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Abstract

We address three null controllability problems related to the 1 — d heat equation. First
we show that the 1 — d heat equation with a rapidly oscillating density is uniformly null
controllable as the period of the density tends to zero. We also prove that the same result
holds for the finite-difference semi-discretization in space of the constant coefficient heat
equation as the step size tends to zero. Finally, we prove that the null controllability of the
constant coefficient heat equation can be obtained as limit of null controllability properties
for singularly perturbed dissipative wave equations. The proofs combine results on sums of
real exponentials, Carleman’s inequalities for heat equations and sideways energy estimates
for wave equations.

Résumé

Nous étudions trois problemes liés a la contrélabilité & zéro de ’équation de la chaleur
1 —d. Tout d’abord on montre que I’équation de la chaleur & dénsité périodique rapidement
oscillante est uniformement controlable a zéro lorsque la période tend vers zéro. On démontre
ensuite que les semi-discretisations en espace par différences finies de ’équation de la chaleur
a coefficients constants sont uniformement controlables lorsque le pas de la discretization
tend vers zéro. On montre aussi que la controlabilité & zéro de I’équation de la chaleur
1 —d peut étre obtenue comme une perturbation singuliere des propriétés de contrdle a zéro
d’équations d’ondes dissipatives.

*Suported by grant PB96-0663 of the DGES (Spain).



1 Introduction and main results

In this paper we present some recent results on the null controllability of 1 — d heat equations.
In order to introduce the notion of null controllability, let us consider first the constant
coefficient heat equation:

U —Uge = 0,0 <2< 1,0<t<T
(1.1) u(0,t) =0, u(1,t) =v(t),0<t<T
u(z,0) = u’(z), 0 <z < 1.

In (1.1) u = u(x,t) is the state and v = v(t) the control which is acting on the right extreme of
the interval. System (1.1) is said to be null controllable in time 7" > 0 if for any u" € L?(0,1)
there exists a control v € L?(0,T) such that the solution of (1.1) satisfies

(1.2) u(z,T)=0,0<z<1.

It is by now well known that system (1.1) is null controllable for all 7" > 0. In fact the
null controllability of the linear heat equation holds in a much more general multi-dimensional
setting (see for instance [F], [FI] and [LR]). Moreover we have the following bound for the
control of system (1.1):

(1.3) v 2200, < C Nl u® [lr2(0,1), Vu' € L?(0,1),

where C is a positive constant depending only on the time 7'
The null controllability of system (1.1) is equivalent to an observability estimate for the
adjoint system:
—r — Ygg = 0, 0<z<l 0<t<T
(1.4) o(z,T) = (), 0<z<l1
0(0,t) = p(l,t) =0 0<t<T.

More precisely, system (1.1) is null controllable in time 7" > 0 if and only if there exists a positive
constant C' > 0 such that

T
(1.5 10) [0S C [ leallt) dt

for all solution of (1.4).
In this paper the stability of the null controllability property of system (1.1) is studied under
three different perturbations:

a.- rapidly oscillating coefficients;
b.- singular perturbation;

c.- space semi-discretization.



1.1 Rapidly oscillating periodic density

Let us consider first the heat equation with a periodic rapidly oscillating density:

p(2) ug — tge = 0, 0<z<l, 0<t<T
(1.6) u(0,t) =0, u(l )=o), 0<t<T
u(x,0) = u(z), 0<z<l,

where 0 < ¢ < 1 and p is assumed to be a C?, periodic function of period ¢ such that
(L.7) 0<po<px)<p<oo,VzeER

for suitable positive constant pgy, p1 > 0.
Passing to the limit as ¢ — 0 in (1.6) formally we obtain the averaged system

pup — Ugy = 0, O<zr<l 0<t<T
(1.8) u(0,t) =0, u(l,t) =ov(t), 0<t<T

u(z,0) = u’(z), 0<z<l,
where p is the average of p over a period: p = %fof p(x)dz.

We have the following result:

Theorem 1.1 Assume that p is C2, periodic of period & and such that (1.7) holds. Then, for
any T > 0, systems (1.6) are uniformly null controllable as ¢ — 0. More precisely, for any
u® € L2(0,1) and 0 < & < 1 there exists a control ve € L*(0,T) such that the solution of (1.6)
satisfies (1.2). Moreover there exists a positive constant C > 0 such that

(1.9) v llz20m < C | u® llr2(0,1), Yu® € L*(0,1), VO <& < 1.
Finally, the controls ve of (1.6) may be built so that

(1.10) ve — v in L?(0,T) as ¢ — 0,

v € L?(0,T) being a null control for the limit system (1.8).

Some remarks are in order.

Remark 1.1

(a) Slightly changing the proof of Theorem 1.1 we shall present below, the C? assumption on
p may be relaxed to assume that p is of class C'. However, in this case the result holds
only when T > Ty, for a suitable T > 0 that depends on p.



(b) The uniform controllability result of Theorem 1.1 is equivalent to an uniform observability
inequality for the corresponding adjoint systems

—p(z/e)pt — w2z =0, 0<z <1, 0<t<T
(1.11) 0(0,T) =p(1,t) =0, 0<t<T
o(z,T) = (), 0<z<l

More precisely, as a consequence of Theorem 1.1 it follows that for any T" > 0 there exists
a positive constant C'(T") > 0, independent of e, such that

T
(1.12) (.0 [0S OT) [ les(t)P dt

for every solution of (1.11) and 0 < ¢ < 1.

Note that, in this case, the uniform observability (1.12) is obtained as a consequence of
the uniform null controllability result of Theorem 1.1.

(c) The analogue of Theorem 1.1 is false in the context of the wave equation with rapidly
oscillating density. In that case, for fixed initial data the controls may blow up as € — 0.
This is due to the existence of eigenfunctions of the underlying elliptic eigenvalue problem
for which most of the energy is concentrated far away from the extreme x = 1. The
corresponding eigenvalues are of the order of A ~ ¢72. In the context of the heat equation
the existence of these eigenfunctions is not an obstacle to the uniform observability to hold
because of the strong dissipativity of the system for these frequencies.

The proof of Theorem 1.1 combines the following ingredients. First, using the results in [CZ]
on the convergence of the spectrum as ¢ — 0 and classical results on series of real exponentials
(see [FR] and [K]) we show that the projection of the solutions over the subspace generated
by the eigenfunctions with eigenvalues A\ < ce2, with ¢ > 0 small enough, are uniformly
controllable. On the other hand, using Carleman’s inequalities as in [F]| and [FI] one can show

*4/3) as € — 0. This two facts may be combined

the existence of controls of the order of exp (C €
with the dissipativity in order to obtain the uniform null controllability of the system. For this,
we apply the following control strategy in three steps: we divide the time interval [0, 7] in three
consecutive subintervals: [0,7] = I; U Iy U I5. In the first one we control the proyection of the
solution on the low frequencies. In I we let the sytem evolve freely without control. In the last
subinterval we control the whole solution. This leads to controls of the form ve = vily, +v31y,,
where 17, denotes the characteristic function of the interval I;. As we shall see, the controls
obtained this way are uniformly bounded with respect to ¢ — 0.

Finally there are two possibilities to study the convergence of the sequence of controls. First,

we can analyze the behavior of the control ve = vL1y, 4+ v217, mentioned above. It is easy to see



that v2 tends to zero exponentially while v} converges to a control for the limit system (1.8) in
the interval I;. On the other hand we can also consider the controls of minimal L?—norm given
by the Hilbert Uniqueness Method (HUM) (see J.L. Lions [L]) in the whole interval [0, 7. It
can be shown that, for a fixed initial datum u°® € L?(0,1), the control of minimal norm for (1.6)
converges to the control of minimal norm for (1.8) as ¢ — 0.

1.2 A singular perturbation problem

Let us consider the following damped wave equation

EUy — Ugg + up = vy, O<zr<l, 0<t<T
(1.13) u(0,t) = u(1,t) =0, 0<t<T
u(,0) = u?(z), us(2,0) = ul(z), 0<az<1

with 0 < e < 1. In (1.13) v = v(x,t) is the control and x,, denotes the characteristic function of
an open non-empty subset w of (0,1) where the control is supported.

System (1.13) is null controllable, in fact it is exactly controllable, for any ¢ > 0 provided
T > 2,/e. More precisely, for any (u’,u') € H(0,1) x L?(0,1) there exists a control ve €
L? (w x (0,7T)) such that the solution of (1.13) satisfies

(1.14) w(z, T) =u(z, T)=0,0< 2z < 1.

On the other hand, the formal limit of (1.13) as ¢ — 0 is the heat equation

Ut — Ugpy = Vg, O<z<l, 0<t<T
(1.15) u(0,t) =u(l,t) =0, 0<t<T
u(x,0) = u®(z), 0<z<l1

which is null controllable for all 7" > 0.
The following result asserts that the null controllability of the heat equation may be obtained
as limit of null controllability results for systems (1.13) as ¢ — 0.

Theorem 1.2 Let T > 0. System (1.13) is uniformly null controllable in time T for any
D<e< TT2. More precisely, for any (u®,u') € H}(0,1) x L?(0,1) and 0 < & < TTZ there exists
a control ve € L? (w x (0,T)) such that the solution ug of (1.13) werifies (1.14) and moreover
there exists a constant C > 0, independent of €, such that

(1.16) o llz2@xry< C 1 (4% u") o120

for all (u®,u') € H}(0,1) x L?(0,1) and 0 < & < TTQ.
Finally, the controls ve of (1.13) may be built so that

(1.17) ve = v in L? (w x (0,T)) as € — 0,

where v is a null control for the heat equation (1.15).



The proof of Theorem 1.2 is based on a control strategy in three steps similar to the one
described above. First, using Fourier series, we prove the uniform controllability of the parabolic
projections of the solution. On the other hand, using the sideways energy estimates in [Z] we

can show that there exists a control of the order of exp (C et/ 2) driving the whole solution to
the rest state. Then, taking advantage of the dissipativity of systems (1.13) and using a control

strategy in three steps we deduce that Theorem 1.2 holds.
1.3 Space semi-discretizations

Given N € IN we set h = 1/(N + 1) and consider the following semi-discretizations of the heat
equation

u;(t) - I:uj+l(t)_2u];2(t)+uj_l(t):| = 03 0 < t < T, j = 1, ce ,N
(1.18) uo(t) = 0, un 41 (t) = v(t), 0<t<T
uj(0) =uy, j=1,---,N.

System (1.8) is a finite-difference space semi-discretization of the heat equation with control
on the extreme z = 1 (which corresponds to the value N + 1 of the index j since u; is an
approximation of the value of the solution u of the continuous heat equation at the node z; = jh).

The following result guarantees the uniform controllability of systems (1.18) as h — 0:

Theorem 1.3 Let T > 0. Systems (1.18) are uniformly null controllable as h — 0. More

N
precisely for any {u?} . and h > 0 there exists a control v, € L?(0,T) such that the solution
]:

of system (1.18) satisfies
(1.19) wj(T)=0,j=1,---,N.

Moreover, there exists a constant C' > 0, independent of h, such that

N
(1.20) 1o 1220y < ChY | uf %
j=1

for all {u?}N

. and h > 0.
Finally, given u® € L%(0,1) the controls vy, of system (1.18) may be built such that

(1.21) vy = v in L*(0,T) as h — 0

where v is a null control for the continuous heat equation provided the initial data in (1.18) are
chosen in an appropriate way.

Some remarks are in order:

Remark 1.2



(a) The analogue of Theorem 1.3 is false for the semi-discrete wave equation (see [IZ]). This is
due to the fact that the semi-discrete system presents spurious high frequency oscillations.
In the case of the heat equation this spurious modes are damped out by the system.
Therefore, the situation is similar to the problem discussed in section 1.1 concerning the
heat equation with rapidly oscillatory coefficients.

(b) In order to prove the convergence (1.21) the initial data of the semi-discrete system (1.18)
have to be chosen in an appropriate way. Given u® € L2(0,1) we develop it in Fourier
series

o
(1.22) u’ = Z ay sin (kmzx) .
k=1

The initial data for system (1.17) can then be taken as follows:

N
(1.23) u) =Y apsin (krjh),j=1,---,N
k=1

which is the value at the node x; = jh of the Fourier series of u® truncated at k = N
|

The proof of Theorem 1.3 is simpler than those of Theorem 1.1 and 1.2. The spectrum of
system (1.18) can be computed explicitly. Therefore, Theorem 1.3 can be proved directly using
classical results on series of real exponentials.

The three problems we have considered here make sense in several space dimensions. All of
then are widely open.
The rest of this paper is devoted to give a sketch of the proof of these results.

2 The heat equation with rapidly oscillatory coefficients

This section is devoted to give a sketch of the proof of Theorem 1.1. The first subsection is
devoted to recall some results on the spectrum of the system. In the second one we obtain
the uniform null-controllability of the low frequencies. In the third one we apply Carleman’s
inequalities to prove the null controllability of the whole solution with controls of exponentially
growing size as € — 0. Finally, we show that a control strategy in three steps allows us to build
controls that remain bounded as ¢ — 0.



2.1 Preliminaries on the spectrum of the system

Let us consider the eigenvalue problem associated with system (1.6):

—Wyy = Ap(z/)w, 0<z<1
(21) { 0(0) = (1) = 0.

For any € > 0, system (2.1) admits a sequence of distinct eigenvalues
0<)\1,g <>\2,g < - <>\k75 < 00— 0.

On the other hand, the corresponding eigenfunctions {w; ¢} may be chosen to constitute an

orthonormal basis of L2 ((0,1), p(z/ ¢)).
The limit (as ¢ — 0) eigenvalue problem is

jz1

(2.2) { —Wgy = APW, O<z<l1

w(0) =w(l) =0
where the eigenvalues and eigenfunctions may be computed explicitly

k’2 2
(2.3) A = T , wg(x) = sin(kmx).
p

It is well known that, for each 7 > 1 fixed,
(2.4) Aje = Ajas € =0,

but this fact is far from being sufficient to address the problem under consideration.
The following sharp result was proved in [CZ]:

Proposition 2.1 There exist ¢,y > 0 such that

\VAj+1e — \/E‘ >~ >0.

Moreover, there exist positive constants C1 and Co, independents of €, such that

2.5 i
(2.5) \in,

1
(2.6) O |9pwie(1))? < /0 1Oy w; P da < Co |9pw; e (1)

for all eigenfunctions of (2.1) such that X\jc < ce 2 and all 0 < e < 1.

Remark 2.1 The result of Proposition 2.1 is sharp. It is by now well known that there are
eigenvalues ) of the order of ce 2, for a suitable ¢ > 0, such that the energy concentrated on the
extreme x = 1 of the boundary is exponentially small (as ¢ — 0) with respect to its total energy
(see [ABR] and [CZ]). The gap condition (2.5) also fails for eigenvalues of this order. However,
given any k € IN, if p is sufficiently smooth, (2.5) and (2.6) are again true for A > C e 2-2/k,
This indicates that the uniform gap condition (2.5) and the uniform observability property (2.6)
for the eigenfunctions only fails when X is of the order of 2.



We develop solutions of (1.11) in Fourier series:

(2.7) e (z,t) = Zaj,ge_/\f’g(T—t)wj,g(x),
Jj>1

where {a; ¢} are the Fourier coefficients of the datum ¢° in the basis {w; ¢} of L? ((0,1), p(z/ €)).

Let us consider the finite-dimensional subspace Eg of L?((0,1), p(z,¢)) generated by the
eigenfunctions of (2.1) associated with the low frequencies A < ce 2, where ¢ > 0 is as in
Proposition 2.1. In other words,

(2.8) E: = span {w;e}.
)‘j,8§0872

We also denote by 7z the orthogonal projection from L? ((0, 1), p(w,€)) over Eg.
It is easy to see that if the initial datum ¢" of (1.11) is such that mz¢° = 0 then the solution
e of (1.11) satisfies mepe(t) = 0 for all 0 < ¢ < T. Moreover

et 2
(2.9) 1 oe(®) 1720, < Ce DN 72001y

for all ©° € L?(0,1) such that 7e? = 0,0 <t < T and 0 < ¢ < 1.

2.2 Uniform controllability of the low frequencies

The following result on the sum of real exponentials can be derived from the results in [FR].
Similar results can also be found in [K]. Given ¢ > 0 and a decreasing function N : (0, 00) — IN
such that N(§) — oo as § — 0, we introduce the class £(£, N) of increasing sequences of positive
real numbers {y;},., such that

(2.10) Ki+1— pj =& >0,V5 > 1,
(2.11) > upt<6,Y8>0.
k>N(6)

The following holds:

Proposition 2.2 Given a class of sequences L(§,N) and T > 0 there exists a constant C' > 0
(which depends on &, N and T ) such that

2

T | 2 —2uT
(212) / Z akef,ukt dt Z C Z | ar | e “Hr
0 k=1 1) k>t Hk
> M
k>1

for all {p;} € L(§,N) and all bounded sequence of real numbers.



It is easy to see that, in view of Proposition 2.1, the eigenvalues {\;c} of system (2.1) such
that A < ce? are in the conditions of Proposition 2.2. To be more precise, we introduce the
sequences

. >‘j,57 if >‘j,5 < 08_2
(2.13) e = { Cj%, otherwise

with C' > 0 large enough so that for each € > 0 all the eigenvalues j1; ¢ are distinct. Of course,
this can be done since, taking into account that the density p satisfies (1.7), using Rayleigh
cocient, it is easy to see that the eigenvalues \; ¢ satisfy

(2.14) aj® < Nje < Bj°

for all 7 > 1, 0 < £ < 1 and suitable positive constants a, 8. Then, in view of (2.5) and (2.14)
it is easy to see that there exists £ > 0 and a decreasing function N : (0,00) — IN such that
N() - o0asd—0andso {pje} € L N) forall 0 <e<1.

We now consider an initial datum ¢° € Eg. It can be written in the form

(2.15) W= Y ajewie()
)\j’ggcg_?

and the corresponding solution ¢¢ of (2.11) is given by

(2.16) W= > ajee T Dy (a),
Aj,€SC€72

Therefore

(2.17) Ot (Lit)y = Y ajee T 0, (1)
Aj,€SC€72

In view of Proposition 2.2 we deduce the following result:

Proposition 2.3 Given any T > 0, there ezists a positive constant C(T) > 0 such that

T
(2.18) | 02(,0) [320,< C@) [ l0spe(L ) at
for any solution of (1.11) corresponding to initial data ©° € Eez and any 0 < & < 1.

Note that Proposition 2.3 guarantees the uniform observability of solutions of the adjoint
system consisting only on the low frequencies. As a consequence of Proposition 2.3 the following
uniform controllability result of the low frequencies holds:

Proposition 2.4 For any T > 0,0 < ¢ < 1 and u’ € L?(0,1) there exists a control ve €
L%(0,T) such that the solution of (1.6) satisfies

(2.19) e (ug(T)) = 0.
Moreover, there ezists a constant C(T') > 0 independent of 0 < ¢ < 1 such that
(2.20) | ve [lz2(0,m < C(T) || u’ l220,1)

for all u® € L?(0,1).



2.3 Global non-uniform controllability

As we have explained in the introduction, to apply the control method in three steps we need a
global controllability result even if it is not uniform on . We apply Carleman’s inequalities as
in [FI] and [F] to derive the corresponding observability inequality.

To do that we consider a more general equation of the form

a(x)f; + 6, =0, 0<zx<l, 0<t<T

(2.21) 0(0,t) =0(1,t) =0, 0<t<T
0(x,t) = 0°(z), 0<z<l1,
where a is a C? density such that
(2.22) 0<ap<a(r)<a <oo,Voe(0,1).

The following holds:

Proposition 2.5 For any T > 0 there exist constants C1(T) > 0 and Cy > 0 such that

T
2/3
(2:23) [10(,0) [32(0,y< Cr(D)exp (Co || a Iy +C2(T) | @ |75 ) / 10,(1,t)[* dt
for every solution of (2.21), and for all a as above.

Sketch of the proof. By a classical change of variables equation (2.21) can be transformed
into an equation of the form

(2.24) Yt + Pz + b)) = 0.
This can be done so that b € C([0,7]) and
16l 0n< Cllallwzee, -

We apply the Carleman’s inequalities in [FI] and [F] to (2.24). Going back to the original
variables we deduce (2.23).

Remark 2.2 Assume that a € C*([0,1]) instead of a € C?([0,1]). Then, equation (2.21) can
be transformed into an equation of the form

(2'25) ¢t + ¢mm + C(%')?/)a: =0

with ¢ € C([O, 1]) such that || C ||Loo(0,1)§ C || a ||Wl,oo(0,1).
One can also apply Carleman’s inequalities in (2.25). In that case we obtain an observability
inequality of the form

T
(2.26) 11660 1320y < Crexp (Ca (14 1 a [ [ 10:00,0) at.

10



|
We now apply Proposition 2.4 to system (1.11). Setting a(z) = p(x/€), it is easy to see that
lallwien 1/ [l a fyam=1/2 as € = 0.
Thus, the following holds:

Proposition 2.6 For any T > 0 there exists a positive constant C(T) > 0 such that

(2.27) 100.0) < C@) exp (@) =) [ o1, 0 de

for every solution of (1.11) and all 0 < e < 1.

Note that Proposition 2.6 provides a observability inequality for all solutions of (1.11). However,
the observability constant in (2.27) blows up exponentially as ¢ — 0.
As a consequence of Proposition 2.6 the following non-uniform controllability result holds:

Proposition 2.7 For any T > 0,0 < ¢ < 1 and u® € L?(0,1) there ezists a control ve €
L?(0,T) such that the solution us of (1.6) satisfies (1.2). Moreover, there exists a constant
C(T) > 0 such that

(225) I e lizoiry < OT)exp (CT) ) [ a® 0y
for all u® € L?(0,1) and all 0 < ¢ < 1.

2.4 Conclusion: Global uniform controllability in three steps

Given T > 0, we divide the control interval [0,7] in three subintervals [0,7] = I; U Iy U I3. For
symplicity we are going to take I; = [(j — 1)T/3, jT/3], j =1,2,3.

We fix an initial datum «° € L?(0,1). We now build a control ve € L?(0,T) for all0 < & < 1
such that the solution of (1.6) satisfies (1.2) and that remains bounded in L?(0,T) as ¢ — 0.
We proceed in three steps. In the first subinterval I; we apply Proposition 2.4. In this way we
deduce the existence of a bounded (as ¢ — 0) family of controls vt € L?(0,T/3) such that the
solution ug of (1.6) satisfy
(2.29) me (ug(T/3)) = 0.

Then, in the second time interval Iy we let the equation (1.6) evolve freely without control. Of
course, the condition (2.29) is kept, i.e.

e (us(t)) = 0, VI/3 < t < 2T/3.

On the other hand, in view of (2.20) and by uniform well-posedness of system (1.6) in L?(0, 1)
we deduce that

(2.30) | ue(T/3) lIr200,)< C | u® 20,1y

11



for a suitable C' > 0 independent of 0 < ¢ < 1. Combining (2.9) (which can be applied to ug in
the interval I since the control vanishes there), (2.29) and (2.30) we deduce that

(2.31) | ue (2T/3) |20y < Ce T | u® || 201

for a suitable constant C' > 0 independent of 0 < ¢ < 1.
We then apply Proposition 2.7 in the time interval Is. We deduce the existence of a control
vE € L%(I3) such that

—4/3
(2.32) 102 22y < CeF 7 | u(2T/3) |21
and
(2.33) ue(T) = 0.
According to (2.31)-(2.32) it follows that
(234) || Ug ||L2(IS)§ Cexp (06_4/3 —CT€_2) || uO ||L2(0,1) .
Obviously
(2.35) | vE 2215 O exponentially as & — 0.

The control ve = v}l +v217, we have built is such that

(2.36) I ve N2 <Nl w® 220,15

with C' > 0 independent of 0 < £ < 1.

2.5 Passage to the limit

There are two ways of passing to the limit in the controls vg.

First, we can pass to the limit in the controls we have built in the previous section. As
indicated in (2.35) the control v? tends to zero exponentially. On the other hand one can show
that the control v} converges in L2(0,7/3) to a null control v € L?(0,7/3) of the limit heat
equation (1.8). This control is such that the solution of (1.8) satisfies

(2.37) u(T/3) =0

and therefore, by taking v = 0 for ¢t > T'/3, it also satisfies u(t) = 0, for all ¢ > T'/3.

In order to pass to the limit in the controls we can also consider the controls ve of minimal
L?(0,T)—norm for (1.6). This controls may be characterized by HUM (see [L]) as follows. Given
u® € L?(0,1) we define the functional J: : He — IR where

T
(2.38) I () =5 | wecofa - [ " plarf () (2, O)

@e being the solution of (1.11) with initial datum ¢° and He the Hilbert space

T
(2.39) He = {@0 € L?(0,1) : the solution of (1.11) satisfies / 10002 (1,8) | dt < oo}
0
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endowed with the natural norm

T , 1/2
I ° = (/0 |0npe (1, 1) dt) .

This functional is continuous and convex. Moreover it is uniformly (with respect to ¢ — 0)
coercive. Indeed, it is easy to see by duality that the uniform bound (2.36) on the control
implies the uniform observability inequality (1.12) for the adjoint system (1.11). Then, each J¢
has a unique minimizer ©% in He. The uniform coercivity implies that

(2.40) |2 |m.<C, V0 <e <1,
which, in view of the definition of the norm || - ||z, implies that the corresponding solutions of
(1.11) satisfy
T
(2.41) / 10p0e(1,0)|2dt < C, Y0 < = < 1.
0

The control ve of minimal L?(0, T)—norm for (1.6) is precisely

(2.42) ve(t) = Ouipe(L,1).

One can then show that
(2.43) e (1,t) = dpp(1,1) in L?(0,T),

where ¢ is the solution of the limit adjoint system

0<z<l 0<t<T,
(2.44) ¢(0,t) = w(é

with the initial datum minimizing the limit functional

(2.45) 160 =5 [ 1ot dt =5 [ ot 00t

in the Hilbert space
T

(2.46) H = {¢": the solution ¢ of (2.44) satisfies / e (1,8)|% dt < oo
0

endowed with the natural norm.

This limit control v turns out to be the one of minimal L?(0,T)—norm for the limit system
(1.8).
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3 The heat equation as singular limit of dissipative wave equa-
tions

This section is devoted to prove Theorem 1.2. We follow the scheme of section 2. The main

differences with the proof of Theorem 1.1 are the following:

(a) The uniform controllability of the low frequencies is proved by the iterative method intro-
duced by G. Lebeau and L. Robbiano in [LR]. An alternative proof can be given using
nonharmonic Fourier series results, see [FR] and [K].

(b) The non-uniform global controllability is proved by means of sideways energy estimates
instead of using Carleman’s inequalities.
3.1 Preliminaries on the spectrum of the system

Let us consider the eigenvalue problem associated with system (1.13):

(3.1)

W= —eNw—dw, 0<z<1
w(0) =w(l) =0.

The eigenvalues can be computed explicitly

14+V1—4n2k2¢
2¢e )
The eigenfunctions are also explicit and independent of e:

(3.2) Mot = —

(3.3) wp, o = sin(kmx).

The solution of (1.13) without control (i.e. v = 0) may be developed in Fourier series as
follows:

o0
(3.4) ue(x,t) = Z Cy (t) sin(krx)
k=1
where C,f is the solution of
d? € 2 26, @4 ¢ € d e

and the coefficients a; and b, are such that
(3.6) u’(z) = Z ay sin(krz); u'(z) = Z by, sin(kmzx).
k>1 k>1

Observe that the eigenvalues \f , are real when k < 1/(27y/2) and complex when k >
1/(2m\/g). We denote by m,u® the parabolic projection of the solution u® constituted by the
Fourier components associated with real eigenvalues:

(3.7) mput = Z Cy (t) sin(krz).
k<1/(2mVE)

14



In a similar way, we denote by m,u®, the hyperbolic projection of u®, which corresponds to the
complex eigenvalues:

(3.8) Thus = Z Cr (t) sin(kmz).
k>1/(27VE)

The following result provides a decay rate for purely hyperbolic solutions that increases
exponentially as ¢ — 0:

Proposition 3.1 Let ue be a solution of (1.13) with initial data (u’,u') € H(0,1) x L?(0,1)
such that
(3.9) mpu’ = mput =0,

and without control, i.e.,
(3.10) v=0.

Then, the solution u of (1.13) satisfies

(3.11) mput(t) =0, Vt >0
and .
(312)  [lut(®) o,y + I uf () [Z20,0)< 8e™ 52 [II u’ 3 0,0 +e It II%z(o,l)}

forallt >0 and all 0 < e < 1.

This result may be proved using the Fourier development of solutions and taking into account
that the real part of all eigenvalues in the Fourier development of u¢ when (3.11) holds are such

that Re (Af ) = —1/(2e).

3.2 Uniform controllability of the parabolic projections

Using the iterative argument introduced in [LR] to derive the null controllability of the heat
equation one can prove the following result on the uniform (with respect to ¢) null controllability
of the parabolic projection of solutions:

Proposition 3.2 Let T > 0. Then there exist g > 0, such that for any (u ut) € H}(0,1) x
L?(0,1) there exists a control v© € L? (w x (0,T)) such that the solution u® of (1.13) satisfies

(3.13) mpu® (T) = mpus (T) = 0.

Moreover there exists a constant C > 0, independent of €, such that

1/2
(3.14) 1% Dazxon< C [ 4 Wasony +e 0 o)

for all (u®,u') € HL(0,1) x L?(0,1) and all 0 < & < & .

15



3.3 Non-uniform null controllability

In the following Proposition we state a result guaranteeing the null controllability of solutions
with a control that may grow exponentially as ¢ — 0.

Pr0p051t10n 3.3 Let T > 0. Then there exist positive constants A, B > 0 such that for every
(u®,ul) € H}(0,1) x L?(0,1) and 0 < ¢ < T there exists a control v¢ € L% (w x (0,T)) such
that the solution of (1.13) satisfies

(3.15) u®(T) = 0= (T) =0
with the estimate

1/2
(3.16) 0 |22 w0y < AeB/VE [|| u’ ||§{3(0,1) +e|ul ||i2(o,1)]

This result may be proved using HUM as a direct consequence of the following observability
estimate for the adjoint system:

€ Qi — Pzx — ot = 0, 0<z<l 0<t<T
(3.17) 0(0,t) = ¢(1,t) =0, 0<t<T,
oz, T) = ¢(2), ¢(2,T) = o' (2), 0<z<L

Proposition 3.4 Let T > 0. Then there exist positive constants A, B > 0 such that
0 12 12 B/VE r 2
(3.18) 16" B2 +2 16t o < Ae™VE [ [ ot

. T
for every solution of (3.17) and all 0 < e < °f

The observability estimate of Proposition 3.4 follows in a straightforward way from the
sideways energy estimates in [Z].

3.4 Conclusion: Global uniform controllability in three steps

Now we use a control strategy similar to the one used in Section 2.4. Given T'> 0 and ¢¢ > 0
small enough we divide the control interval [0, T] in three pieces:[0, 7] = [0, £]+[%, 25+ [2L, 7).
Given (u®,u') € H}(0,1) x L?(0,1) we build the control in the form:

(319) ’Ug = ’U%l[ %} + U3 ].[2T T}

where 17 is the characteristic function of the interval /. Thus the control is identically zero in
the interval [T, ZL].

According to Proposition 3.2, for ¢g > 0 small enough, there exists a control v{ € L?(w x
[0, Z]) such that

1/2
(3.20) I vf I £2(wx o, <€ {H u’ ||H1 o1 el ul || 01)] , VO <e<ep
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and

T T
(3.21) mpu® <§> = myuf <§> =0,V0<e<ep.
In view of (3.20) and by classical energy estimates it is easy to see that
T T
622 16 (3) Byon +e 1 (5) Beron< O (16 Brgon +2 et 13:0)]
with C' > 0 independent of 0 < € < &g.
During the time interval [%, %] we let the solution of (1.13) evolve freely without control,

i.e., v = 0 in this interval. As a consecuence of Proposition 3.1 we deduce that

2T 2T __T_
(3.23)] uf <?> o +e Il f <?> o< Cem2 [ 0y +< 1 0! Iagany) -

We then apply the controllability result of Proposition 3.3. It follows that there exists a
control v§ € L?(w x [2L,TY]) such that

3
(3.24) u(T) = us (T) =0
with
2T 2T
(3:25) 110§ lpponqzryyy < A€PVE || uf <?> 310y +2 Il 4§ (;) II%Q(O,U}
B T
< Aexp [% ~ 51z [|| w0 H%I(}(O,l) +e | ul ||%2(0,1)} .

In view of (3.25) it follows immediately that
(3.26) | v§ ||L2(w><[£ )~ 0 exponentially as & — 0.
3

This fact combined with (3.20) shows that v is bounded in L?(w x (0,T)).

3.5 Uniform observability

As an immediate corollary of the uniform controllability result of Theorem 1.2 the following
uniform observability result holds for the adjoint systems (3.17):

Proposition 3.5 Let T > 0. Then, there exists a positive constant C > 0 such that
2 2 4 2
(3.27) 10(0) —£@:(0) [Ir-1(0,1) +€ 1 0(0) 12210,y < C/o /ww dzdt

. T2
holds for all solution of (3.17) and all 0 < e < .
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3.6 Passage to the limit

As in the context of Theorem 1.1 we can pass to the limit in the controls in two ways. First,
in what concerns to the controls constructed in three steps in paragraph 3.4 above, we observe
that v§ tends to zero as € — 0. On the other hand, it can be seen that the control 1)151[0 I

'3

converges as € — 0 in L*(w x (0, %)) to a control v € L?(0, Z) for the limit heat equation (1.8).
Thus, the whole control v© converges as ¢ — 0 in L?(w x (0,T)) to a control of (1.8).

We can also analyze the behavior of the null controls v* of minimal L?(w x (0,7))—norm.
These controls may be characterized as follows. Given T" > 0,0 < ¢ < TT2 and initial data
(u®,u') € H}(0,1) x L?(0,1) we consider the functional

(3.28) Je : L*(0,1) x H}(0,1) = R
defined as
1
(320) T (0!) =5 / [ st + [ (® +eul) p0)do - <, u(0))

¢ being the solution of (3.17) with data (%, o).

It is easy to see that Jg is continuous and strictly convex. By (3.27) it can be seen that
Je is also coercive. Thus Je has a unique minimizer (2, pL). Let ¢ be the solution of (3.17)
with this minimizer as initial datum. Then v® = 1, (o) is the null control of (1.13) with
minimal L?(w x (0,7))—norm. In view of the uniform observability (3.27) it is easy to see that
{U5}0<€<TTQ is uniformly bounded in L?(w x (0,T)).

One can show that

(3.30) ve = v in L*(w x (0,T)) as € = 0
where
(3.31) v=pinwx (0,7),
@ being the solution of the limit adjoint system
0t + ©zz =0, l<zx<l, 0<t<T
(3.32) 0(0,t) = p(1,t) =0, 0<t<T
(2, T) = o (z), 0<z<l1

with the initial datum being the minimizer of the functional

(3.33) J (900) = %/{)T/w<p2d:cdt+ /01 u’(z)p(x,0)dz,

in the Hilbert space
T

(3.34) H = { P : ¢ solution of (3.32) satisfies / / ©?dedt < oo p .
0 w

The control v turns out to be the null control of the limit heat equation (1.15) of minimal
L?(w x (0,T))—norm.
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4 Space semi-discretizations of the heat equation

This section is devoted to prove Theorem 1.3. The proof is much simpler than those of Theorems
1.1 and 1.2. The uniform controllability result is this time a direct consequence of Proposition
2.2 and the structure of the spectrum of the semi-discrete problems.

Let us analyze the spectral problem associated with the semi-discrete equation in the absence
of control (i.e., with v = 0):

h

_ |wiritwi 1 —2w; | T T
(4.1) { [P =y =1 N
Wy = WN+1 = 0.

For any h > 0 the eigenvalues and eigenvectors of (4.1) may be computed explicitly. We
have

4 .9 whk
and
(4:3) U)k(h) = (wk,l(h)v T 7wk,N(h)) ; wk,](h) = Sin(jﬂ-hk)a ka] = >‘7 o 7N-

Let us consider the semi-discrete adjoint systems

oyl 2gte il o 0<t<T,j=1,---,N
(4.4) w0 = pn+1 =0, O<t<T
ST N

Solution of (4.4) can be developed in Fourier series as follows:
N

(4.5) Pj (h, t) = Z akef)‘k(h)(Tft)wkyj(h).
k=1

The uniform null-controllability for systems (1.18) stated in Theorem 1.3 is equivalent to the
following uniform observability inequality for the adjoint systems (4.4): For every T' > 0 there
exists C' > 0 such that

N T
(4:6) Py o <o [ 20

2
dt

=1

for every solution of (4.4) and all h > 0.
In view of the explicit form (4.5) of solutions of (4.4), the fact that

N , 1
hZ |wk,j(h)| = 5
j=1

for all h > 0 and k£ = 1,---, N and Proposition 2.2 it is sufficient to see that the sequences
{\r(h)}, extended by A, (h) = k%x? for k > N + 1, belong to the same class £(&, N) for suitable
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&€ > 0 and function N : (0,00) — IN. To see this it is sufficient to check that (2.10) and (2.11)
hold uniformly on h > 0. This is an explicit computation.

In order to pass to the limit on the controls as h — 0, we first observe that the control
v € L?(0,T) of minimal L?(0,7)—norm for (1.18) may be characterized by minimizing the
functional

0 L Ten 2 al 0
Jn (@)25/0 ‘T‘ dt—hjz::l@j(o)uj

where ¢ = (¢1,--+,pn) is the solution of the adjoint system (4.4) with initial datum ° =
(%, -+, 0%) and u® = (uf,---,uY) is the initial datum of (1.18) to be controlled.

It is easy to see that J;, : RY — IR is continuous, coercive and strictly convex. Thus Jj, has
a unique minimizer (). The control vy, for (1.18) of minimal L?(0,7)—norm is given by

op(t) = _Lz,z(t)’

where @y, is the solution of (4.4) with this minimizer as initial datum. In view of the uniform
observability inequality (4.6) it follows that {vj};~¢ is bounded in L?(0,T). It can then be seen
that

vp — v as h — 0in L*(0,T)
where v € L%(0,T) is given by

v=—0yp(1,1)

where ¢ = p(x,t) is the solution of (3.32) with an initial datum characterized as the minimizer
of the functional

J (") = %/OTm(l,t)th—/ol o, 0)u” () da

in the Hilbert space
H= {(po : the solution ¢ of (3.32) satisfies ¢4 (1,%) € LQ(O,T)} .
This limit control v turns out to be the control of minimal L2(0,7)—norm.

Remark 4.1 The same problem for the wave equation was analyzed in [IZ]. There it was seen
that the uniform controllability fails due to the fact that the spectral gap for the roots of the

eigenvalues { )\k(h)} is not uniformly bounded from below as h — 0. Note that, in the context

of the heat equation, the relevant gap is the one associated to the eigenvalues {A;(h)} which
remains uniformly bounded from below as h — 0.
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