) K(X, ¥) = K(X) - K() .

The suspension SA of a space A with base point a isthe double cone over A
with the generator through & shrunk to a point which is then taken in SA as
base point. The m=fold suspension Sm(X+) is the cartesian product X x Em
with X x ?_b} shrunk to a point for some b € Em , the point corresponding to
X x {b} being the base point. We have the split exact sequence

(4) o-»x(xxfm,xx{b})—iyx(xx&n)LK(x)-)o

(For (3) , (4) compare D. PUPPE [10] . This author shows how (3) can be imbedded
in an exact sequence unlimited to the left).
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Corresponding definitions are possible for real vector bundles. We define the

H=-space Ko = BO x Z 4 etce We have the exact sequences
APA A

M A

(5) KoX y ¥) = K, (X) = K, (¥)

~N M A

(6) 0-—)K0(Xx'§m,Xx{b})-—)KO(XxMSJn)—éKO(X)—)-O .

AN AN

1.8. - Let Tt'1 3 TT2 be the projections of X me'm on its two factorse.
TT: K(X) 1is a direct summand of K(X x,.,S.Jn) «Let m be even, m=2n >0 . Lot
» ng’zn) be the element whose Chern character is the canonical generator g
; . * -k
of H2n(32n "E) , (see 1.6). It is clear that Ty K(X) s :\T27 is in the

kernel of the.homomorphism j of the exact sequence (4).

THEQREM, -~ o —> 1-rik £ @ 'Wg m is an additive isomorphism of K(X) and the

kernel of j

-— S - L]
COROLLARY . K(X x ~2n) K(X) ® KQZn) Each element < of K(X x 3211)
can be written uniquely in the form

T=M X+TIROTS v 5 o, B eK(X) .

Bach element x € ch(K(X x ,.,S,Zn)) can be written in the form

) x= T a+ (W b)(wye); a,bechk) .

We give in the following section an analogous theorem for real vector bundles.
The proofs of the two theorems 1.8 , 1.9 , will be sketched in paragraph 2.

1.9. - We consider (6) with m = 8k . Let g be the canonical gensrator of
Fk
H (sEu s 3) .

PROPOSITION. — There exists an additive isomorphism of KO(X) and the kernel of

A
Ko (X x E\Sk) ~>K,(X) if X is a product of spheres or the suspension of a
A A

SE_&_CG .
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THEOREM. - Each element x € ch(Ko(X x 381{)) , X arbitrary, can be written

A

x=T) a+ (W )T, 8 5 a,bechlk () .

N

2. The Bott isomorphisms.

2.1, - Bott defines in [4] a map £, of G = U(2m)/U(m) x U(m) into

Q S U(2m) as follows. Let s (t)be the diagonal matrix with first m entries
exp(2 it) and last m entrles exp(- 2 Mi%) . For u e U(2m) let gm(u) be the

loop in EE(Zm) with

gm(u)(t) = u.sm(t).u_l.sm(t)"1 , 0<t <1

.o

£ is induced by g . In the limit f; glves rise to a map By —> 035 U and
m n Y
since S U =~Q~S1 x S8 U we get a map

A AN AN MA

Fi: K=B_ x2Z~->8 .
ANA AN AN

One can check that F preserves the H-space structures of X (Whitney sum)
)
and of QU (loops)s F is, according to one of Bott'!s main results, a (weak)
oA
homotopy equivalence. Since we have a canonical (weak) homotopy equivalence
u— QB 5 we get a (weak) homotopy equivalence
A

1) k->9%p =0%k .
AN A

This is the Bott periodicity (period 2) for the unitary group.

For any space X we have by (1) a homomorphism T ,”}i) —-> T\'(X+ , 0% K)

and the isomorphism Tl'(}(+ , 11? K) ~» TT(SZ(X+) , K) « For any finite dimensional
o) aN

CW—complex X +the composition

(2) it , K) = K(x) - TEEEY X) =K(X x Sy , X {b})

is an isomorphism. We wish to show that this Bott isomorphism is of the form
given in the theorem of 1.8.
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From (1) we get a map g2 (k") > K and a homomorphism
AN o)
%k o2 . .
3) H**&I& ,’3) =1 *(s &I{) ,&) (*H & cohomology classes with augmentation 0).

There is a canonical isomorphism of 'H**(szgi*) » Q) end ™k , Q) lowering

degrees by 2. (3) followed by this isomorphism gives a hoimomorphism
(4) B, ) »E™(E , Q) .

It was shown in BOTT [4] - modulo certain precautions concerning the O-dim
classes which we have to take in account here, that (4) is a derivation of
poiynomials. which leaves the universal Chern character unchanged. This proves
theorem 1.8 at least if one goes over to Chern characters. But since the complex
Grassmannians are universal base spaces and are free of torsion, 1.8 follows
now from 1.5 (We have proved 1.8 only for n =1 . It follows for arbitrary n
by a simple induction argument).

2.2, = The Bott periodicity (period 8) of the orthogonal group means that there

exists a (weak) homotopy equivalence

(5) K:BOxZ-)--Q.B—.Q.BKO.

M

H

This proves the proposition 1.9. Quite likely (5) respects the H-space structures
(Whitney sum=loops). If so, the assumption on X in Proposition 1.9 could be
avoided. Bott does not prove the periodicity (5) wibh the methods of [4] . Instead
he uses for (5) his p-sequences of symmetric spaces ([8], and [3] detailed
version to appear later). Bott constructs a | —sequence Mi with Mi = M:;_L-rl

(4=0,1, ...) forwhich M, =£(2n)49(n)>c9w(n) and Mg =3(32h)49(16n)xg(15n).

By a detailed investigation of this p-sequence it will probably be possible to
descrite explicitly the isomorphism of proposition 1.9 and to avoid the assumption
on X in this proposition. This was not done so far. It is however possible to
give for the theorem 1.9 a more indirect proof starting from the diagram of
Bott homomorphisms

Tg,;(liq) — "4n+e(’ig)

! |

) —>

Tn (BU 4n+8 (BU )
A L)
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Since the groups involved are all 7 , and the horizontal arrows are isomorphisms,
while the vertical ones are either ?somorphisms (n even) or multiplication

by ¥ 2 (n odd) it follows that this diagram is commutative up to sign. Theorem 1.9
can be deduced from 1.8 and proposition 1.9, One uses that the rational Pontrjagin
ring of B0 (the H-space structure being given by the Whitney sum) is generated

M
by the spherical cycles and that theorem 1.9 is true if X 4is a product of
spheres. For the last fact the diagram has to be applied (This mothod gave theorem
1.9 for k =1 . It follows for arbitrary k by a simple induction argument).

3. The Riemann-Roch theorems.

3., - Lot {A (p1 » ere s Py )} be the multiplicative sequence of polynomials
([5], paragraph 1) belonging to the power series
5Vz
Q(z) = -1 =
Sinhz-\/;
The the (total) ®\-class ([1], paragraph 23.1) of a real vector bundle ¥ (with
base B_ ) is
3

0

(1) 5\4(‘5) =j§ B (3) 5 eee, (N € H**(B,S , Q)

where pi( 5) € H4i(B s 4) 1is the i-th Pontrjagin classe ®W(X) , for a diffe-
M A
rentiable manifold X, is the &l-class of its tangential bundle.

3.2, - Lot Y be a differentiable manifold whose integral Stiefel-Whitney class
W3 vanishes. Then there exists an element d € }12(Y Z) whose restriction
mod 2 is the Stiefel-Whitney class w, of Y . We have the subring oh(K(Y)) of
H (Y Q) Multiplication with the element ed/ SM(Y) , which is inversible
with respect to the cup-product, induces an additive isomorphism of K(Y) onto a
subgroup R(Y) of H*(Y , 3‘) .

@) R(Y) = ch(K(¥)).e¥?. 8i(Y) .

The group R(Y) does not depend on the choice of d « Namely, if d and

ar 61-12( Z) have w, as restriction mod 2 , then d -d' =2y with

y € H2( Z) . The assertion follows since o .oh(K(Y)) = ch(K(Y¥)) « The additive
group R(Y) <H'(Y, Q) is called the Riemann-Roch group of ¥ . It is defined

for arbitrary differentlable manifolds with Wy = 0 « It is isomorphic to oh(K(Y)).
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3.3+ - The preceding definition is motivated by the RR~theorems of [5] and
(2] . If Y is compact and carries the structure of a projective algebralc
manifold, then we can choose for d in (2) the Chern class ¢, of Y .clf2 is
a holomorphic complex vector bundle over Y , then the element ch(’\7 )es 1
of H*(Y ’ ‘3) plays the following role in the RR~theorem [5] . Its value on
the oriented fundamental cycle of Y 4is the Euler number of Y with respect
to the cohomology with coefficients in the sheaf of holomorphic sections of 9.
(When taking the value on the fundamental cycle all components of dimension less
than the topological dimension of Y give O0).

GROTHENDIECK [2 ] has proved a more general theorsm which involves the Gysin
homomorphism f ) If Y and X are compact oriented manifolds and if
f: Y—>X is a continuous map, then f 4 1s the linear map

£, HY(Y , Q) — B » Q)

obtained by the Poincaré isomorphisms H*(Y , Q) £H LT Q) and

B (x , Q) ~H, x ‘9\) from the homology homomorphlsm H*(Y 3\) —)H*(X ,3)
1nduced by f . GROTHENDIECK shows for projective algebraic manifolds Y , X,

a holomorphic map f ¢ Y —X and a holomorphic complex vector bundle v over
Y that

c, (¥)/2 &

£ (an( )t D) €RED)
More precisely, he finds an explicit element f, (v’) €K(X) , given by the
alternating sum of the direct images of the sheaf of holomorphic sections of \7 s
such that

02 - A .
£ (en(mie b LAHD) = anle ()t uSAE)

The HR~theorem of [5] is Grothendieck's theorem for the map of Y onto a pointe
The RR~theorem of [5] gave rise to the question whether for every compact orienw
ted differentiable manifold Y (with w (¥) = 0) the value of any element of
R(Y) on the fundamental cycle of Y is an integer. This question was answered
in affirmative (except the prime 2) in [1] s theorem 25.5. The prime 2 was alsc
settled (see (1] , Part III and [6]) » using new results of MILNOR (compare

THOM'S talk in this seminar). These integrality theorems can be generslized in

a way which parallelizes the Grothendleck generalization of the RR~theorem of
[5] . Needless to say that these generalizations, which we call audaciously
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RR-theorems for differentiable manifolds, do not contain the Grothendieck theorem
as a special case.

The old proofs of the integrality theorems and the new proofs of their Grothen-
dieck type generalizations are completely different. Bott's theory was not used
in the 0ld proofs.

In the remaining sections of this paragraph we shall formulate the-differentiable
RR-theorems. In paragraph 4 we will give applications and in paragraph 5 we
shall sketch the proof.

3.4, ~ THEOREM, = Let Y and X be compact oriented differentiable manifolds
whose integral 3-dimensional Stiefel-Whitney classes vanish. Assume that
dim ¥ = dim X (mod?.).ée;t f: Y-3X be a continuous map. Then

(3) £, (R(Y)) cr(X) .
Fixing elements b € HZ(Y , 2) and a € He (X » 2) whose restrictions mod 2
M A

are wz(Y) and wz(X) respectively, (3) means that given Y € K(Y) , there
exists Y€ K(X) such that

(4) £,(ch( 9).%2. 6h1)) = on(g).e¥.8k0) .
This equation is equivalent with
(5) £, (eb( )0 T 22 6(r)) = on(3).54x)

which motivates the following generalization of the preceding theorem.

3¢5, — THEOREM, = Let Y and X be compact oriented differentiable manifolds
with dim Y= dim X (mod 2) « Iet £ : Y->X be a continuous map satisfying

(6) £, (X)) =y (1)

let d eH'(Y, 2) have w,(¥) - £*w,(X) as restrictionmod 2 . Sucha d
Let Z) have as restriction Such a
exists by (6) « Then for given 76 K(Y) there exists 53 € K(X) such that

(1) £,(on( y)0¥2.8U0)) = on(F).dix)
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Iet us call f sabove a c,-map if a definite element o, (£) € H2(Y ’ ‘“Z“) whose
restriction mod 2 is Wy (¥) - f*wz (X) has been chosen. Let us further define

(8) su(s) = aW¥) £*(8Ax))"
and
o (£)/2 . .
9 £,(y) = £, (yee 84(£)) for y €H (Y, Q) -

We have thus defined a linear map
£, B, 9 =X, Q) .

Theorem 3.5 is then equivalent with

(10) £,(ch(k(¥))) ¢ oh(k(X)) ,
and (7) takes the form
(£)/2 ~ ~
(11) f*(ch('? ).ecl JLUY)) = f‘ch(v]).QJ(X) .

Notice that fx is only defined for a o,-map £ . The composition f o g of
two co;-maps g2 Z—Y and f3: Y—>X (where 2 , Y, X arecompacﬁor:lan—
ted differentiable) is in a natural way a ¢, -map. One chooses

0, (£ o g) =0, (g) + g¥(c, (£))
Since
8t o g) = Qi(g)-g*(ﬂﬁ(f)) ’

we obtain the functorial property

Thus, if (10) is proved for the o;~maps g and f , it is proved also for

their composition. This fact is, of course, useful for the proof of theorem 3.5,
or equivalently of (10). Since every continuous map is homotopic with a
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differentiable one, we need to give the proof only for a differentiable f .

REMARK. - It arises the question whether one can define for a ¢, -map
f: Y—X, (dmnY =dim X (mod 2)) , a homomorphism £, : K(Y) => K(X)
(sueh that ? is functorial like | in (12)) which satisfies the "Riemann~Roch-
Grothendieck equation"

(£)/2 A n~
i;(ch(?).ecl LBU(Y)) = ch(f? 7).&),{(1() .

Since ch : K(X) = H'(X , Q) isa monomorphism if X has no torsion (1.5) ,
f? is canonically defined {; X has no torsion. ATIYAH has developped a
RR~theory for almost-complex manifolds and almost-complex maps with a functorial
f? « He ugses essentially the fact that the classifying space BU(n) has no

A

torsion, whereas in the proof of theorem 3.5 the classifying space BSpin(n)
ANMMAAN

will occur which has torsion.
3.6, - For an S0(n)-bundle Y ‘the Stiefel-Whitney class w,( ) venishes if

AV

and only if the structural group can be reduced to Spin(n) with respsct to

the covering map Spin(n) —> SO(n) . This fact motivates the following termino-
AANONA AN

logy. £t Y—>X is called a Spin-map if w,(Y) = £¥ w,(X) . The Spin-maps

may be identified with the ¢, ~maps £ for which ¢ (f) =0 . For a Spin-map

we have theorem 3.5 with d =0 . We have moresover the following result for
orthogonal bundles.

3.7. — THEOREM, - Let Y and X becompact oriented differentiable manifolds
with dim ¥ = dim X (mod 8) « Let £t Y —X be a Spin-map. Then for given
—— A— MMM
M e KO(Y) there exists ;eKO(X) such that

AN AN

(13) £ (ch( )4 ShT)) = ch(g).EKX) .

4. AEBIications .

4.1+ — If one applies 3.4 or 3.5 to the case whers Y 15 mapped onto "X = point,
one gets the integrality theorems mentioned in 3.3. For example, we get the
integrality of the Todd genus of an almost-complex manifold and also the integrality
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of the X-genus (1], paragraph 23.1 of a compact oriented differentiable manifold
whose second Stiefel-Whitney class vanishes. This last fact means for a
4-dimensional manifold X with w, (X) = 0 that P (X) =0 (mod 24) , whereas
ROHLIN has shown in this case that p, (X) =0 (mod 48). This factor 2 could not
be obtained by the old methods. But Rohlin's theorem will follow from 3.7

(as special case of 4.2).

let Y be a manifold with dim Y = 4 (mod 8) . It is assumed to be compact
oriented differentiable. Assume moreover that v, (Y) =0 . Let £ be the map

I—S 4 which sends Y onto a single point of S « Then £ 1s a Spin-map

satisfying the assumptions of 3.7. Let %€ K, (Y) « It follows that the value

of ch(’r)) 67-1(‘1) on the fundamental cycle of ¥ is an even 1nteger. In fach,

this valus which was denoted in [1 , paragraph 25.5] by A(Y ‘?) equals the
value of ch{¥ ) on the fundamental cycle of S S since Ql(S ) =1 . Here I
has the meaning of 3.7. Since p, ('S ) = (‘§ ) =0 mod 2 and since ch(F§)

equals its O-dim term plus p; (’;) , we have that ch( f) [84] is even. We
A
have proved the following theorem which was conjectured in [1], paragraph 25.6.

4.2, ~ THEOREM. ~ et Y be a compact oriented differentiable manifold with
dim Y =4 (mod 8) and Wy (¥)=o0. Let n be an element of KO(Y) o Then

Ay, » ) 1s an even integer ; in particular, the A—genus "of Y is an even
integer which for dim Y =4 is Rohlin's theorem : p; (¥)= 0 (mod 48).

The integrality of the A-genus (if w, (Y) =0) together with the sharpened
result of 4.2 on this genus implies by MILNOR-KERVAIRE [8], [9] that, in the

stable ranvge,‘ the image of J : 1T (son)) » w (S ) 1is cyclic of

4k=1 n+4k-l n
an order divisible by the denominator of the rational number /4k « Here Bk
is the k-th Bernoulli number (Bl =1/6, B, = 1/30 , 133 =1/42 , +us) o Ve
shall give later a different proof of this result using homotopy invariance
properties of Pontrjagin classes.

4.3. - REMARK, - It is not astonishing that 4.2 contains Bott's theorsm (1.6)

that the Pontrjagin class Pon41 of an orthogonal bundle ower SE +4 is divi-
sible by (4r + 1)1.2 . If one maps Sgc onto a point, 3.7 gives that the

Pontrjagin class Poy of an orthogonal bundle over S is divisible by
(4k - 1)1 . ~
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4.4. Homotopy invariance properties of Pontrjagin classes. - As always we
consider compact oriented differentiable manifolds. Let £ : Y~>X be a
homotopy equivalence and g : X - Y its homotopy inverse. We can use 3.7
for the map f and put ch( 7) =1 , This yields

(1) g* (BU1))/8UxX) € oh (K, (X)) < ch(k(X)) .
Using 3.7 for the map g yields
() QU(x)/g* (BUY)) € ch(Ky(X)) Cch(k(X)) .

Equations (1), (2) imply for manifolds with vanishing third Stiefek-Whitney class
that the Riemann~Roch subgroup of the rational cohomology group is a homotopy

type invariant, (see 3.2 , 3.4).

To be more precise, let us denote by p{ the imags of Py in the quotient of
H41(X ,Ag) modulo its torsion subgroup. Actually in all RR-theorems only the
pi are relevant. (1) , (2) contain information on the behaviour of the Pontrjagin
classes p{ under homotopy equivalences. We give only an example $

4.5, - THEOREM, - The first Pontrjagin class p] of a compact oriented differen-
tiable manifold X is a homotopy type invariant mod 24. If H2(X ,Agé) =0,
.then it is a homotopy type invariant mod 48.

Proof : Under a homotopy equivalence g of X » We have according to (1) using
the notations of 4.4

g°(1 = p; (¥)/24)/(1 = p (X)/24) = 1 + p,(§) with Fex () .

M

Thus
(py (%) - & p, (¥))/24 = p, (T)

2
which proves the first assertion. If H2(X ,152) =0 , then pl(} ) = wz('g) =9

mod 2 . This proves the second gssertion.

REMARK. - 4.4 and 4.5 are also true for non-orientable manifolds because the
RR~theorems 3.5 , 3.7 ars true (also if the manifolds are non-orientabls) if
the map £ ¢ Y ~» X is orientable (f* wl(x) = wl(Y)) . But we do not consider
these generalizations of RR .
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8,)

(@ >4k +1) . Every element o« of the first group may be identified with a
principal SO(q)-—bundle over S 4k to which a sphere bundle (fibre S q-l) is
AN AN AA

4.6, = We consider the stable groups Tk 1(30(q)) and T, 14q'S

associated. We denote the total space of this sphere bundle by B(«) . Let
T s B(x) -—~S4k be the projection. ™ is a monomorphism. It is easy to
~n

show that the total Pontrjagin class of the manifold B(®) is given by

) p(B(X)) =1 + 7" p (&) .
Next we consider the homomorphism J : —'T4k-1 gig(q)) - "4k 14q (S ) « Lot & be

an element of the first group and assume JX =0 . Then B(® ) and the product
Sq_l = B(0) are of the same homotopy type. ([7], who proves also that

S
Jo{ = 0 implies the homotopy equivalence of B(«) and B(0)) . We shall now
apply (1) ¢ Let g be the homotopy equivalence B(0) —» B( &) . We observe

that SQUB(0)) equals L and that

B
(4) 8Y(B(x)) =1 “ TR " pk(‘x) .
SHere we use the explicit formula for the coefficient of P in the polynomial
A 5 comparse [5] , paragraph1).By (1) there exists an element ve KO(B(O)) such

k’
that
*l\
(5) g &l(B(X)) =ch(y) .
We multiply this equation with (2k - 1)! and get by (4)

(6) - (B /4k).g" W(p(K)) =2p (y) .

We restrict to (S Sy > point) ¢ S Su % = B(0) . This gives a stable element
say PET 1(SO(q)) « It follows easily that the restriction of g T *( X) to
i 4k * point is - To . i Bk/4k is expressed in lowest terms as a quotient
of integers, (Bk/ 4k = Nk/Mk) , then (6) yields
+

(7) Py (N X-M f)=0 .

. k 2
P b T Sig(q)) — S.i#k , “&) is a homomorphism of two infinite cyclic

group which has kernel 0, (in fact it is known (1.6) to be multiplication by
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(Rk = 1)1 or (2k =1)1.2 resp., depending whether k is even or odd). Thus
(7) implies that & is divisible by M which is exactly the result of
M?ILNOR-KERVAIRE (8], [9] that the image of J in T 41{_Hq(gq) has an order
divisible by the denominator of Bk/4k + (This is actually a little improvement
of [9] ; compare 4.2).

REMARK. -~ The second statement of theorsm 4.5 is best possible : Take in
the above discussions k =1 and & to be 24 times a generator of 'TTB (sg(q)) .
Then B(0) and B(X) are homotopy equivalent, but the first Pontrjagin class
is O resp. 48 times a generator of H4(B(O) , Z) resp. H4(B(0() s 2) « This
type of examples is due to THOM. - ~

5+ The proof of the RR~theorems.

5.14 = We are going to prove the RR~theorem 3.5 for a differentiable ¢, -map
f: Y—=>X, i.e. we have to prove (10) of 3.5.Imbed Y in X x Y by its

graph
i T=~xx¥, ¥.0) =0,y .

Let 1 be an imbedding of Y 4into a sphere of even dimension say 2n . Then
f x1 1s an imbedding j of Y in X"f,zn

j=fxi:Y-—)Xx~§2n .

We can make j to a ¢ -map by letting c; (j) equal e (£) « If T, is the
projection of X x~§2n on X, we have f = ¥, o J . The projection . -Wl

becomes a ¢, -map by putting ¢y (Trl) = 0 . Then the ¢, —map f is the composi-
tion of the c;-maps j and T, . Thus we have to prove (10) of 3.5 only for the
case of an imbedding and for the projection .

5.2. - Riemann—Roch for Tr, ¢ X ",E’Zn ~— X with cl(TTl) =0 . We wish to
prove (10) of 3.5 for this projection. Since MTrl) =1, we have only to
prove that (Trl) . maps ch(K(X x Egn)) in ch(X(X)) . But this is an immediate

consequence of (7) in 1.8.

We remark here already .that theorem 3.7 follows in the case of the projection
X x SBk —> X from the theéorem in 1.9,
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5¢3. = We still have to prove (10) of 3.5 for the case where Y is a differen-
taible submanifold of X and f : Y —>X is the injection. Let » be thse
~ N -
normal bundle of Y in X . Then &f) = 84(~») 1 , and ¢ (f) is an elememt

of HZ(Y , Z)* whose restriction mod 2 is w2( ﬁ)‘-’. Let A be &a closed tubuler
neighborhood of Y whose boundary E is a sphere bundle over Y associated

tov. Iﬂt
¥, ¢ H*(Y,ﬁ)—)ﬁ*(A,E ; Q)

be the Gysin-Thom isomorphism ([11]). Assume that we have found (eK(A , E)
such that

(1) Y*(ecl (f)/zc 8):1( )’)-1) = Ch(P ) .

Then (10) of 3.5 is proved for f . Namely let m€ K(Y) . Since K(Y) and

K(A) are canonivally isomorphic, we have an element ‘v)' €K(A) . Via tensor
product, K(A , E) is a K(A)-moduls and Y)' ® {3 an element of K(A , E) with
Chern character ch(*)').ch((;) GH*(A , E ;‘3) . Standard rules ([11], théoréme
I.4) and (1) yield

£)/2

(£)/2 -
(2) @ylen(n)e 1 a)) = an(y o p) e cnlklh , E)) .

Since K(A , E) =K(X , X = (A =E)) , we get by the canonical homomorphism

KX, X - (A =E)) = K(X)

from 71"@ {8 an element Yy of K(X) and (2) implies

c, (£)/2

(3) f*(ch( v?).e ! Ve )-1)= ch(y ) € K(X)

which was to be proved. It remains to find an element P satisfying (1).
This is done by a universal contruction in the next section.
5¢4¢ = A general reference for the terminology of this section is [1] .
Let W be the covering map Spin(q + 2) ==S0(q + 2) . Put
lq AN [asel
Gq = Trq 93(2) xNSwe(q)) « It is connected and atwofold covering of

S0(2) x 80(q) « We have
AAAA M
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(4 ) qu/GZQ—l = Ezq—l *

Let Bq be the classifying space for Gq « Then we have a fibration
(5) Pt Bygy ~>Byg s fibtre S,

which is associated to the universal principal (}2 -bundle T over qu o Lot
T be the standard maximal torus of SO0(2) x S0(2q) and y, X; 5 eee y X the
PN - ana q

standard base of ut (T, ) Put T! = Tl';1 (T) « It is a maximal torus of
qu and covers T twofold. (TT2 [Te)* . Ht (T ’..Z.) —rHl (T ,MZ“) is a monomor—
phism, We regard u (r, Z) as subgroup of H (T* , Z2) . We have

MA

Cylix =x .. ixq)/z € u (1 ) 2) .

Let A;u , Tespa A;ﬂ » be the right, resp. left, spinor representation

of Spin(2q + 2) . If one restricts these representations to . G2 they split into
AN q

irreducible components. Let 5; be the component of the restricted A ")
which has highest weight (y +x + eeo +X )/2 . Correspondingly let

Z q be the component of the rastrlct.ed A which has highsst weight

(y +x + eo0 + Xgd ~ xq)/2 « The charqcters of K'Y and A (in the sense
of [l] paragraph 10,2) can easily be computed. We obtain

~ k! /2 - ./2 ¢
ch( A+) - ch(A7) = ey/2' l ‘(exi -0 ™ )
q q i=1

(©) v/2 T?T sinhxi/2

=X eee X o€
1 %2 q i 572

The universal qu—bundle_ T can be extended by A; and A; . We get elements

[ W X 2N

Let A2q be the mapping cylinder of f (see (5))+ Then we have the commutative
diagram of exact sequences
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*
2 » Baqt) K > KB ) 5 (K(By) = Klip))

o l o) chl

0 —-}H**(Az Byge1) — B (B )— B *(Byqr) =0

K(4

(rational cohomology) .

g A 3 is in the kernel of r* since by (6) the characters of the two
representations are equal when restrlcted to G gl « Thus there exists a
pq € K(.l\2q ’ 2q-1) with j( pq) Az ¥ - A 3 o This Pq is not uniquely
determined, however, by the diagram, ch ) is um.quely determined., Under the
negative transgression Hl (T* ’ Z) is mapped into HZ( T' ’ Q) 3 corresponding
elements are denoted by the same symbol. As usual H (B 2q ? ,3\) is regarded as
subring of H* (BT' ’ Q) « Over B, we have canonically a principal
S0(2q)~bundle 7y and a principal SO(Z)—bundle 5 which is an 3(1 )=bundle.
AN

Let ¢y be its first Chern class. Let qu be the Euler class of vq « Then

(6) goss over in

~ o c /2 A
(7) h(B] 3) = (AT ) =lpgee b WBl» )7

We observe that (5) is also associeted to vq and that w2q is the Euler
class of (5) and get by standard rules

(8) \q*(ecl/z'sf‘( vl ™) = anlp )

Kk sk '
where ¢ H (B2q , 3) —>H (1\.2q ’ qu a3 3) is the Thom=Gysin homomorphism

5.5. = In 5.3 (1) we looked for a certain (€ K(A , E) « This can now be
found as follows. Let © be a principal SO(Z)-bundle with characteristic class
c,(£) , i.e. ¢ (f) is the first Chern class.of $ 1f S is considered as
U(l )-bundle. The Whitney sum §@ » has vanishing second Stiefel-Whitney class
:nd jts structure group can therefore be lifted to qu , (where 2q is the
oodimension of Y in X). If we induce this qu-bu.ndle from the universal one,
we get > from (5q of 5.4« The proof of the RR-theorem 3.5 is now completed.

5464 = We still have to prove the RR-theorem 3.7. By the remark in 5.2 it
suffices to prove it for an imbedding f ¢ Y -»X, Y having in X a codimensim
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divisible by 8 , say codim = 8k . By assumption the second Stiefel-Whitney class

of the normal bundle of Y wvanishes. Its structure group can therefore be

lifted to Spin(8k) « Onec makes a universal conatmctlon similar to that in 5.4.
NN

If % 5 eeey Xy is a standard base of ' (T, Z) , T standard maximal torus
of SOf&k) » then we have for the spinor representations the formula
AN

sinhx, /2
9 C - oo ) i .
(9) h(A ) ch(A ) X x, X iidi —-J?i?g—

By a theorem of E. Cartan-Malcev (compare [1], paragraph 26.5 end), the two
spinor representations of Spin(gk) in U(24k' ) factor through So(24k -1
AN A

Now the procedure is as in 5.4, Let ¥V 4 denote here the canonical AS“(e\(iik)-

bundle over BSpin(Sk) « Let A 4k be the mapping cylinder of
AN

BSp:i.n(ak-l ) — BSpin(Bk) .
s e Y

Using (9) we arrive at a certain element /541( € KO(A ik ? BSpin(Bk—l)) whose
Chern character is under the Thom~Gysin honomorph:.sm the image of

u( v 4k) o This completes the proof @f the RR~theorem 3.7.
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