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1. INTRODUCTION AND THE MAIN RESULT.

The purpose of this article is to derive a multiplicative symbolic
calculus for left invariant zero order homogeneous pseudo-differential operators

on the Heisenberg group, H, . At the end, I shall indicate that the restriction

1
"zero order'" can be discarded and, with some obvious modifications so can
"homogeneity'". But, for the sake of clarity, I shall restrict the discussion

to operators appearing in my first sentence.

The simplest noncommutative nilpotent Lie group is the, so called,
Heisenberg group, Hl’ with underlying manifold HfB = {(xl,xz,t)} and with
the group law

Y- ox,x' D)

(1.1) (x,,%,,8) (x],x},t) = (x+x] , x tX) o, tet' v 2[x2x1 x5 .

2

(1.1) should be looked upon as the non abelian analogue of Euclidean trans-

lation on Ié’. Note that BT3= C X R and writing z = x1+ix2 the Heisenberg

group law can be written in the following symbolic form

(1.2) (z,t) (z',t") = (z+z',t+t' + 2 Im zz') .

Here (z,t) stands for (z,z,t) or (xl,xz,t). With this convention, I
shall continue using the notation (z,t) for points of € X IR . The unit
of H1 is (z,t) = (0,0) and

(z,8) 7Y = (-z,-t) .

[e)
Given functions, ¢,V € Co(nés) the H-convolution (Heisenberg

convolution) is usually defined by

(1.3) 9 *H Y(u) = I (p(v—1 u) ¥(v) av ,

R’

where u = (z,t), v = (w,s) and dv = dy1 dy2 ds, with w = y1+iy2 , is
3

Lebesgue measure on IR~ , Set

(1.4) Tul 9Cu) = 9luyu) .
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i.e. Tu is left translation with respect to u1 . Then
1
- -1
(1.5) I 9(v ! u2) W(ulv) dv = I o(v [uluz]) Y(v) dav ,
:m3 KQ
since d(u;1 v) = dv follows easily from the definition of the Heisenberg

translation. Thus one has

(1.6) (9%, (7, ) = (x,,(g*, ¥

In other words the convolution commutes with left translations on H1 , or

the H-convolution product is associative,
* * = * 3*
(1.7) g ¥y (WH X)) = (¥ W) ¥ x .

Now I am ready to introduce principal value convolution operators on H1 .
These are the analogues of Mikhlin-Calderon-Zygmund principal value convolution

operators on IR2 (or H{I, in general).

Let

(1.8) r(z,t) = (rz , rzt) , r>o0

denote the Heisenberg dilation. F 1is said to be H-homogeneous of degree
H if
m on 1 1

(1.9) f(rz,rzt) =r" f(z,t) , r>o0 .

Next one introduces a norm in H1 by

(1.10) | (z,t)]| = (]z|‘t N

’

which is H-homogeneous of degree 1. The distance, d(u,v), of the points

u,v € H, is defined to be

-1

(1.11) d(v,u) = d(u—1 v,0) = ]u V] .
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(o]
Suppose G € C (IQ\VD is H-homogeneous of degree v . Then G
is integrable near the origin if vy > -4, This article is mainly concerned

with convolution operators on H, , induced by functions which are H-homogeneous

1
of the critical degree, -4 .

o
1.12 Definition : Let F € C (353\0), H-homogeneous of degree -4, F is

said to have principal value zero if

(1.13) [ fdo=0 ,
d(u,0)=1

where do is the induced measure on the Heisenberg unit ball, d((z,t),0) = 1.

The basic result concerning principal value convolution operators

on H, is the following - see (3].

o)
1.14 Proposition : Let F € C (]f3\0), H-homogeneous of degree -4 with

principal value zero. Then F induces a '"principal value convolution operator',

given by

(1.15) F* 9w = Lim [ Fiv i) ¢(v) av
e~o d(u,v)>e

@
on functions ¢ € CO(BfB). F can be extented to a bounded operator

2 o2
(1.16) F:L (Hl) L (Hl) .

In particular, principal value convolution operators can be composed.

Furthermore, their composition yields another principal value convolution operator.

For the rest of this article I shall denote principal value convo-
lution operators by capital letters, F, G, etc.. and their composition, simply
b * G,

y F7,

3

N o]
The Euclidean Fourier transform, 9, of ¢ € CO(BI ) is given by

e—i<§,x>—iTt

(1.17) ¢(g,m) = | o(x,t) dx dt
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where X = (xl’xz)’ g = (gl’gz)’ dx = Xm dX2 and <§ x> = §1X1 + §2X2 .

Its inverse is

1 i<x,E>+itT A
S §&,m agar

(27) ]R3

(1.18) g(x,t) =

[se3
with dg = dgl d§2 .If FEC (I%B\Q), H-homogeneous of degree -4 with

A
vanishing principal value, then F exists as a tempered distribution.
Vol [o2]
Furthermore F(g,7) € C (H¥3\O) and H-homogeneous of degree zero ([1],[13]).
The following result can be found in [1],[7] and [13].

1.19 Proposition : Let F induce a left-invariant principal value convo-

lution operator on H, . Then F *H 9 has the following representation as

1
a pseudo-differential operator

(1.20) F *H ?(x,t) - (ZR)—B j ei<x,§>+it1

R

A A
. F(§1—2X T’§2+2X17:T) (P(g’-t) dg d7 ,

2

where ¢ € C:(]RB) .

The best known example of a left invariant principal value convo-
lution operator on H1 is induced by the singular Cauchy-Szeg8 kernel, S,
given by

1
(1.21) $(z,t) = e
.2 2 ,..2
7°(]z]%-it)
If H1 is viewed as the boundary of the generalized upper half-

plane, b = {Im z, > Izllz} € GZ, then s * ¢, ¢ € Lz(Hl) , is the projec-

tion of L2(H1) on to the boundary values of the Hardy space, Hz(lb, of
holomorphic functions of b, a simple calculation yields the Fourier trans-

A
form, S, of S, namely

1 g)?

2 27
2e ,T > 0,

(1.22) S(g,7) =

0 ,T <0
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Since S is a projection, one has

(1.23) S¥*¥ s=8, or S =5.

This does not follow from classical symbol multiplication, as can be seen

from
212 2
_Lg] _Ls
LT T
2e # 2e , T>0 .
Of course, one expects this, since left-invariant convolution opera-
tors on H do not, in general, commute, hence, there can be no commutative

1
symbolic calculus for them. It is useful to prove (1.23) by an explicit calcu-

lation because it yields the first clueto finding a multiplicative symbolic
calculus, given by infinite matrix symbols (Theorem 1.47), for such operators.

I shall carry out this calculation in section 3.

S turns out to be the simplest of a large number of "basic operators"
on H1 induced by Laguerre functions. Laguerre functions have already been
used in the study of the "twisted convolution'", or, equivalently, the

"Heisenberg convolution'", for several decades. More precisely, one defines

the generalized Laguerre polynomials, Lép) s kyp = 0,1,2,... via the
following generating function formula
- ( 1 -
i-
(1 .24) Z an) (x) Zn = ——+1 z N
n=0 (1—z)p
Then

1/2
(1.25) 1P (x) = [1%%1—15] /2L P ) /2

are known as the '""Laguerre functions", where x 2 O and p,n = 0,1,2,...

It is well known, that
(1.26) 1P, 1P, P,

is a complete orthonormal set of functions in Lz(O,m) for each p = 0,1,2,...

(see [15]).



XI.6

1.27 Definition : I define the exponential Laguerre functions, fip)(gl,gz),
on ]Rz by

~Mp) . k ,( 2, ipb
(1.28) £ e, = 20-0P (0F 4P ([g[? P
and

~(-p) )
(1.29) 8P ey - 5P .8
i6

where k,p = 0,1,2... and § = (§1,§2) = l§| e .

A
Suppose we are given F(&,7), H-homogeneous of degree 0O, i.e.
A 2 A
F(pg,p°7) = F(E,7) , (§,7) €EC X R .

A
The homogeneity permits us to write F as a direct sum of two functions
~

~
on (@, F+ for 7>0 and F for 7<0. Namely

wow B A ] - 8 () )

Vol 7l

where
"~ g 1
F( ’ -) if 7T>0
/ 2
A T
(1.31) F, = 2| 7]
0 ' if 7<0,
and
(0] if T>0
(1.32) F o=
i;(—g_:"-}z' if <0 .
V2]
In particular, one has, formally, the decomposition
(1.33) F=F ®F ,
-+ -
where
1 ©itT i A
(1.38) F_ (z,t) = I WAt gr j 16X g g€
3 +
(2n)” o 2 vl 7]

R
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and

o . . ~
(1.35) F (z,0) = —— [ " Tar [ 5® F_(__g__) i€
(27) - 2

with z = X1+iX2 . Thus Proposition 1,19 implies that

(1.36) F ¥ F =0 .

N
and F can be expanded in an exponential Laguerre series, namely, with

g = (g,8) ,

>
+

@©

(1.37) Fo=- 1 = £ 20 gy

p:—.m k=0 t ’k k

This expansion is unique, Given a function 8 = 8(@1,52) , I collect
the coefficients of its expansion in an exponential Laguerre series in the
form of an infinite matrix. As a matter os fact I define two infinite matrices,
E;(G) and 3_(8). First, 3+(8) can be written as a sum of matrices, each of

whose non zero elements occur in a single (sub -, or super-) diagonal. Thus

(138 £©® =...+2 2@ 3 P® i@ 2@ - EPB « ...,

where, if p = 0,1,2,...

(p) . (p) (alp)  alp) AP
(1.3 £P =aiag® @ , 6> , 8", ...,
) ~(p) . . . .
i.e. L+ is the matrix, whose p-th superdiagonal is
A(p) a(p) alp)

(1.40) (Go » Gy , G2 s eee)
and the rest of its elements are zero,
Similarly,

A-p) Ay _ s AM-p)  al-p) 2(-p)

£+ (G) = dlagp (GO s Gy » G, yeee)y

Al ~
i.e. ££ p)(G) is the matrix, whose p-th subdiagonal is
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(8(-p) A(-p)  2(-p)

(1'41) ) ’ 1 ) 2 H ")’

N A
and the rest of its elements vanish. Hence, in its usual form, £+(G) looks

like
a(o) a(l) 6(2) 6(3) L
o o o o
R A S S S S
(1.42) fg@ =) °
A(-2) ~(-1) ~(0) A (1)
Go G1 Gz G2 s
~(-3) A(-2) A(-1) a(o)
L_Go G1 G2 G3 ..'-
I note that the upper and lower induces of Gip) do not represent

the usual position as matrix elements. The upper index represents the sub-
or super- diagonal and the lower index its position in that diagonal. It

is not difficult to see that in the (i,j)-th position one has the element

A(j-i) .
(1.43) min(i,j)-1 i,j=1,2,...
A A IANPN
Now I define £ _(G) as the transpose of £ (G), i.e.
~ A
(1.44) I = @t .
1.45 Definition : Let F(z,t) € Cm(m x IR \O) be H-homogeneous of degree -4

A ®
with zero principal value. Equivalentlyj its Fourier transform F(g,7) € C (nf3\o)

AN
is H-homogeneous of degree O. I define the Laguerre matrix < (F) by
A N A ACA
(1.46) I(F) =L (F)YDELE (F) .

It turns out that the Laguerre matrix plays the same role for princi-
pal value convolution operators on H1 that is usually assigned to the classical
symbol of Mikhlin-Calderon-Zygmund operators on Kgl. More precisely, I shall

now state the main result of this article.
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[ee]
1.47 Theorem : Let F, G € C (CXR\O) be H-homogeneous of degree -4

with vanishing principal value. Then

~

(1.48) Sr* o1 =2 £& .

The proof is given in sections 2-6, I should point out that Theorem
1.47 works for left-invariant pseudo-differential (convolution) operators

with arbitrary homogeneity on H, . This remark will be used in section 7,

1
where I apply the Laguerre matrix calculus, i.e. (1.48), to "invert!" some

well known left-invariant differential operators on H including the

1 I
famous Hans Lewy operator. I shall also indicate how, in a rather natural
manner, the classical Mikhlin-Calderon-Sygmund calculus for principal value

. 2
convolution operators on @ = IR~ can be derived from theorem 1.47.

Finally, in section 8, I shall discuss some questions related to

Theorem 1.47 which I do not treat in this article.

2, THE TWISTED CONVOLUTION

In section 1 I introduced two representations of , one in terms

3*
H
of F(z,t) - see (1.3) and (1.15) - and another as a pseudo-differential ope-
rator induced by ﬁ(g,f) - see (1.20). In the proof of Theorem 1.47 it turns
out to be more convenient to use a third representation, namely the "twisted

~
convolution'" given in terms of F(z,T) , the partial Fourier transform of F

® . ~
with respect to t . Let ¢ € Co(Hl). I define ¢(w,?) by

[o0]

(2.1) G, m) = [ e

-0

-is?T gp(w,s) ds .

In particular

(2.2) 9(w,s) = 55 j eiST %XW,T) at .

pie o]

Introducing (2.2) for ¢ in F *H ¢ and integrating out the s variable

one obtains
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o]

(2.3) (F *H ¢) (z,t) = zin ‘j_'m ettt (; *:; 9 (z,7) daT
where
v VN ) W -z ~ ~
(2.4) (F *T (P) (Z,T) = —_1-§‘_l 0 eT(ZW ZW) F(Z—W,T) (P(W’T) dyl dyz
(2n) R

is the "twisted convolution" with parameter 7 € (-®,®), Here w = y1+iy2 .

I note that

~ ~ N
(2.5) (F* ¢ =F¥* 9
and

~ .
(2.6) Flz,) = —— [ % F,m ag .
(2n) R2
. . 7(p) ~(p) .

Using (2.6) we find £k from £k . More precisely, an elementary calcula-

tion yields

i0
2.7 Proposition : Let z = Izl e% and p,k = 0,1,2,... . Then

N T .
(2.8) £1£p)(z’7) - 2|n| JZl((p) (2|7] |2]3 ip® ,
and
(2.9) :ﬁvl((_p)(z,‘t) = z_l;rﬂ (_1)p Z‘((p) (ZIT”ZIZ) e—ipe .

To prove Theorem 1.47 we must show that
S rx oy -y i@
(2.10) +(F HG+)= L(FD) +(G+) ,
and that

(2.11) Trx el =L F)E@) .
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A
Expanding F and 8 in an exponential Laguerre series the proof of (2.10)

is reduced to showing that

[ee] x
1 itT Y(p) & (@ 1 itT Y(r)
(2.12) er e (.S:k 1 £m )(z,T) dT = z—rf e .Sln (z,7) d7 ,
o o
where the indices (p,k) , (q,m) and (r,n) are related via the matrix

multiplication of Theorem 1.47., Taking partial Fourier transforms in t of

both sides of (2.12), this is equivalent to showing that

(2.13) i @ g T
n

k T m

(2.11) is proved by a dual argument.

3(0)

3. THE ORTHOGONAL PROJECTIONS , K

, k=0,1,2,...

The derivation of (1.48) is based on two important properties of

the Eip) - s .,

A
(i) The £(o) - s are mutually orthogonal projections, and
k. b
. *(p)
(ii) the £k - s can be represented as left-invariant derivatives
A
of the Sio)- s.

(i) is derived in section 3 and (ii) in section 4, where, the composition

will be represented in the form of the twisted convolution, (2.4).

(4] ~o
3.1 Theorem : The operators £éo) *T , k = 0,1,2,... are mutually ortho-
gonal projections on LZ(BQZ), i.e.

E(o) g E(o) S E(o)
k m k

(3.2) . = S

for each fixed 7T & (-®,®), where 6km = 0 or 1 according to k #m or

K = m.
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Proof : We may assume that 7 # 0. Then
~ 2 - = 2
(3.3) Sl(co) -)? 5(0) - (Z'R_T) ‘r eT(ZW —ZW) e—lTllZ—le - lTllWl
:mz
: : i o Sy el
Lk(ZITllz—wl ) Lm(ZlTIle ) dy1 dy2 = nz J , e e

Lk(IX'YIz) Lm(lylz) dy, dy,

where w = y1+iy and we replaced ZITI zZ by £ =x +ix2 . Using the

2 1

generating function, (1.24), one has

[oo]
kK m 1 s t
(3.4) z Lk(x) Lm(y) s t = Ty &P {-x = -7 I:{} .
k,m=0
I shall calculate
() _ 5 20 o) k.m _ 2|7 10y -xy,) 1
. I = ¥ £ * £ t =
(3.5) s,t k,m=o k T m S n2 j ze (1-s) (1-1)
R
2 2
1 2 1 2 lx-yl s lyl t
exp{--z-|x vl -§lYI - Tis - T T Yy b, -
Now

2 (1 S 2 |1 t 1 (1+s) (1+t) 2 1 2
- - -t — - - — = e - - g =
Ixj le (2 1_5) lyjl (2 + 1_t) 2 2(1‘ -S._'t) XJ. 2 YJ- ’ \] 1,2 £
where I set

[ 2a-sty (Y2 1+s [ (1-5) (1-1) |1/2
Yi T T (-9 Yj 7 155 | 2(1-s0) o T

d
Finally

xy, -x,y_ = (xvy, -x7v) El:flil:zlll/z
271 172 21 1Y2 2(1-st) |

yields
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I(o) _ ZITI exp 4 1 (1+s) (1+t) lez 1
s,t 2 P72 2(i-s0) 2(1-st)

2 o 11/2
1 2, .| (1-s)(1-1t)
‘ﬂ I exp{}é v© ot i [_—EYT:EQT—; Xj Y} dy

J=1 -0

Replacing C =x +ix2 by Vlel z, we found

1
@ ~ A ® N
(3.6) z £éo) * E(O) Koo Séo) . (st)k ,
k ,m=o0 m k=0

which proves Theorem 3.1.

~n

~N 0~
4. CALCULATING £(® * .s:rle)

T o .
K WHEN >

H1 has Z,Z and T for a basis of its Lie Algebra of Left-invariant

vector fields, where

(4.1) Z=§;+iia% ’
(k.2) Z=3-iza%,
dz
(4.3) T
with the usual convention
(4.4) %:%(%‘i%)’;Z:%(a%*i%)‘

In (z,T) space I shall need the operators

~ d _
(4.5) Z,=5,-27,
N
(L.6) Z} = = + 2z T
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. 2 :
Given f,g € L"(C) one has the inner product

(4.7) (f,g) = j f(x) g(x) dx
2
R
~
The following result is a simple consequence of the definitions of zZ, and
s
K .
4.8 Proposition : (i) Z, and -ZT are mutually adjoint in LZ(G), i.e.
~ jd
(4.9) (z_, f,9) = (£, -Z_ 9)
.oy o(p) v(-p) - ihe i .
(ii) £k and £k are mutually adjoint *_ - convolution operators, i.e.
Y(p) 2 Y(-p) 37
(4.10) &P ¥ £, = (1, £ ¥ g
I shall derive the composition of the exponential Laguerre functions,
~(p) . v = ) i (o) .
£k s by representing them as ZT and —ZT derivatives of the £k - s. Since
~
the £;o)_ s induce orthogonal projections, they can be easily composed. For

this [ need a few simple properties of the generalized Laguerre polynomials,

L(p) (se [15]).

k
(&.11) L P () -1 =
. o x) = ’ p=0,1,2,...
LD if nz1,
n-1
d _(p) -

(4.12) = L (x) =

0] if n=0,
and
(4.13) LP (xy LDy o Dy

n n-1 n

(4.11), (4.12) and (4.13) can be derived from (1.24).
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4,14 Proposition : Let 7 > 0. Then

N,
Z (/2 glorD) if nz1,
(4.15) T K-l
. — £ - |
27 0] if k =0,
z
’v - - -

5T

where p,k = 0,1,2,...

4,17 Corollary : Again, T > O and p,k = 0,1,2,... . Then

(4.18) .'E"(p) _ | Te+1) 1/2 _ﬁ P 3,'(°)

. K ['(k+p+1) o K+p ,
and
(4.19) g-p) | (k1) /2 (2, £

. k T | Mk p+D) J—z-é K .

Here TI'(z) denotes the Gamma function,
(4.20) F(z) =J‘ e-t tz_l at
o

if Re z > 0. Note ['(n+1) =n !

.- . N 4 T(p) & .
Proof of Proposition 4.14 : Since z, , 2, and Lk ; commute with left

~ o ~
translations, it suffices to apply ZT and -ZT to the function ££p), i.e.

~n

N
we are permitted to set w = O in the kernel of the operator £ip) *1 .

Then

~ ~

1/2
¥ (p) ot [ D(ke1) = P
(h.21) F P - 2 |ty [T o
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d —tlz[® (p 2,) ov [Ty 1V2 = b -1]2?
(—5; - Z% (e Lo (2t B }) = % oD W2t 2)" e

/2 e ££?Il) if k21 ,
(p+1) 2
2T 2z Lkr_)1 (27]z]®) =
0 if k=0 ,
where I used (4.11) and (4.12). This proves (4.15).
Similarly
1/2 p
~ Y(-p) _ 2t | T(k+1) —_
(L.22) z, £k == [FTEIBITT] (V2T Z)

3 = ‘TIZIZ (p) , 2 27 | T'(k+1) 1/2 P -1[2]2
. (FZ - ZT) e Lk (ZT IZI ) = '; F_——(k+p+1) (/\/5—1': Z) e

(p+1)
k-1

-p-1)

. (-21 27(Lép)(27|z|2) + L (27]4]2)) = (keprny M2 VE?'Ei ,

where I used (4.12) and (4.13). This proves (4.16) and we have proved Proposition
Lo14,

Now the calculation of

= P _ ~
(23 EP & gla) ) Pled) Ve 2o\ o ¢ [ Dy 172 [ 2r) po
. k T m k+p+1 ’\/'2- k_+p T r(m+q+1) \’\/-2-:; m+q
is reduced to finding
A Z_ | ~ ~n Z
(4.2L) Eéo) *T(-—;i) and £éo) *T (—é;\
2T NCE
This can be done via transposition. Namely
v(o) 7 ¥ (o)
(4'25) (J:k W'T ZT f’g) = (f] "ZT £k0) -*T g)
B 1/2 = “(1) :J
= (f, k ,\/“T £k-—l T g)
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i.e. e
Zz (o) .
z — fy i k=
L n T T =
(4.26) g ¥ L. ﬁ V2
2T
(6] if k =
\
Similarly
o ~
zZ Z
N( ~ T T ~(0
o RR(E) (R
27T 27
Iterating this procedure we have derived
4 .28 Proposition : Let 7 >0 and p,k = 0,1,2,...
( ~
Z7\P ~(o) .
~ —_ £k-p if
~ [ Z.\P AN2T
(4.29) * -——) = T
2T
2 (0] if
and
= \p 2 \p
zZ Z
~Nio) WV T - "
(4.30) SRR RN N (o)
NCX V2T p

4,31 Theorem

(L.32)

and

(4.33)

Proof

1,

0]

. Then
kzp ,
k<p ,

Again, T > 0 and p,k,q,m = 0,1,2,... . Then

Using (4.23) and (4.30) we have

¢ (p+a) .
oy £k if pe¢k =m |,
g & fla) _
T m
0 if p+tk #m ,
£(—p-q) if gwm = k ,
§ep) g Pl _ "
T m
0 if g+m # k .
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(4.34) F) ¥ @) _ [(k+1) T(m+1) 1/2
. k T om I'(k+p+1) T'(m+q+1)
% p+q
T 30 )
,\/'2_1 k+p+q T m+q
( = | ptq
L) |72 [ 2\ 20 if m o= ks
Mk p+rq+1) ';é% k+p+q i = P,
=)
0 if m # k+p s
\

which yields (4.32) in view of (4.18). (4.33) follows from (4.32) by transpo-

sition. This proves Theorem 4.31.

Next we have the somewhat lengthier calculations of

(4.35) g(p) ¥ D and E(—p) Pt PACY

k T m k T m !

where p,q 2 0. First of all note that, if 7 > 0O
o~

Yp) M M- [ Teer) 12 [ 2\ %o
(4.36) xk * £m = [}TEISITT] -JE%, £k+p

v
& [ Lmen ]2 (2519 20
T | F(m+q+1) ;gi m

[ raen rmeny V2
" T (k+p+1) T (m+q+1)

S L (5 (O N i
| WeE| |Wer| KPR Toom

[T(k+1) T(ktp-qr1)]Y/2
T (k+p+1)

~ ~
Z_\P | Z_i4 o,
T T
(2 () i e

(0] if Kk+p # m+q
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~

Thus I must calculate Zg EE and %2 23 .
4,37 Lemma : Set
~ 1, ~ Moo
(4.38) DT = -3 (ZT ZT + ZT ZT)
Then for 7 > O ,
~ ( 2 1, ,(0) 2
(4.39) 8, (1 2r]2|?) = arme) 4.7 (27 [2]?
Proof : Explicitly one has
~ 32 3 - 2 2
(hho) O =-2—-7(s2-3 __)+ 122 =
- dz _
aZaZ Z
Hence
~ 2
(4.41) 0, ullal® = (7 o+ 21?2 P udel®
where
2 2
(4.42) A = _a_... + _a__
a2 ax2
1 2
Therefore
2
n ~-T
(h63) 8,80 (27]2]?) = 27 e 1217 Conlal? 1o (o7 [2]® -

2 2 1 2
+ (1-27]2]9) LA(ZTIZI ) - 3L (27]2]%) ]
Now formula (5.1.2) of [15], namely

(4. bb) yLU'(y) + (1-y) L!(y) + nL (y) =0 ,

yields Lemma 4.37.



XI.20

4,45 Lemma : Let s =1,2,... . Then

~ S,
446 (Zp 2204 (25]2]?) = (am) ARCLEPIO

s [(n+s+1)
fin+15

and
s ['(n+1)

2 .
(21) m zr(IO) (ZTIZI ) ifn=s P)

Gy 25 (2% (9 (a1]2]?) -

0] ifn<s,
as long as 7T > 0.
Proof : Note that
vV ~ Y ~ 1
(4.48) 2,2, =-2.Z_ +27T =0+ 5 (27) .
Therefore
jad ~
- 'VS N v Ns_1
Ly lg = ('thr) T
2 Ns-]

2oNEz, + s2)

2718 e .

Therefore a simple induction argument yields
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s ~ ~ - -
(4.49) (2% %5 = (2%t 2 @, + (D (2m)
n
- @, + 3(29)
o 3
(D’l’ + 5 (27))

@, + (s - D(2D)

Now (4.49) and Lemma (4.37) imply (4.46). Similarly

2.-2)% = (22, - 29 (2%

~ Y v x s5-2

= _zT(_szT - 2(21))(-21)
~ - Y o~

= (_zT)S ! (2,2, - s(27))
Y os-1 1

= (-2 @, - (s - 5) (27)).

Since

~ M ~ 1
22y =8 - 5(21) ’
by induction we have
NS Y .s ~ 1 .
(4.50) z)® (2% = B, - 3 (M)
3
(DT -3 (27))

at 1
@, - (s - é)(ZT)) ’
which, in view of Lemma 4.37, yields (4.47), and, hence, Lemma 4 45,

4,51 Theorem : Assume 7T > O
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(i) If k+p = m+q , then

Eip—q) if pzaq ,
(4.52) PRI
fip’Q) if p<gq
\
(ii) If k+p # m+q , then
(4.53) g &0

Proof : (i) If k+p = m+q and p =2 q then (4.36), (4.46) and (4.18)

yield

¥ & P _ L) Tlorp-grn) 172
k T m I'(k+p+1)

p-q

1\9 ¥ g v o)
2 B Gnin,

[ _raeny 12 Z2\PY 2o
T | Tkp-q+1) 3T k+p-q

IJNR

- £(p-a)
Kk

The case p = q follows by duality (transposition).
(ii) is a consequence of (4.36).

4 .54 Theorem : Again, T > O .

(i) Let m=k . Then

Y(p-q) .
£m£)qq if q=p ,
, Y(-q) 2 ¥(p) _
(4.55) £ A
~(p-q) . >
£k+p if q=zp
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(ii) If m # k, then

»\J( ~

_q) 3 £(P) —

(4.56) £m 7 S 0

Proof : Proceeding as in the proof of Theorem 4,51, one has

(4&.57)

“eq) ¥ Mp) [- C(mel) T(ke1) |Y/2
I3 P
m T I'(m+q+1) Frk+p+1z

~ X

ik R A L (O (O
:\/2_7 )\/2—1_ m+p T Kk+p

which vanishes if m#k, proving (4.56). If m=k and q2p, then

(- M E(p) _ I'(k+1)

(4.58) =
" ToK [I(k+q+1) [(k+p+1)]

1/2

; q-p
T 1 ~p e p v
-—-) z, (-z)" £

NG (2mP

_[raepeny ]2 [ 22]0P +(o)
iik+q+1) VE} k+p

(o)
k+p

¥(-La-pD)
£k+p ,

where I used (4.47) and (4.19). The case q < p follows by duality, which

proves Theorem 4.54,

5. PROOF OF THEOREM 1.47 WHEN T > O

According to (2.13) and the discussion leading up to it, all we

have to prove is that

N s ~) n
£ip) » Fl@ _ fo ’ 0

T m n
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where the indeces (p,k), (q,m) and (r,n) are related via the matrix multipli-
cation of Theorem 1,47, More precisely, (1.43) implies that, for 7 > O,

Theorem 1.47 is equivalent to the following result.

5.1 Theorem : Suppose 7T > 0. Let (i,j) and (k,L) denote matrix positions.
Then

Y(4-1) . .
£ =
% (j-i) N R(4-k) min(i,£)-1 e
(5.2) min(i,j)-1 T “min(k,£)-1 -
0 if ik .

Proof : Theorem 5.1 is simply the collection of the results of section 4.

There are four cases
(i) i<j, k<4. Then (4.32) is equivalent to

3G @ (4K

(5-2) = &5 % K
M(L-1) .
£i—1 if j =k
0 if j Ak

(ii) i>3j, k>4 . Then

L3l 0 3(-TeaaD

(5.2) j-1 v Y1
Y(4-i) A .
££_1 if k=3,
0 if kA G,

is just rephrasing (4.33).
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(iid) i<j , k>4 . Then

YG- g J-De-2])

(5.2) =407 M Iy
Y(4-1)
L i =
min(i,£4)-1 £ g =k,
0 if j Ak,
is the statement of Theorem 4.51. Finally,
(iv) i>j, k<4 . Then
_ wC-Li-3)) 2w
(5.2) =L, J e
Y(4-1i)
L j =
min(i,4)-1 it J =k,
0 if j Ak,

is equivalent to Theorem 4.54, This proves Theorem 5.1 and thus we have

proved Theorem 1.47 if 7 > O .

6. THE PROOF OF THEOREM 1.47 WHEN T < O

The proof is based on the following observation.
6.1 Lemma : For T # O one has

Yip) ¥ Ya) _ Y@ ¥ ¥(p)
£k * e £m B £m *T £k
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Proof of Lemma 6.1 : Substituting C( = z-w yields

~ ~ 2 - -
1) ¥ gl _ 2% [ T - Zw)
k -T m b4 9

R

1P 7] Jaw]® 8V 27| [w]? L awa o
B R C e
T 2
R
2 3 -—
£V 2]7] |z¢]® 4P 2|7l el L ag A ag
N g Y
- £m *T £k ’
which proves Lemma 6.1 .
Therefore
A(p) F(p) ¥ ~a) Y(@) _ alp) Al %(a) 3 Y(p)
F’!k £k *'lTI G'!m sm h F',k G_’m (£m *171 £k )
In other words,
(6.2) E(lF* 6l =1 () L (F)

Transposing both sides yields

n

PR E @)

-5 @) 2 EDT

il
a

~ A t
£ (lF* Gl1)]

£ ([r * 6l
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which is (2.11) . Thus we, finally, finished the proof of Theorem 1.47, the

‘main result of this article, and are ready to discuss examples.

7. EXAMPLES AND APPLICATIONS

I shall give three applications of the symbolic calculus, i.e.
Theorem 1.47 . The first two are concerned with well known left-invariant
differential operators on H1 , including the Hans Levy operator. Here I
discard the restriction that the symbol of the operator is homogeneous of
degree zero. For a third example I show that the Mikhlin-Calderon-Zygmund
operators on IR2 have a natural extension to H1 as left invariant prin-
cipal value convolution operators and the Mikhlin-Calderon-Zygmund (MCZ)

calculus is a consequence of Theorem 1.47 .

(1) The operators Da(£a in [3]) are defined by

1, = = .9
(7.1) o, = -é(zz + 2Z) + ia ST , a€aC ,
where
3 . =3 1,3 o
(7.2) Z = a—; + 1z a_t = 5(5_ -1 aT) + 1(X1—1X2) a—-{ ,

2

and Z 1is its complex conjugate - also see section 4. The symbol of Da ’

G(Da)’ is given by

(7.3) 6(@) = 1 [(gv2x, %+ (5, - 2, D2 - a7 .

Since I work on the Fourier transform side I introduce the notation

/‘\A/\
(7.4) F¥,9=F%9 ,
~nN DA X
where F * ¢ stands for the right hand side of (1.20). Then

HE N
(7.5) 0, f= | 7] (ET?T - a(sgn 7) * ¢
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Note, that

2
(7.6) L g ol

77 O~ afe] - (s D

is homogeneous of degree zero. An easy calculation yields

(7 7) 1 6 = Igl% a = ; (2k+1 < a) E(O)
) Tl "a,t L7 F o 7 K .
Consequently
~ 1 P .
(7.8) £i(T‘ET Da,+) = d1ag (1 7 a, 3 I a, 5 : a,.-.)
i.e.
A 1 n _ A 1 A A 1
(7.9) S By = £, (=7 6,0 ® £ (]?[ aa’_> ,
where
Fl - a O O oo 0
+
0 3 : a (0] ce e
(0] 0 5 -a coe

(7.10) f(]‘-l?[a y =

Therefore Theorem 1.47 implies
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7.11 Theorem : Da is invertible if and only if 2k + 1 la # 0, k = 0,1,2,.

In that case the inverse Laguerre matrix is

AA =1 ~A A _ AN -1
(7.12) [L@)H)1 =@ HIrelf @ )l ,
a +  a,t - o,-
where
A -1 1 1 1
. £ (O = i —_ —_—
(7.13) L t( aa:)] {71 diag (1;(1 , B;a"") ,
and, consequently
1 T 1 2(0)
- A - Ao
(7.14) (Da ) = T?T Y (2k+l-a(sgn 7)) £k .
k=0
Remark : For other results concerning Da the reader should consult
(2], (3], [7) ana (8].
. . . . . . . = ) . 0
(2) A more interesting application is the "inversion" of -Z = -— + iz 5t
oz

z is the Hans Lewy operator ([10]). A convenient way of calculating its

Laguerre matrix is to write it as follows

- A -
2, 9 = '21(1 *T )
N
Y(o), ¥ v
=-Z (5 £%) * ¢

]
N
=
™ 8
3
[N
)
[N
N
*
a P
€

Ao,

where I used (4.15) if 7 > 0 and a similar procedure if 7 < O, Therefore

0 Mo 0 ]
0 0 M2 o .
A A —
(7.15) £ (-2 = 2|1 0O 0 o 3




XI.30

(7.16) - £ (z) =08 z)p1t
and

A D n 2 A2
(7.17) L(-z)y =& (-z) &< (-z) .
Setting

r oO- O (0] (0] . . . =
j% 0] (0] 0] . . .
0] j%- 0] 0 . . .

(7.18) W=

. . . . J
and
~ /\t
(7.19) W= W+ ,
one has
PPN ~ A (1,1)
(7.20) £(-2) (w; ®w) = I, ® (-1 )
where I is the identity matrix and 1(1’1) is the matrix with 1 in the (1,1)

(1,1)

position and zeros everywhere else. Thus 1 represents for 7T < O.

£(0)
o

Now, Theorem 1.47 yields

7.21 Theorem : Set

N
(7.22) W = p

V2] 7] kK=o ki1 K )

Then

(7.23) -ZW =1 -C ,
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where
2
- T
A 2e l%l /Ql I if T <O
C =
0 if T>0
Remark : A simple calculation yields
1
(7.24) C = ————,

nz(lz|2+it)2

i.e. the Cauchy - SzegB (singular) projection on to the boundary values of
the Hardy space of antiholomorphic functions on the generalized upper half-

plane in ¢2 .

o
(3) Consider a Mikhlin - Calderon - Zygmund operator on IR = @ induced by
a homogeneous function f of degree -2, whose symbol, §\= G(f), has the

following Fourier series expansion

© fk © .g_k
(7.25) off) = ¥ a —-—=2—+ % b —=2—
ko < |g|® w1 K |gl* ]

where ( = € = §1 + i§2 . I shall extend it to a left-invariant principal

value convolution operator on H, . Since

1
A

(7.26) ¢=Ll-2izl, _ .
and
(7.27) £=C2i2), _,
€ and .E can be extended to
(7.28) E(Q) = -2i Z ,
and
(7.29) E(Q) = -2i Z
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I also extend gk by

(7.30)

B(C) = [(-2i 251"

kK =1,2,3,...

’

.. -k
and similarly for E(g ) . It is easy to see that

1lim
T—0

(7.31)

This also holds for E(Ek). As for

k

B(C)

lc], 1 note that

(7.32) 212 = al7] €l
. 5T
[o-] A 2
= 47| T (2k+1) glo (l—?-l—r) .
k 2|7
k=0
. o) s
Using the fact that £, - s are orthogonal projections, a
reasonable definition of the extension, E(Iglk), of lCIk is given by
k k/2A
(7.33) B(c]" = Leo)¥21%
k = O,tl,tz,..., where
k/21A koo k/2 2(0) Jcl?
(7.34) L )™ 7] @/]Th* = (2ne)¥F £ ()
k=0
Do already occurs in example (1) of this section. Recall the formula
1 - t dt
~ - o -s
(7-3)) S ——m'y‘rot e —{ ,a>0
For k =1,2,... I write
- n - - T
(7.36) L(uo YK/ZJA = X — ] sk/2 1. (2n+1)s ds £ °)
© n=o F(E) "o n
2
[ee]
- 1 P Sk/z—l l IZ

J

k
F(é) o

ds
exp{—i%?T tanh (QlTls)} EggﬁTKT?TET

’
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where I used (1.24) to carry out the summation. The last integral in (7.36)

permits one to take the limit as 7T - O and yields.

7.37 Proposition : Let k =1,2,3,... . Then
(7.38) [ y¥2re (@0
and
(7.39) vim (0 T2 [¢]™ ir ¢ 4o

T0
7.40 Corollary : Set

k -k -k/24A

(7.41) E(-Q——) = [(-2i )" (uO) ]

|k °
Then

k 1 .ke
(7.42) lim E(—Q—E) = et , k=0,1,2,... ,
o \|¢]

and, replacing Z by Z in (7.41), one has

—k .
(7.43) lim E —Q-E R 1,2,... ,
™o \|¢]

where ( = IC! eie .

Since the reader is, by now, probably lost in the technicalities,
let me state again, that the purpose of the present discussion is to derive

the following formula

: A . .
(7.44) 1im [E(eiP®) ¥ p(ela® 1t . i(pra)e
T-0

which is the Mikhlin - Calderon - Zygmund calculus on ]R2 . To derive (7.4L)

I need a result on the behaviour of the Laguerre series for large argument.
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7.45 Proposition : Let p = 0, 1, =2,... . Let
(7.46) a =14+, oLy
n n 2
n
where c¢(p) is independent of n = 1,2,3,... . Then
) i
(7.47) 1lim = a p = ( -1 sgn p)p lpe .
n n
T-0 n=1 .
Proof : Using the integral formula of (7.36) the following limits can be
evaluated with no difficulty.
S Ok (p)
(7.48) lim2 % 5 X2 p/2 Lo =1,
x—0 n=o (n+1)p
and
. (-»" (
(7.49) lim 2 % - e7X/2 (P/2 an) (x) =0 .

(n+1)p72+1

X~ n=o

This proves (7.47) if a = 1+ Cﬁf). Note that

(7.50) lim xP/2 e'x/z

X ~60

( ) =0 ,

for each individual n = 0,1,2,... . Therefore to prove Proposition 7.45

it suffices to prove the following Lemma.

7.51 Lemma : Assume a = 0(:%). Then
n
(7.52) lim I a (-n" (p)(x) =0

x— n=1

Proof of Lemma 7.51 : Recall the Hankel transform of the Laguerre functions
n 1
(7.53) (-1) zip)(x) =3 f (p)(y) I, GRY)ay

o
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where Jp is the standard Bessel function.

Suppose p=0. Using Schwartz's inequality and the boundedness of Jo , one

has
e n ,(o) 2 z 1 > 1 e (o) 2
(7 .54) |2 a (-0 2 x)] < ¢ o(5) T ol (2 %7 (y)1° ay
n=N n=N n n=N n o n
> 1
< (T o(=)
n=N n2

By choosing N sufficiently large, (7.54) can be made arbitrarily small.

Next choosing x sufficiently large

™M=z

a (-n)" P (0
1 n n

n
can also be made arbitrarily small. This proves (7.52) when p = O. A similar
argument yields Lemma 7.51 for arbitrary p . Thus we proved Lemma 7.51 and,

hence, Proposition 7.45,

Now I am ready to derive (7.44)., Thus, if p,q 2 0, then

D= laizpP @D = (eneny P2 519

n=o

. A\ .
(7.55) [B(e'P®) * g(e!9%)]

¥ oLe2i 2p% @A™ £ (2r e 0Y2 ) o (ot ZHP (B o[ P

L=0
® - ~N
. Z (2n+1) p/2 £(°)
- n+q
n=o
3; 5 (20+1) V2 E£°)
4=0

I

_ ;Pra ,(1/2)(p+a) (_ 21 )p+q

] Vol
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@

.S (2ne1) P72 (olniqlen) V2 Eﬁf)

n=o 1

_ {P*a 2@+2XP+Q) 5 (2n+1)-p/2 (2[n+q]+1)—q/2
n=p

L(n+q) (n+q-1) ... (n"p+1)]1/2 fﬁ?;q)

1]

;P 5 (1 . c(pn,q) . O(_lé)‘ F(p+a)

n=p n n-p

Therefore, according to Proposition 7.45, I have derived (7.44).
This calculation, of course, works for arbitrary p and q . Extending
by linearity, I have obtained the classical Mikhlin - Calderon - Zygmund

r~
calculus. To state it, let me recall (7.4), the definition of ¥, namely
N NOA
F*G=F*HG

7.56 Theorem : (M.C.Z.) Let f and g induce principal value convolu-

tion operators on 'Rz . Then

(7.57) 1im [B() * 5] =78
T—0

To come full circle, Proposition 7.45 implies the following result.

7.58 Theorem : Let F induce a principal value convolution operator on

AN N AN
H1 with Laguerre matrix £(F) = 3+(§+) ® L (F) . Then §(7=O) = §+(T=O) = F (7T=0)

has the following expansion in a Fourier series

A - (-ip? o (iD)¢
- 1
(7.59) F(r=0) = T a -—iég- £ T b e ,
p=o lc] q=1 [

where
(7.60) a = lim ﬁ(p) p=20 ,

p .. t,K

K*EUV
AN

(7.61) b= lim B D , 4> 0

q “ ok
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7.62 Remark : Suppose we consider the "diagonals'" of the Laguerre matrix

1
as the analogues of the exponentials in a Fourier series on S - this makes
sense in view of Theorem 7.58. Then, by summing the Fourier series one obtains
a symbol on ]Rz, and by summing the Laguerre diagonals one obtains the

Laguerre '"symbol" (matrix) on Hl . This confirms, heuristically, the idea

proposed in this article, that the Laguerre matrix calculus on H1 replaces
the classical calculus of symbols on ]Rz.
7.63 Remark : I defined the extension operator, E, by
3 A /\ . . 0 0
(i) E(f) = F for some F, which induces a principal value convolu-
tion operator on Hl’ and
A N
(ii) 1lim E(f) = f ,
T—0
. L. . 2 .
where f induces a principal value convolution operator on 1R . E 1s not

defined uniquely by (i) and (ii) and in example (3) I made a particular choice
that I found convenient. Actually f can have arbitrary homogeneity and then

E(g) has the same H-homogeneity. A similar extension operator was used in [4]

and [5] to generalize the results of [6] - also note example (2) in section 7

of this article - to some left-invariant homogeneous differential operators

on H .
n

8. FINAL COMMENTS

There is a great deal of work to be done to make the '"Laguerre
calculus" into an effective working tool of analysis. To begin with, (i)
Theorem 1.47 should be extended to Hn , 1i.e. to arbitrary dimensional
Heisenberg groups with general positive definite Levi forms (see [1]), (ii)
a calculus is needed to invert Laguerre matrices, and (iii) properties of
the symbol should be characterized by its exponential Laguerre series and
vice-versa., Then all this should be transplanted to manifolds - some of this

can already be found in L1l.
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Next one should include elliptic symbols in the Laguerre calculus,
This will allow a more systematic treatment of some non-elliptic boundary
value problems, e.g. the S;Neumann problem on strongly pseudo-convex domains,
Bergmann kernels, etc. All of this will certainly take a great deal of time

and effort. I shall return to these questions in future publications.
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