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1 Introduction

When a shock wave produced by an explosion or by a fast flying projectile hits an
obstacle, the reflection of shock waves occurs. To determine the place of the reflected shock
front and the flow field behind the shock is the main subject, which we are going to study.

If the shock front and the surface of the obstacle are planes parallel to each other, and
the shock moves towards the obstacle with constant velocity, then the reflection problem
has been solved by Courant and Friedrichs in [1]. Later, in the two dimensional case
(steady flow in two dimensional case or unsteady flow in one space dimensional case),
this problem was solved locally by Gu Chaohao and others (see [2],[3]). However, in the
case with more independent variables, such problem is still open. Recently, by means of
microlocal analysis A. Majda [4,5] and G. Métivier [6] studied problems on local existence
of shock front solution and interaction of two shocks for the system of conservation laws.
On the basis of these works we are able to deal with the problem on reflection of shock
waves.

Our main purpose in this paper is to prove the local existence of the solution for the
problem on reflection of shock waves in multi-dimensional case. First, we formulate the
original problem as a Goursat problem for the system of conservation laws with one free
boundary and another fixed characteristic boundary. Then after reducing it to a nonlinear
Goursat problem with two fixed boundary we find an asymptotic solution. Finally, by
Newton’s iteration we establish a convergent sequence, and the limit offers a solution
for the nonlinear problem. At each step including determination of the first term in the

sequence we need to solve a linearized Goursat problem and derive corresponding estimates.
The details are referred to [10].

2 Formulation

Let us consider the reflection of shock front for inviscid unsteady flow. For the nota-

tional simplicity we only consider the case of space-dimension 2. The system of conservation
laws is

0 ; 17) r 2 7] "
pu p+pu puv
2.1 _— — —_— =
(2.1) at pv t 5z puv + dy p+ pv? 0
ple+ 34%) pu(i + 34°) pv(i + 39%)

where (u,v) are the components of velocity, ¢> = u? + v2, p,p, e, represent pressure,
density, inner energy, enthalpy respectively. On the shock front the following Rankine-
Hugoniot conditions must be satisfied :

p u [ pv
pu p+pu puv
2.2 - =
ple + %qz) pu(? + %qz) I.pv(i + -;—qz)

where z = 9(t,y) is the equation of shock front and | ] represents the jump of correspond-
ing quantity across the shock front. For the rigid wall as a fixed boundary, the boundary
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condition is
(2.3) ngu + nyv = 0.

where (nz,ny) is the normal direction of the boundary. Let ¥ be a given surface of obstacle,
S be an incident shock front. Suppose that the flow ahead of S is static and we know the
motion of the shock wave in the case when the obstacle is absent (e.g. an explosive shock
wave moves into static flow). At ¢ = 0, S meets ¥ at point 0, then for ¢ > 0 the reflection
of shock wave occurs. Now we are going to determine the reflected shock front ¢t > 0 and
the flow field behind the reflected shock front.

We choose the coordinates such that point 0 is the origin, the equation of & is z = ¢(y),
where p(y) is of C° and ©(0) = ©’(0) =0, ©(y) < 0. The equation of S is z = x(¢,y) on
the left side and the right side the parameters of flow field are u,, vq, pa, pa and up, vy, Ppos
respectively. Since the incident shock front for Euler system is an extreme shock front,
then the appearence of ¥ will not influence the motion of S and change the flow field until
it meets S. The intersection ¥ N S can be determined by the equation z = p(y) and
z = x(t,y), we denote it as

z=p(y)
(2.4) a{ L= 0(y)

Denoting the equation of the reflected shock front 81 issued from o by z = Y(t,y), the
expected solution of (2.1) can be written as "

Uelt,z,y) , w(y) <z <9(ty)
UO(t,z, y) y T > "/)(ta y)

(2.5) U(t,z,y) = {

where U is the abbreviation of (u,v,p, p). Our result in the paper is :

Theorem.— Suppose that the problem on reflection of shock front is formulated as
above, p(y), x(t,y),Ua(t, z,v),Us(t,z,y) are C™ smooth, then there exist C* function
Y(t,y) and U.(t,z,y) near the origin, such that U.(t,z,y) satisfies (2.1) in ¢(y) < z <
Y(t,y), (2.2) on z = (t,y) and (2.3) on z = p(y).



3 Orientation.

We view the reflection problem as a nonlinear Goursat problem with one characteristic
boundary and another non-characteristic free boundary. On the edge o, by freezing our
problem at a point we can find the parameters of the flow field on ¢ behind the reflected
shock front and the slope of the shock front at each point on 0. In this stage we use the
known results on reflection of plane shock wave with constant velocity attacking a plane
wall, the relative formula and computation can be found in [1].

By a coordinate transformation

(3.1) t'=t-0(y),z=z,y =y

the edge o will be placed on ¢ = 0. Then by another coordinate transformation

N 2 =l )
¥(t,y) — (y)
(3.2) L CY) Bk
27 0(ty) — o(y)
y=y

the problem is reduced to a new nonlinear Goursat problem with two fixed boundary. The
image of ¥ is z; = 0 which is still a characteristic boundary, and the image of S is z, =0,
which is non characteristic. Here we notice

a(xlax2’y) — _ -1

it means the transformation (3.2) is non singular.
The nonlinear problem now has the form

oU oU oU
A(U’¢)5$—1+B(U’¢)5$_2+Q(U,¢)—a—y—:0’ .’B1>0,$2>0;

(3.3) LU =0, z,=0;

F(zlay7U1¢1V¢):01 $2=0; ¢(O,y)=0'

The linearization of (3.3) is

A86U 8 6U 06U

B _ = , 0, >0;
dz; * oz, e Ay F om0,
(3.4) LéU=0 , z,=0;
26 a6
p%+97}+h5¢+mw=g , z2=0; 69(0,y) =0.
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The boundary z; = 0 is characteristic and it can be embedded in a family of characteristic
surfaces. The boundary zo; = 0 is noncharacteristic one, satisfying uniform Lopatinski
conditions (see [4]).
Next our main steps are :
1) Obtain the existence of solution for the linearized problem (3.4) and establish corre-
sponding energy estimates.
2) Find same asymptotic solutions of nonlinear problem (3.3)
3) Using Newton’s iteration scheme to construct a convergent sequence of approximate
solutions, the limit of the sequence is the solution of (3.3).

4 Discussion on the linearized problem

The existence of solution for the linearized problem is valid according to [7-9]. In
order to improve the smoothness and establish the energy estimates we introduce some
notations as follows :

z = (z1,22,Y)
Qr ={X/z1 > 0;23 >0; z, +z2 < T}
wr ={(t,y)/0<t< T}
V = (2104,,9s,,8,) ; D=a,,
a=(az,0z,,0y) ; B=(Bz,,Bz,,Py)
7= (%)
L (Qr) = {u/(z1 + z2) v € L2(Q7)}
Li(wr) = {f/t7f € L*(wr)}
H*(Qr) = {u/VPD%u e L",{_ﬂ”_,(ﬂrp), s+|B8|<r+k,s<r}
BX(r) = () HY* ¥ (ar)

k
"Sf

H}(wr) = {f/0"f € L} _,,(wr), || < k}

1/2
Ul grxap = > )‘2('+k_a—|ﬂn||VﬂD8U”L§_ _
A e +1BI<k+r Paz=e
o<r
1/2

Ul Bx(ar) = > ||U”§I;""2'(ﬂr)
r<k/2

1/2

1l omy = | D A2ED071)3,
lyI<k "

X4



Next we are concentrating on establishing the energy estimates. The expected estimate is
(4.1)

1 2
AII6U‘l?3’;+%(ﬂT) + ||5U||§1§(W) + ||5¢H§,§:;(w) <C (X”f”zB';_%(nT) + ”g”H;g(wT)) :

To establish the desired estimate we use :
a) Transformation of independent variables and unknown functions :

t=z; + z3,
z
4.2 ] 0= ’
(4-2) J T +
Y=Y,

u(zy,z3,y) — Jau(t, 8, y) = t 2 u(th, (1 - 6),y),
I a
p(t,y) = Jrae(t,y) = t7p(t,y).

b) Dyadic partition of unity :

u’(t, 6, y) = ZUj(t,o, y) = Zx(2jt)u(t,0, y)’
o(ty) =Y p;lty) =D x(2)e(t,v),

(4.4)
where x € C°(R ), suppx C (1,2) and Zx(277¢t) = 1.
c¢) Dilation :

ai(t,0,y) = 2~ $u;(277¢,0,p),

(4.5) X )

Bi(t,y) =27 %p;(277t,y).
After these procedure the original estimate is reduced to an estimate of regular Sobolev
norm (without special weight (z; + z3)~! or t~?) of solution for an initial boundary
value problem in the domain {0 < # < 1,1 < t < 1} with normal size. Since the
domain is away from ¢t = 0, we do not need worry about degeneracy of the system
on t = 0 any more. Meanwhile, we notice that the boundary 8 = 0 is characteristic,
and the boundary 6 = 1 is noncharacteristic, on the later the uniform Lopatinski
condition is satisfied. By using another partition of unity with respect to 8 € (0,1),
we can separate the estimate near the boundary § = 0 and § = 1. Near 0§ = 1 we
use Majda’s result in [4], and near § = O we use the theory of symmetric hyperbolic
system.
Let us give more explanation on the estimate near § = 0. Near this boundary the

estimate (4.1) after transformation a) - ¢) becomes

C
2 !
(4.6 Nulds < SIZulap,

X-5



where u is supported in % <t<1,0< 6 < 0 with g < 1, L' is a slight modification of
L, it is still a symmetric hyperbolic operator, and

1/2

lellgs, =D D N=*-Ifhvepiy|i,

> k |BI<k-2
<k-2r
rsf b<r

By a standard procedure as acting tangential operators on the both sides of the system and
integrating by parts, it is easy to have an estimate for |u| ;0,x. Next we are going to show
A

that starting from the estimate for ||ul| go;t We can obtain the estimate for [lull BY,, - With-

out loss of generality we take A = 1 and write the system by a coordinate transformation
as

ou Ju du
4.7 — - —
(4.7) | Aoat-l-Ala +Az‘9 + Bu = f,
R O . . . . irpe
where Agp > 0, A; = 0 0 with R being a nonsingular matrix. Splitting u as (uq,us)

corresponding to the block form of A; we have

Oua Ju ou
(49) e = 27 (fu = (o)a e - (Aa)a 22— Bua),
duy du,
(4.9) (Ao)bbw + (Az)bb—y' + Bpyup = fo — (Ao)ba. (A2)ba 5y Biatig,

where the subscripts a,b indicate the corresponding blocks. Differentiating (4.9) with
respect to z implies

B(ub)x

(4.10) | (Ao)ss + (Az)bp + Byy(us) s = Fp.

d(Us)=

dy
Now since we have obtained an estimate for ||u||go,x, from (4.8) we know ||u,|| g1.5-1, then
from (4.10) we can obtain the estimate for ||(up)z| go.x-2, and ||up| g1.x-2 as well. Using
(4.8) and (4.10) alternatively the estimate for ||u||gx can be obtained.

We mention that in the linearized system (3.4), the coefficients depend on U, . There-
fore, even for obtaining the estimate ||6U|| go,x , we still need to check how much derivatives
of U and ¢ are involved. In order to sketch that let us denote 6U by u and assume that
all coefficients depend only on U, because the dependency of all coefficients on 1 does not
cause more trouble. Usually, when we estimate ||V;, ...V,, ul[12 with V. being tangential
differential operator, we need to control the term || [Vy, ... Vs, , L] u|| 2. However, it is pos-
sible that in the expression [V, ...V,,, L] u there will appear non-tangential derivatives of
u now. So we neeed to use the following facts to get rid of the difficulty.
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1. We split u to (uq,us) as above, the nontangential derivatives of u, can be expressed
by tangential ones of u.

2. If M is a tangential differential operator with coefficients depending on U € B k. then
we have

(4.11) Vor - Vo M=) Y Coyouryom,

r<sTi...Tr

where Cy,...5,r,...r, cal be expressed as :

r

g-form : ¢7i=% Vo ... Ve _ Dy with g2} . depending on U and tangential derivatives up
to (s — r + 1) ~** order.

or

p-form : pR--% V...V, with pt % depending on v and its derivatives up to (s —r +
2)_“‘ order, including at most once in non tangential direction.

Alternatively using g-form or p-form of the expression Co, .o, r..r, for the case
r < £orr > % we can obtain ||[Vo,...Vo,,M]ul| < C(|U]||p+).|lullpx which leads
Vo, - - Vo,, L]u|| < C(||V||B*)-||lullpx- Remember that ||6U||gx can be controlled by
16U || go.x , we are successful in estimating ||6U|| go,x, and then ||6U||gx.

IS

5 Treatment on nonlinearity.

As we showed in paragraph 3, first we look for asymptotic solutions for the nonlinear
problem (3.3). The first asymptotic solution is Uy = V (y), Yo = 7(y)t, where V (y),7(y)
satisfy
LV(y)=0

(51) F(0,4,V (3),0,7(y)) = 0.

In fact, V(y),7(y)t are the solution for the frozen problem at each point on o. Define
U;,; successively by

LoVj = —L(Uj,95)U;
(5.2) Fo(Vi,x;) = —F(U;,%;
{ of J’XJ)— (Uj»¥5),
Xjlt=0o =0

Ujr1 =U; +V;,
Yiv1 = Xj +¥;.

where oV oV
LoV; = A(Uo, o) 5;% + B(Uo, o) 51':—];,

oY
Fo(V3,x3) = p(Uo, o) 52 + h(Uo, Yo)x; + m(Uo, o)V,
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we can verify

L(UJ‘,’(JJ]')U,' = 0((551 + $2)j)
(5.3) F(Ujy ;) = o)
LU;=0.

For large j the right side of (5.3) has bounded Sobolev norm with weight (z; + z2)™! or
t=*~1, Fix 7, set (U®,4) = (U is¥;). By Newton’s iteration scheme we construct a
sequence {U", (™} as

(L(U™, Py (n+D) = —L(U™, M)y ©),
ewr+l) = g,
{ Foo (™ (W(n+l)’0(n+l)) = —?(U(n)a¢(n)) + FU(n) ypin) (W(n)a 0(n))’

0(n+l)|t=o =0,
U(n+1) —_ U(O) + W(n+l),

(5.4)

[ p(n+1) = 4(0) 4 g(n+1)

Regarding the process from (U (™), (™) to (U (n+1) 4(n+1)) as a map 7, we can prove the
map is an inner map in the set
(5.5)

WXk,T = {(U, '/))’U € B,'\c.’.i_(nT)) lel:n:O =0 ’ Ulzz=0 € Hf(wr)"/) € Hfi:(wT)} ’

if T is small, A is large and k > 10. Moreover, 7 is contractive for a weaker norm. Thus
the sequence {(U(™), (™)} is convergent, and the limit offers a solution for the nonlinear
problem.

6 Remarks.

Remark 1.

In paragraph 2 we assume that the motion of the shock wave is known, if the obstacle
does not appear. This assumption can be relaxed. We appreciate that G. Métivier gives a
good comment on that.

Remark 2.

Our discussion is also available for reflection of shock front for inviscid steady flow in
three dimensional case. The conclusion is : if the frozen problem at some point on the
intersection of the shock and the obstacle has a solution, then the reflection problem in
three dimensional space can also be solved locally near the given point.
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