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Wave packets techniques

Nicolas Lerner�

�� Introduction

We give here a short summary of a detailed article to appear ��L���� We are interested in proving some

energy estimates for L � Dt 	 iQ�t�
 where t is one real variable
 iDt � ���t and Q�t� is a self�adjoint

operator on H � L��IRn
x�� We look for estimates of the following type�

�
��� CkDtu	 iQ�t�ukL��IR�H� � kukL��IR�H��

for u � C�
� �IR�H� and a controlled constant C� The estimate �
��� yields solvability properties for the

adjoint operator L� � When Q�t� � q�t� x�Dx� is a classical pseudo�di�erential operator of order one with

real�valued symbol q�t� x� ��
 condition ��� for � � iq�t� x� �� means that

�
��� q�t� x� �� 	 
 and s 	 t �� q�s� x� �� � 
�

It was conjectured in the early seventies by Nirenberg and Treves that condition �
��� is equivalent to

solvability of �
�t 	 Q�t�� It is known that this condition is necessary for solvability to hold ��H���� On

the other hand condition �
��� implies �
��� for di�erential operators ��NT�
 �BF�
 �H��� and also if the

total dimension is two ��L��� or in various special cases ��L��
 �H���� One can note that in all these cases


condition ��� implies �optimal� solvability
 that is the estimate �
���
 yielding Hs�orderL�� solutions for

equations L�u � f with f � Hs� It was proved in �L�� that �
��� does not imply �
��� � one should not

expect solvability in its optimal version expressed by �
��� as a consequence of the geometric condition �
����

Dencker ��D��� was able to prove that the non optimally solvable examples of �L�� were solvable in H��

�see also �D���� To sum�up one could say
 leaving aside the important and complete results on di�erential

operators


� Condition ��� is necessary for solvability of principal type pseudo�di�erential operators�

� Contrarily to various claims �published from ���� to �����
 ��� does not imply optimal solvability�

� The su�ciency of ��� for solvability is an open problem�

Anyhow
 our goal here is to prove �
��� and it is therefore natural to assume a strengthened version of

�
���� In this situation
 the ordinary di�erential equation Dt	 iq�t� x� �� with parameters �x� �� is the �wave

packet� version of the pseudo�di�erential equation Dt	 iq�t� x�Dx� �see �CF�
 �Un��� In particular
 it is easy

to see that the good multiplier for the ODE is the sign s�t� x� �� of q�t� x� ��� If properly de�ned
 using �
���


this sign function is non�decreasing with t� we can then study energy identities coming from the expression

�
��� �Re hDt��t� x� �� 	 iq�t� x� ���� i s�t� x� ���iL��IRt��

� University of Rennes and Institut Universitaire de France

�



Our �rst idea will be to quantify the previous energy identity in such a way that the operator with the very

irregular symbol s�t� x� �� is still L��IRn
x� bounded� Of course
 neither the ordinary nor the Weyl quantization

will do such a job
 and we resort to the �Wick� quantization
 which amounts to take a Gaussian regularization

prior to a Weyl quantization � this method relies on a decomposition of our operator into an integral of rank�

one projections
 whose range are the so�called coherent states �see �Be�
 �La�
 �L���� We shall denote by sWick

the Wick quantization of s� This quantization is non�negative
 that is associates to a non�negative symbol a

non�negative operator �this fails to be true for the Weyl or the ordinary quantization�� Moreover this Wick

quantization
 whose precise de�nition is given in section � below
 is close enough to the ordinary quantization

to be useful� Namely
 if q is a �rst order symbol and qw its Weyl quantization
 the di�erence qw � qWick

is L� bounded� We need then to estimate from below the selfadjoint part of q�t� x� ��ws�t� x� ��Wick and to

check what remains of the simple equality q�t� x� ��s�t� x� �� � jq�t� x� ��j�

We develop two di�erent methods for this purpose� The �rst one was given recently in �L��
 and

amounts to investigate closely the composition formula qWicksWick and to extract the principal symbol in

the Wick quantization of this product of operators� The second one is more elaborate and uses various tools

of microlocal analysis to study the same product of operators � we construct a metric linked to the symbol

q�t� �� �� under scope and we get as close as we can of the non singular set of q
 namely f�x� ��� q�t� x� �� �


� and dx��q�t� x� �� �� 
g� All the di�culties are somehow concentrated near this set
 and we use then

the Fe�erman�Phong inequality ��FP�
 �H��� for general second order pseudo�di�erential operators to get

semi�boundedeness for Re qWicksWick� Anyhow
 both methods are useful for us and we are able to prove the

following

Theorem ���� Let n be an integer and q�t� x� �� � C�
�
���� ��� C��IRn

x 	 IR
n
� �
�
satisfying �
��� for

s� t � ���� ��� �x� �� � IRn	 IRn and such that for all multi�indices 
� ��

�
��� sup
jtj��� �x����IR�n

j���x �
�
� q��t� x� ��j�� 	 j�j�

���j�j � ����q� 
 	
�

We assume also that there exists a constant D� such that� for j�j � ��

�
��� j�j��
����q
�x
�t� x� ��

���� 	 j�j����q
��
�t� x� ��

���� � D�
�q

�t
�t� x� ��� when q�t� x� �� � 
�

Then� there exist positive constants �� C depending only on n and on a �nite number of ����q� in �
��� such

that the estimate �
��� is satis�ed for u�t� x� � C�
�

�
���� ���S�IRn

x�
�
and H � L��IRn��

In our remark ��� of �L��
 we stated that the existence of a Lipschitz continuous function
 homogeneous

of degree 

 ��x� ��
 so that

�
��� �t� ��x� ��� q�t� x� �� � 


would imply solvability of the operator Dt� iq�t� x�Dx�
 for q satisfying �
���
 homogeneous of degree � with

respect to �� It is proven in section � of �L�� that �
��� implies �
����

Acknowledgments� I wish to thank L�H�ormander for useful discussions on various topics related to this

article�

�� Gaussian molli�ers for characteristic functions

We set for � � IR


����� ����� �

Z
IR

sign�������e���j��	j
�

d� �

Z �

�

����e���t
�

dt�

�



Note that �
�
is odd
 ���	
� � � and its derivative ��� is in S�IR� and positive� We consider now a smooth

real�valued function b�x� �� de�ned on IRd 	 ���
� 
 in the symbol class S������ jdxj������ It means that b

satis�es the estimates

����� sup
x�IRd�
��

j�k
x
b�x� ��j��

�
�
� k
� � �k�b� 

�

for any integer k� We omit below the dependence of b on the parameter � and refer to

����� �k�b� as the semi� norms of b�

We set�up then
 for �x� �� � IRd	 IR
 � � IR


j�x� �� �

ZZ
IRd	 IR

sign
�
� 	 b�y�

�
�
d��

� e����jx�yj
��j��	j��dyd�������

����x� �

Z
��
�
� 	 b�x	 y�� b�x�

�
��y�dy� ��y� � �d��e���jyj

�

������

We have thus

����� j�x� �� � �
�
� 	 b�x��x

�
�

Moreover


����� b�x	 y� � b�x� � b��x� � y 	 ���x�y�y
�������

where the bilinear form ���x�y� �
R �
� ��� ��b���x	 �y�����d� satis�es the estimates

����� j�k
x
�l
y
���x�y�j � ��

k�l

� �k�l���b��

following from ������ We have from Taylor�s formula and �����
 �����


����x� �

Z
��
�
b��x� � y 	 ���x�y�y

������
�
��y�dy 	 �

ZZ �

�

���
�
�� 	 b�x	 y� � b�x�

�
��y�dyd��

which implies
 since �� is odd


�����

����x� � �����
ZZ �

�

���
�
b��x� � y 	 ����x�y�y

������
�
���x�y�y

���y�dyd�

	�

ZZ �

�

���
�
�� 	 b�x	 y�� b�x�

�
��y�dyd��

On the other hand
 from �����
 �����
 we get

����
� ����x� � �����	

ZZ �

�

���

�
�	�

�
b��x� �y	���x�y�y

������
���

b��x� �y	���x�y�y
������

�
��y�dyd��

We state the following lemmas and refer the reader to �L�� for the proofs�

Lemma ���� Let b be a symbol satisfying ������ Then� if � is de�ned by ������ we have

������ ����x� � ������x� 	 �����r��x� � ����� 	 �����x��

�



where r� � S��� jdxj����� with semi�norms depending only on the �k in ������ Moreover �����x� � 
 and

for all k�

������ sup
��IR�x�IRd�
��

j��k
x
������x�j�

k�� 

� sup
��IR�x�IRd�
��

j�j j��k
x
������x�j�

k�� 

�

depending only on the �k in ������ Moreover� there exists a positive constant c
�
depending only on

d� ���b�� ���b�� such that� for all positive C�

������ inf
j�j�C�x�IRd

�����x� � c�e
���C�

�

Lemma ���� Let b be a symbol satisfying ����	 and j be de�ned by ���
	� Then� there exist positive

constants c�� c�� c�� depending only on d� ���b�� ���b�� such that for all ���x� �� � IR	 IRd	���	
��

������ ����
�
� 	 b�x�

�
j�x� �� 	 c� � 
�

Moreover� if j� 	 b�x�j � c�� we have

������ c��� ����j� 	 b�x�j � ����
�
� 	 b�x�

�
j�x� �� � ����j� 	 b�x�j�

If j� 	 b�x�j � c�

������ ����
�
� 	 b�x�

�
j�x� �� 	 c� � ����

�
� 	 b�x�

��
c�e

���c�
�

�

where c� is de�ned in lemma ����

�� An admissible non�conformal metric

Let n be an integer and IR�n � IRn
x 	 IR

n
� be the standard phase space with its symplectic form

� �
X

��j�n

d�j � dxj �

We equip the phase space with a positive de�nite quadratic form �� such that �
�
� � �� � it means that

there is a symplectic basis of IR�n in which the matrix of �� is the identity �see �������� in �H�� for a general

de�nition of ����� We consider now a smooth real�valued function q�X� � de�ned on IR�n 	 ���
�
 in the

symbol class S� � ������ It means that q satis�es the estimates

����� sup
X�IR�n�	��

j�kXq�X� �j
� 
��� k

� � �k�q� 

�

for any integer k �the norm of the multi�linear form �kXq is evaluated with respect to ���� As in the previous

section
 we omit below the dependence of q upon  as well as the index �� for the norms of multi�linear

forms� We de�ne an admissible metric g on IR�n as a mapping X 
� gX from IR�n to the set of positive

de�nite quadratic forms such that g is slowly varying
 temperate and such that
 for each X � IR�n
 gX � g�X �

The proper class of the symbol q is de�ned by the following metric
 conformal to ��


����� GX � ��X������ ��X� � � 	 jq��X�j�
� 	 jq�X�j�

It is known that G is admissible with constants depending only on �k� k � 
� �� � in �����
 ��H��
 section

����
� and that q � S���G� with the same semi�norms as q in S� � ������ We de�ne a new metric by

����� g
X
�T � �

jdq�X� � T j�

��X� 	 jq�X�j�
	

���T �

��X���� 	 jq�X�j
� T � IR�n�

�



The following four lemmas are proved in �L���

Lemma ���� Let q be a symbol satisfying ������ If G is de�ned by ����� and g by ������ we have for

 � ��

����� ����q�
�� ���� � G

X
� �g

X
� ��� � ���� � �g

X

� � ��G�
X
� ������q� ���

with ����q� � � 	 ���q�
� 	 ���q�� Moreover� g is slowly varying and temperate�

Remark ���� The metric G separates the phase space into speci�c regions
 depending on the fact that the

dominant term in the expression ����� of ��X� is jq�X�j
 jq��X�j� or �� In fact
 following lemma ����
�� in

�H��
 one gets G�elliptic regions in which Cjq�X�j � ��X�� In such places
 the metric g is equivalent to G


i�e� the ratios gX�T ��GX�T � are bounded above and below by �xed constants� This is also the case for the

G�negligible regions
 in which ��X� is bounded above� In fact
 in both cases ��X���� 	 jq�X�j is equivalent

to ��X� and since jq��X� � T j� � �����X����T �
 we get the equivalence of g and G there� The metric g is

not equivalent to G on G�non�degenerate regions
 that is on places where jq��X�j� is the dominant term in

������ For instance
 if q were the linear form ������
 the metric g would be
 with symplectic coordinates

�x�� ��� X
�� � IR	 IR	 IR�n��


g �
jd��j�

� 	 ���
	
jdx�j� 	 jdX �j�

������ 	 j��j�
�

jdX j�

�
� G�

when j��j � �����

Lemma ���� Let g�� be the admissible metric de�ned in ������ We de�ne the positive numbers � by

��X�� � � inf
�
g�X�T ��gX�T �

�
� We have� with a constant C depending only on the �k in ������

� � ��X� � ���X�������

jq�X�j	 � � ��X��� �� GX � �gX � ��� 	 �����GX ������

jq��X�j
�
� ��X��� and jq�X�j � ��X���� �� C�� �

��X��

��X����
� C������

jq��X�j
�
� ��X��� and jq�X�j � ��X���� �� C�� �

��X��

jq�X�j���X���
� C������

jq�X�j � C��X��� jq��X� � T j � C��X��gX�T �
���������

�� Symbol classes

Lemma ���� Let q be a symbol satisfying ������ If g is de�ned by ������ � in lemma ���� then

q � S���� g� with the same semi�norms as q in ������

Lemma ���� Let f be a bounded smooth function of one real variable so that f � belongs to the Schwartz

space S�R�� Let q be a symbol satisfying ����� and g de�ned in ������ Take !��X� � S���X�� GX � so that

!��X� � d���X� for some positive constant d� �e�g !��X� �
q
� 	 jq��X�j�
� 	 jq�X�j

�	� We have

����� a�X� � f
�
!��X����� q�X�

�
� S��� g��

with semi�norms depending only on those of q in ������ on the L� norm of f � on semi�norms of f � in S�R�

and on d��

	� Wick quantization

�



Before de�ning the Wick quantization
 we recall the usual quantization formula


a�x�Dx�u�x� �

ZZ
e�i�x�a�x� ��"u���d�� "u��� �

Z
e��i�x�u�y�dy�

and the Weyl formula

awu�x� �

ZZ
e�i��x�y��a�

x	 y

�
� ��u�y�dyd��

As in section � and �
 we assume that the phase space IR�n is equipped with a symplectic norm ��� For

simplicity of notations
 we shall often write jT j� instead of ���T �� The following de�nition contains also

some classical properties�

De�nition 	��� Let Y � �y� �� be a point in IR�n� The operator #Y is de�ned as
�
�ne���j
�Y j

��w
�

This is a rank�one orthogonal projection� #Y u � �Wu��Y ��Y � with �Wu��Y � � hu� �Y �iL��IRn�� where

��x� � �n��e��jxj
�

and ��y�	���x� � ��x � y�e�i�hx�
y

�
�	i� Let a be in L��IR�n�� The Wick quantization of

a is de�ned as

����� aWick �

Z
IR�n

a�Y �#Y dY�

The following two propositions are classical and proved in �L���

Proposition 	��� Let a be in L��IR�n�� Then aWick � W �a�W and �Wick � IdL��IRn� where W is

the isometric mapping from L��IRn� to L��IR�n� given above� and a� the operator of multiplication by a in

L��IR�n�� The operator �H �WW � is the orthogonal projection on a closed proper subspace H of L��IR�n��

Moreover� we have

kaWickkL�L��IRn�� � kakL��IR�n�� a�X� � 
 �� aWick � 
������

k#Y#ZkL�L��IRn�� � �ne�
�
�
jY�Zj� ������

Proposition 	��� Let p be a symbol in S� � ����� �see ����� for the de�nition of a class of symbols

with a large parameter  	� Then pWick � pw	r�p�w � with r�p� � S��� ����� so that the mapping p 
� r�p�

is continuous� Moreover� r�p� � 
 if p is a linear form or a constant�

Proposition 	�	� Let a � L��IR�n�� b � S� � ������ be real�valued functions� Then

����� Re
�
aWickbWick

�
�
h
ab�

�

��
a��Y � � b��Y �

iWick

	 S�

where kSkL�L��IRn�� � dnkakL����b�� Here ���b� is a semi�norm of b in S� � ������ and dn depends only

on the dimension�

Proof� We have

aWick bWick �

ZZ
a�Y � b�Z� #Y #Z dY dZ

�

ZZ
a�Y �

h
b�Y � 	 b��Y � � �Z � Y � 	

Z �

�

��� �� b��
�
Y 	 ��Z � Y �

�
d��Z � Y ��

i
#Y #Z dY dZ

����� �

Z
a�Y �b�Y �#Y dY 	

ZZ
a�Y � b��Y � � �Z � Y � #Y#Z dY dZ 	R�

with

R �

ZZ

�Y� Z��Z � Y �� #Y #Z dY dZ�

�



where the norm of the quadratic form 
�Y� Z� is less than kakL����b�� here ���b� is a semi�norm of the

symbol b� From ����� and Cotlar�s lemma
 using

#Y #Z#Y �#Z� � �#Y #Z��#Z#Y ���#Y �#Z���

one gets that

����� kRkL�L��IRn�� � C�n�kakL����b��

where C�n� depends only on the dimension� We check now the second term in �����
 using de�nition ���


�����

Z
b��Y � � �Z � Y � #Z dZ � b��Y � �

�Z
�

will give �z 	
 �
Z �X 	X � Y ��ne���jX�Zj

�

dZ

�w
� b��Y � � LwY �

where LY is the �vector�valued� linear form X � Y � Note that
 from proposition ���
 Lw � LWick� From

�����
 �����
 we get

����� Re
�
aWickbWick

�
� �ab�Wick 	

Z
a�Y �b��Y � � Re �LwY#Y �dY 	 ReR�

Now
 since LY is a real linear form
 we have

����� Re �LwY #Y � �
h
�X � Y ��ne���jX�Y j

�
iw
�

�

��

�

�Y
�#Y ��

An integration by parts
 in the distribution sense
 gives what we expect in proposition ���
 except possibly

for

����
� �
�

��

Z
a�Y � Trace b���Y �#Y dY 	ReR�

The estimate of R in �����
 a � L�
 b � S� � ����� and the estimate of kaWickk in ����� applied to the

integral in ����
� prove the statement on S in proposition ���
 whose proof is now complete�ut


� A non negativity result

We consider in this section a smooth real�valued function q�t�X� � de�ned on IRt	 IR
�n
X 	 ���
� which

satis�es ����� uniformly in t
 i�e�

����� sup
t�IR�X�IR�n�	��

j�kXq�t�X� �j
� 
��� k

� � �k�q� 

�

where �� is a symplectic norm �see x��� Moreover
 we assume that � � iq satis�es condition ��� �from now

on
 we omit the dependence of q on  �


����� q�t�X� 	 
 and s 	 t �� q�s�X� � 
�

Let�s consider
 for t �xed
 the function

����� ��t�X� � � 	 jq�t�X�j	 jq�
X
�t�X�j�
� �

We have
 according to �����


����� q�t�X� � S���t�X��
��

��t�X�
� G

�t�
X ��

�



According to in section �
 the metric G�t� is slowly varying on IR�n
X 
 satis�es the uncertainty principle

�G � G��
 and is temperate� All the metrics G�t� are conformal and have the same �median symplectic�

norm ��
 according to lemma ���� The metric G
�t� de�nes the proper class of the symbol q�t� �� � this is a

metric on the phase space IR�n
 depending on t � IR� We shall refer below to G�t� as the proper metric of

the symbol q at the level t� We de�ne now the bounded measurable functions

�����

��X� � infft � ����	��� q�t�X� 	 
g with ��X� � � if this set is empty�

s�t�X� � �� if t 	 ��X�� s�t�X� � 
� if t � ��X�� s�t�X� � ��� if t 
 ��X��

We get from ����� and ����� that
 for t � ���� ��


����� q�t�X�s�t�X� � jq�t�X�j�

We consider J�t� the following increasing �with t� bounded selfadjoint operator on L��IRn� �

����� J�t� �
�
s�t�X�

�Wick
�

We can now state the main result of this section


Theorem 
��� Let q be a function satisfying �������� Q�t� � q�t�X�w� Q��t� � q�t�X�Wick and J�t�

be the operator given in ������ Then there exists !�� !�� depending only on a �nite number of �k in ����� such

that

����� ReQ�t�J�t� 	 !� � 
� ReQ��t�J�t� 	 !�� � 
�

where �ReA � A	A� for a bounded operator A on L��IRn� � Moreover� the mapping t 
� J�t� from ���� ��

to L�L��IRn�� is non�decreasing�

Proof� The �rst inequality in ����� implies the second one since J is L� bounded as well as Q � Q� from

proposition ���� We prove now the �rst inequality� The operator J�t� is non�decreasing with t since the

function s�t�X� is nondecreasing of t and the Wick quantization is non�negative �second property in �������

We set

����� J�t�X� �

Z
IR�n

s�t� Y � �n e���jX�Y j
�

dY�

so that J�t�X� is the Weyl symbol of J�t�� We obtain that J�t�X� � S������ with semi�norms bounded by

constants depending only on the dimension n� Since q�t�X� � S� � �����
 the real part of the operator

Q�t�J�t� is given
 up to L� bounded terms
 by
�
q�t�X�J�t�X�

�w
� From now on 
 we suppose that the variable

t is �xed� We consider a partition of unity subordinated to the metric G
�t�
X de�ned in ������ The following

lemma is classical for an admissible metric �see section ���� in �H����

Lemma 
��� Let t be a number in ���� ��� There exists a sequence �X
�
�IN of points in the phase space

IR�n and positive numbers ��� N�� such that the following properties are satis�ed �G
 � ���
 ��� �
 � ��X
��

will stand for G
�t�
X�

de�ned in �����	� We de�ne U
 � U
�

 � U

��

 as the G
 balls with center X
 and radius

��� ���� ���� There exist two families of non�negative smooth functions on IR�n� ��
�
�IN� ��
�
�IN such that

����
�
X



�
�X� � �� supp �
 � U
 � �
 � � on U�

 � supp �
 � U��


 �

Moreover� �
 � �
 � S��� G
� with semi�norms bounded independently of � �in fact depending only on the �k

in �����	� The overlap of the balls U��

 is bounded� i�e�


�N

U
 �� � �� $N � N��

�



Moreover� GX � G
 all over U��

 �i�e� the ratios GX�T ��G
�T � are bounded above and below by a �xed

constant� provided that X � U��

 	� so that �
q � S��
 � G
� uniformly �in fact with semi�norms depending

only on the �k in �����	�

We have
 using the above notations


������

q�t�X�J�t�X� �
X



�
�X�q�t�X�

Z
IR�n

s�t� Y � �
�Y ��
n e���jX�Y j

�

dY

	
X



�
�X�q�t�X�

Z
IR�n

s�t� Y �
�
�� �
�Y �

�
�n e���jX�Y j

�

dY�

We examine �rst the second term in ������

������ r
�X� � �
�X�q�t�X�

Z
IR�n

s�t� Y �
�
�� �
�Y �

�
�n e���jX�Y j

�

dY�

We obtain immediately from lemma ��� and �����

������ jr�k�
 �X�T kj � �
 jT j
ke���

�
�
� C�k� n��

where C�k� n� depends on the �k in �����
 on the dimension n
 on k
 but is uniform with respect to �� Since

the support of r
 � U
 
 and these sets have a bounded overlap 
 ������ implies that

������
X



�
�X�q�t�X�

Z
IR�n

s�t� Y � ��� �
�Y ���
n e���jX�Y j

�

dY �
X



r
�X� � S��� G
�t�
X ��

and thus gives rise to a L��IRn� bounded operator� We are left with the �rst terms in the right�hand side

of ������� We focus our attention on the non�degenerate indices� for these indices �
 with a constant C�

independent of ��

C�jq
�
X j � ����
 for any X � U��


 and inf
X�U���

jq�X�j � C��
� �
 �

Then
 for X � U�

 
 the symbol q can be written as

������ q � ����


�
�� 	 b��x�� x

�� ���
�
e��x� ���

for a suitable choice �depending on �� of linear symplectic coordinates ��� � IR� x� � IR are dual variables


�� � IRn��� x� � IRn�� are dual variables � we note below X � � �x�� ��� � IRn��	 IRn�� and Y � � �y�� ��� �

IRn��	 IRn�� 
 and Y � �y�� ��� Y
�� � IR	 IR	 IR�n���� Here
 we know that b��x�� x

�� ��� satis�es the

estimates of S��
���

 � G
� on U

��

 � the symbol e� satis�es the estimates of S��� G
� on U

��

 and is elliptic i�e�

e��x� �� � m� 	 
 on U��

 � Then
 there is no di�culty extending the symbols b� and e� to IR

�n � we set

b � �
b� and e � e��
 in such a way that

������ �
q � �
�
���



�
�� 	 b�x�� x

�� ���
�
e�x� ���

with b�x�� x
�� ��� � S��

���

 � G
�� the symbol e � S��� G
� and is elliptic on U

�

 
 i�e� e�x� �� � m� 	 
 there and

e � 
 everywhere� Going back to the �rst term in the right�hand�side of ������ for non degenerate indices


and noticing that s�t� Y ��
�Y � � �
�Y � sign
�
�� 	 b�y�� Y

��
�
we check

������

�
�X�q�t�X�

Z
IR�n

s�t� Y � �
�Y ��
n e���jX�Y j

�

dY �

e�X��
�X��
���



�
�� 	 b�x�� X

��
� Z

IR�n
sign

�
�� 	 b�y�� Y

��
�
�n e���jX�Y j

�

dY

� �
�X�q�t�X�

Z
IR�n

sign
�
�� 	 b�y�� Y

�
�
��� �
�Y ���

n e���jX�Y j
�

dY�

�



We get rid of the last term
 which is similar to ������
 by using the same type of estimates as in ������
 �������

It turns out eventually that the remaining terms in ������ are
 x and y standing for �x�� X
�� and �y�� Y

��


������ e�X��
�X��
���



�
�� 	 b�x�

� Z
IRd

Z
IR

sign
�
�� 	 b�y�

�
�d�� e���jx�yj

�

���� e���j���	�j
�

dyd���

We note �rst that the function b is de�ned on IRd� d � �n� �
 with the norm induced by �� and satis�es

the estimates

������ jb�k��x�j � !�k �
�
�
�k
�


 �

where the !�k are uniform in � and depend only on the �k in ������ Our �rst important point is that from

�������
 we getZ
IRd

Z
IR

sign
�
�� 	 b�y�

�
�d�� e���jx�yj

�

���� e���j���	�j
�

dyd�� � ���� 	 b�x��x� � j�x� ����

This implies
 using ������ in lemma ���


����
� ����


�
�� 	 b�x�

� Z
IRd

Z
IR

sign
�
�� 	 b�y�

�
�d�� e���jx�yj

�

���� e���j���	�j
�

dyd�� � �c��

where c� is the constant of lemma ��� �and thus is uniform in � and depend only on the �k in �������

Eventually
 we are left with the function

������ A
�X� � �
�X�q�t�X� �
�
�� 	 b�x��x

�
�

which is bounded from below �see ����
��� We can prove that A
 � S���� g� �see �L���� Since g is an

admissible metric
 H�ormander�s generalization of the Fe�erman�Phong inequality �theorem ������ in �H���

proves that Aw

 semi�bounded from below� The proof of theorem ��� is complete� ut

�� Energy estimates

Let q�t�X� � be a smooth function on IRt	 IR
�n
X 	���
�
 supported in B � fjtj � �g 	 fjX j �  ���g


satisfying ������ We assume that � � iq satis�es Nirenberg�Treves� condition ��� i�e� that ����� is satis�ed�

Let �� � IR � �
� �� be a smooth function
 equal to � on ���� ��
 vanishing outside ���� �� and � � � � ���

We set
 with s�t�X� de�ned in �����


����� T �

�nX
j��

�q

�Xj

�s

�Xj
�

�q

�X
�
�s

�X
�

T�z 	
 �
���jq

�
X j

�
�T 	

T�z 	
 �
��jq�X j

�
�T �

Lemma ���� Let q� s and T be as above� The distribution derivative �s��t is a positive measure satisfying

����� h
�s

�t
�%�t�X�iS��IR�n����S�IR�n��� � �

Z
IR�n

%���X�� X�dX�

Moreover� we have the following inclusions�

����� supp T � f�t�X� � B� q�t�X� � 
g� supp T� � f�t�X� � B� q�t�X� � 
 and jq�X�t�X�j � �g � K�

The open set & � fq�X�t�X� �� 
g � fjq�t�X�j 
 �g is a neighborhood of the compact K and the Lebesgue

measure of & � fq�t�X� � 
g is zero� The restriction sj� of s to & is the L� function q�jqj� We have

����� T�j� � ��jq�X j
�
�q�X �

�

�X

�
q

jqj

�
� ���q�jq�X j

�
��jq�X j

�
��

�




Proof� The expression ����� is a consequence of ������ Moreover
 from ����� and �����
 the restriction of s

to the open set fq�t�X� 	 
g �resp�fq�t�X� 
 
g� is � �resp����� Thus the support of �s��Xj is included in

fq�t�X� � 
g� Since the restriction of q to the open set Bc is zero
 ����� is proved� If �t�X� is a point of &

such that q�t�X� � 

 since q�X�t�X� �� 
 there is a neighborhood V of this point such that L�V �fq � 
g� � 


�L stands for the Lebesgue measure�� This proves that the compact sets

f�t�X� � B� �j�� � jq�X �t�X�j � �jg � f�t�X�� q�t�X� � 
g

are of Lebesgue measure 
 for all j � ZZ
 and so is their denumerable union & � fq � 
g� From �����
 we

get that the restriction sj� of s to & is the L� function q�jqj� This gives ������ Note that since & is a

neighborhood of the support of T�
 ����� determines completely T�� The proof of lemma ��� is complete� ut

Lemma ���� Let q and s be as above� We de�ne� using ������

Q��t� �

Z
IR�n

q�t�X�#XdX � q�t� ��Wick�

Let u�t� x� be a function in C�
�

�
IRt�S�IR

n
x�
�
� and set u�t��x� � u�t� x�� and for �t�X� � IR	 IR�n

����� ��t�X� � �Wu�t���X� � hu�t�� �X�iL��IRn��

The function � belongs to C�
�

�
IR�S�IR�n�

�
and� with Dt � ��i�������t� � de�ned above� & in lemma 
���

% � C�
� �&� �
� ���� % � � on a neighborhood of K �see �����	� we have

����� RehDtu� iJ�t�u�t�iL��IRn��� �
�

��

Z
IR�n

j����X�� X�j�dX�

����� RehQ��t�u�t�� J�t�u�t�iL��IRn��� �

ZZ
IRt 	 IR�n

X

jq�t�X�jj��t�X�j�dtdX

�
�

��
h��q�jq�X j

�
��jq�X j

�
��%�t�X�j��t�X�j�iD�����D��� � !��kuk

�
L��IRn����

where !�� is a constant depending only on the dimension and the semi�norms of q�

Proof� Let us �rst notice that from ����� and ����� the left�hand�side of ����� is

�
�

��

ZZ
�

�t

h
h#Xu�t�� u�t�iL��IRn�

i
s�t�X� dtdX �

�

��

Z
IR�n

j����X�� X�j�dX�

We use the expression of Q� and proposition ��� to write
 with L
��IRn��� � L��IRt� L

��IRn�� dot products


RehQ��t�u�t�� J�t�u�t�i � hRe�J�t�Q��t�� u�t�� u�t�i

� h
h
jq�t� ��j �

�

��

�q

�X
�t� �� �

�s

�X
�t� ��

iWick

u�t�� u�t�i	 hS�t� u�t�� u�t�i�

where kS�t�kL�L��IRn�� � dn���q�� We get then the following inequality
 using �����
 ����� and �����
 with %

as in lemma ���


RehQ��t�u�t�� J�t�u�t�i �

ZZ
IRt 	 IR�n

X

jq�t�X�jj��t�X�j�dtdX

�
�

��
h��q�jq�X j

�
��jq�X j

�
��%�t�X�j��t�X�j�iD�����D���

�
�

��
h���jq

�
X j

�
�
�q

�X
�t�X� �

�s

�X
�t�X�� j��t�X�j�i

S��IR�n����S�IR�n���

�dn���q� kuk
�
L��IRn����

��



To obtain �����
 we need only to check the duality bracket with ��� This term is

�

��

ZZ
s�t�X�

�

�X
�
h
���jq

�
X j

�
�
�q

�X
�t�X�j��t�X�j�

i
dtdX

����� �
�

��

ZZ
s�t�X�

�

�X
�
h
���jq

�
X j

�
�
�q

�X
�t�X�

i
j��t�X�j�dtdX

	
�

��

ZZ
s�t�X� ���jq

�
X j

�
�
�q

�X
�t�X� �

�

�X

�
h#Xu�t�� u�t�iL��IRn�

�
dtdX�

We calculate

�����
�

�X
�
h
���jq

�
X j

�
�
�q

�X
�t�X�

i
� ����jq

�
X j

�
��q��XX�q

�
X � q

�
X� 	 ���jq

�
X j

�
� Trq��XX �

From ����� and the fact that the support of �� is bounded by �
 we get that ����� is bounded by a semi�norm

of q� This proves that the absolute value of the �rst term in the right�hand�side of ����� is bounded above

by the product of a semi�norm of q with kuk�L��IRn���� We claim that
 from Cotlar�s lemma and �����


����
� k

Z
IR�n


�Y �
�

�Yj
�#Y � dY k

L�L��IRn��

� k
kL��IR�n�dn�

where dn depends only on the dimension � in fact
 from �����
 the Weyl symbol of #Y #Z is

p
Y Z
�X� � e��jX�Y j

�

e��jX�Zj
�

e��i�
X�Y�X�Z��n�

This implies that the Weyl symbol of �
�Yj

�#Y �
�

�Zj
�#Z� �

��

�Yj�Zj
#Y#Z is

q
Y Z
�X� � p

Y Z
�X�Lj�Y �X�Z �X��

where Lj is a polynomial of degree �� Now
 we have

������ jq
Y Z
�X�j � ����n��

p
jp

Y Z
�X�j � ����ne�

�
�
jY�Zj�e��jX�

Y�Z
�

j
�

�

so that the L�L��IRn�� norm of �
�Yj

�#Y �
�

�Zj
�#Z� is bounded above by the L

��IR�n� norm of its symbol q
Y Z



which is estimated by ����n e�
�
�
jY�Zj� from ������� Cotlar�s lemma implies then ����
�� We note that

s�t�X����jq
�
X j

�
�
�q

�X
�t�X�

is bounded by �
 so that ������ implies that the absolute value of the second term in the right�hand�side of

����� is bounded above by ���ndnkuk
�
L��IRn���� This concludes the proof of lemma ����ut

Theorem ���� Let q�Q�� J� u be as in lemma 
��� We assume that there exists a constant D�� such

that

������ q�t�X� � 
 and jq�X�t�X�j
�
� � �� jq�X�t�X�j

�
� D�q

�
t�t�X��

Then� there exist ��� T� positive constants depending only on the semi�norms of q and on D� such that�

assuming supp u � fjtj � T�g � the following estimate holds �with L��IRn��� dot products and norms	

������ RehDtu	 iQ��t�u� iJ�t�u	 i
��t

T�
ui �

��
��T�

kuk��

��



Thus� there exists a positive constant �� depending only on the semi�norms of q and on D�� such that� for

u � C�
� �IR�S�IR

n�� with supp u � fjtj � T�g�

������ �kDtu	 iQ�t�uk � kuk�

Proof� Let �t�� X�� be a point in K �see ������� From ������
 q�t�t�� X�� 	 

 so that the implicit function

theorem give that
 in an open neighborhood of �t�� X��


q�t�X� � e�t�X��t� ��X�� with e 	 
 and e� � � C��

This implies that
 on this neighborhood


������ ��t� ��X�� � ��q�q�t�t�X��

Eventually
 ������ makes sense and is satis�ed in an open neighborhood !& of K� Thus
 setting &� � & � !&


where & is de�ned in lemma ���
 we obtain
 with � de�ned before ����� and % � C�
� �&�� �
� ��� 
 % � � in a

neighborhood of K 
 � given by �����


������ h��q�q�t�t�X��%�t�X�j��t�X�j
�iD������D���� �

Z
IR�n

j����X�� X�j�dX�

Moreover
 from the assumption ������
 we have

������

�

��
h��q�jq�X j

�
��jq�X j

�
��%�t�X�j��t�X�j�iD������D����

�
D�

��
h��q�q�t� ��jq

�
X j

�
�%�t�X�j��t�X�j�iD������D���� �

D�

��

Z
IR�n

j����X�� X�j�dX�

We have the identity
 for positive constants ��� �� smaller than � to be precised later


RehDtu	 iQ��t�u� iJ�t�u	 i
��t

T�
ui �

�

��

Z
IR�n

j����X�� X�j�dX	
��
��T�

kuk�	������RehQ��t�u� J�t�ui	��RehQ��t�u� J�t�ui	RehQ��t�u�
��t

T�
ui�

Using theorem ��� to estimate from below the third term in the right�hand�side above �with factor ��� ����


we get

RehDtu	 iQ��t�u� iJ�t�u	 i
��t

T�
ui �

�

��

Z
IR�n

j����X�� X�j�dX 	
h ��
��T�

� !����� ���
i
kuk� 	 ��RehQ��t�u� J�t�ui	RehQ��t�u�

��t

T�
ui�

We use now ����� to estimate from below the third term in the right�hand�side of the inequality above and

we obtain


RehDtu	 iQ��t�u� iJ�t�u	 i
��t

T�
ui �

�

��

Z
IR�n

j����X�� X�j�dX 	
h ��
��T�

� !����� ���� !����
i
kuk�

	

ZZ
IRt 	 IR�n

X

�
��jq�t�X�j	

��t

T�
q�t�X�

�
j��t�X�j�dtdX���

�

��
h��q�jq�X j

�
��jq�X j

�
��%�t�X�j��t�X�j�iD�����D����

��



We use ������ to estimate from below the last term above to get

RehDtu	 iQ��t�u� iJ�t�u	 i
��t

T�
ui �

�

��
��� ��D��

Z
IR�n

j����X�� X�j�dX 	
h ��
��T�

� !����� ���� !����
i
kuk�

	

ZZ
IRt	 IR�n

X

��� �
��jtj

T�
�jq�t�X�jj��t�X�j�dtdX�

We choose �� � min��� ��D�� and we obtain
 using that u vanishes on jtj � T� and so does � �see ������


RehDtu	 iQ��t�u� iJ�t�u	 i
��t

T�
ui �

h ��
��T�

� !�� � !��
i
kuk� 	

ZZ
IRt 	 IR�n

X

��� � ���jq�t�X�jj��t�X�j
�dtdX�

Eventually
 one can take

�� � �� �
�

�
min��� ��D��� T� � min���

��
!�� 	 !��

�

��
�

to obtain

RehDtu	 iQ��t�u� iJ�t�u	 i
��t

T�
ui �

��
��T�

kuk��

which implies ������� Since J is bounded with norm less than �
 we get ������ with � � �� 	 �����T�����

This completes the proof of Theorem ��� and thus of Theorem 
���
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