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Sémincire LILOIG 8-01
(_nalrse) )
5¢ année, 1962/63, n° © 25 février 1963

ON THE IDEAL STRUCTURE OF CERTAIY BailaCd LLGEBRAS

by Yrgve DO AR

Let A . be a commutative Banach sclgebrs witl unit. e .and the generztors
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wnere p stands for (p1 9 Dn 5 sse pn) with non-negative intersrs as com-
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wonents. e alaso cdefine |p] Py * Pyt eee tn

"le sey that an element b in the dual space B has the degree q if b(ap) =0,

vhenever |p|/ > q ; and if ¢ is the suallest non-negative integer with this
property. & closed ideal in 4 1is said to have the co-Cegree q if its
annihilator subspace contains onlv elements of decres < g and at lecst some
elenent of degree q . Infinite degree and co-degree are Gefined in a similar way .
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For every o and everyv b e 3, b(a” a) defines a bounded linear functional
on A , that is to sav an element in B . e denote it of o b s and call it a
trenslation of b . Linear combinations of translstes are defined in a natural

WeN o

The algebra &« can be thought of as a completion of the algebre of polvnomials
in e end the gencrctors, uncer the topology which is determined ™ the norm. We
say vhat a Benach algebre AO is larger than L 1if it can be intervreted as a
similar completior; »ut using a smaller norm. The cCucl space BO of AO can then
in an obvious wav be interpreted as a subspace of B ecuipped with e larger nomm.

We shall in the following denote the noms in B ard &0 v || and
I 0 s respectivelv.

We now male the folloving assumption : suppose that for every q> 0 and for
every cloced ideal of infinite co-degree there exist an element B in the
annihilator subspace, a ler~er Benach algebra AO with dual space BO and a

constont € , such that
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19 the degree of B 1is finite > g or infinite;
20 g e 8O
59 for every linear combination b of trenslates of f

o]
o+ »1* < 0 IR
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for some »' e B of degree £qg~-1.

e then have ths folloring result -

THIOREM. - buppose that I is & proper closed ideal in A ulth co-degree

finits > ¢q

<

or infinite. Then there exists a proper ciosed ideal IO with co-
degrze q , such that I C IO .

e shall only indicate the proof, +which is based on the fact that if an element
belongs to the annihilator subspace, then the s:me is true for its translates.

ot

The analogue of (1) for 50 chovs that there erists a sequence of c¢lements Bn
in the annihilator subspace, fulfiliing the recuirements on f in the assumption,

and such that

| D 1O
sup h@ pr =1
I pl=¢ )
and
sp Pep 50, when now
'pl=g+1

Ucing the Hahn-Banech theorem it can be shovir that we can iind linear combinations
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b, of 5n an¢ its traenslates, such that the sane relations are fulfilled with

ﬁn changed to bn s &ahd, moreover,

lin sup | (aP)] >0 .
N~ | pl=q

57 the assumption we heve a sequence of elezents bﬁ of degrse <q -1 such

' pe ) . . ;
that hbn + b;h is bounded. It is possible to show that these elenents bﬁ may
- 3

be chosen in the annihilator subspace. e can extract from {b1 + b'}  a weakly
1 Lo

convergent subsequence. The 1init element is thon tn cleent of degree o in the

£

annihilator subspace. i'rom this element it is easvy to construct the desired ideal.

In the applications of the theorem, the nrincipal difficulty is to verify that
the assunnbion is fulfilled. "'e shall only discuss a very special case, connacted

with earlier investigations in [1] and [2].
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Let o satisfv 0 <a <1 e&nd form the cla s of all Lebesgue measurzble

- . Il 3, -
complex-valued functions £ on R~ such that

2
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}§||-/ P dx < w 5
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. 2 2 p . Y= .
wiaere x| = Ky * oeoo * X9 and My s e s X 2TE Cartesiaon coordinates in
n . - . SN . ; . ,
R It is 2csv to ses that this is & commutctive Banach alsshra E  under

4

convolution. ilgebras of this Find have been studied in [1). T form the ideal

I which is the closure of the iceal of zll functiorns f € II such that their
Tourier tr.rsforms f v-onish in some neighhorhood of the origin of the dual
n-dimer:gionel space. Put 4 = K/I e Lt can be showm that there are functions in

-

I such that their Fourisr tronsforams are = it, iv & neighboriood of the origin,
]

0

vhere tj denotes the coordinate vhich corresponds to Xj . »orm the correspond-
ing elements @, in A4 . It is poscible to show that A has e unit and that aj
arc generators, which fulfil (1), B can be iaternreted az tie class of Le-

besgue measurable comrnlry-valued functions b  suech that

(2) ess. sup b@x)t < 5
e

end vihich heve their spectrum in the cense of [1] emptr or consisting of one point,
namely the origin. This mecns that tha functions coincide almost everywhere with
the restrictions to real variablss of the class of entire functions of n va-

riables; of exponenticl tvpe end nminizal type, and satisfring (2) o With this

choice of revresenting functions arnd witlh a proper nornalizction of the Fouri
trensform it can be shown that «F o b iz ths corresponding cCerivative pP b .

fence an element of dezree q is sinply o polynomial of degree g . It is now
0

rossible to show that the assumption is fulfilled if LAY is the alzebra which
! & ;
_—— . ! . . - xi
ve obbtain if the “reight-function” ! is chenged to (1 + 1x]) % e .
5° in the assumptions is then an ea'v conrequence of 29, and 1° and 2° follow

. - . ~D 0 .. . fe e i
from the fact thet if b €™ ; then D" b €37 if |p| ie sufficiently large.

5]

The nroof of this ust be omitted

For n =1, this case of the thesrem vas treated in [Z], but the nroof in that

ble to treat

"

pepar does not nsiend to the caze “hen n > 1 . As in [Z] it is possil

a larz~r class of weirht-furctions +ith the rama method.

Ve end br fomlating the resuit in our srecial case as a theorem on integral

equatiorg.
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TZZ0FIM. - Let {fi} be a clascs of functions in X , such that the origin
is the only common zero of the Fourier transforms Ei . Form the srstem of

integral equations
o * fi =0 9
vhere ¢ helongs to the dual class of X , that is the cless of functiens,

satisfying (2) . Then all solutions ¢ are polynouials of degrzc <gq -1,

if (end only if) no solntion is a polvnonial of degree gq .
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