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SOME TOPOLOGIES CONNECTED WITH LEBESGUE MEASURE

J. B. Walsh

One of the nettles flourishing in the nether regions of the

field of continuous parameter processes is the quantity lim sup Xs.
s—> 1
When one most wants to use it, he can't show it is measurable. A theorem

of Doob asserts that one can always modify the process slightly so

that it becomes separable, in which case 1lim sup Xs is the same
s—»t

as its less prickly relative 1lim sup Xs , where D is a countable
s—»t,s€D
set. If, as sometimes happens, one is not free to change the process,

the usual procedure is to use the countable limit anyway and hope
that the process is continuous. Chung and Walsh [3] used the idea of
an essential limit——that is a limit ignoring sets of Lebesgue measure
Zero— and found that it enjoyed the pleasant measurability and
separability properties of the countable limit in addition to being
translation invariant. Doob has recently generalized and improved
this, showing that there is a large class of topologies on the line
enjoying similar properties, called T-topologies.(T for Lebesgue, of course!)
The first three sections of the present article are an
exposition of Doob's work, including some remarks on progressive
measurability, which wasn't treated in the original. The last sections
give some applications, first to potential theory and then to
Markov chains.
The two main properties of these topologies which are established
here are first, that one can define separability relative to such a
topology in a very natural way, and then every measurable process turns
out to be separable, without benefit of standard modifications, and

secondly, if X is a measurable process, then so is Y, where Yt = lim sup Xs,
) S=—» t
and in fact Y usually has better measurability properties than X.
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Let T be a topology on the line R. If AC R, then AT

will denote the set of T-accumulation points of A. Lebesgue measure
and Lebesgue outer measure will be denoted by m and m* respectively.

We will be concerned with topologies T on R satisfying

(a) T is finer than the Buclidean topology;
(b) a set of Lebesgue measure zero has no accumulation points;
(¢c) for each ACc R, m(A - AT) =0.
Such a topology will be called a T-topology. If not otherwise stated,
topological notions will refer to the usual topology on the extended line.
A for instance will mean the ordinary closure of A. For a real valued
function f on R we will define the T-cluster get of f at a point t to
be C???iT y, where N ranges over all deleted neighborhoods of +t;
we will denote this set by CT(f;t) « We define also

T .
£ (t) = TL1§94§¥p f(s) = max CT(f;t) and
fT(t) = T-1lim jnf f(s) = min CT(f;t) .

Then we have fq,ﬁ f & fT a.e. (m); for fT & fT everywhere by.

definition, and for each b»0 , the set {t: £(t) % fT(t)+b} can have

no accumulation points, and hence is of zero Lebesgue measure by (c).
Thus f & fT a.e. and similarly f » fT a.e.

There are many T-topologies. One of the most useful is the

essential topology L. An L-neighborhood of t is just an ordinary

neighborhood minus a set of Lebesgue measure zero. A point t is an
accumulation point for a set A in this topology iff m*(AAN)> O for
each neighborhood N of t. One can easily verify that

(i) A is L-open iff A = 0 — Q , where O is open and m(Q)

(ii) L is the coarsest T-topology;

(iii) the L-Borel field is exactly the Lebesgue measurable eets.

Here, (iii) is a direct consequence of (i). The essential topology
has some interesting connections with the ordinary topology:
(iv) if ACR then AL is closed and perfect in the ordinary
topology.



292

To see this, let t be in the closure of AL. If N is a neighborhood of
t there exists seNnAL. N is also an L-neighborhood of s so
m(NAA)O . Thus te A”. Further, m*(NnA")>0 by (c), so in
particular N contains points of AL other than t.
It can be shown that this property characterizes L among
T-topologies. A direct consequence of (iv) is that for a function f
(v) el is upper semicontinuous in the ordinary topology;

(vi) f is continuous iff f is L-continuous.

Here, (v) follows by writing {fL< a} as the complement of
q {f r,a-1/n}L , which is closed by (iv). If f is continuous, it is
clearly L-continuous, and if f is L-continuous, then f = fL = fL ’
so f is both lower and upper semicontinuous, hence continuous.

Two other examples of T-topologies are afforded by the right
and left L-topologies, respectively denoted Lr and Ll' Neighborhoods
of t are of the form NN [t,®) and Nn(-w,t] respectively, where N
is an L~neighborhood of t. Results quite similar to the above hold
for these topologies. Quite a different example is given by the
topology ’I‘d: a point t is a Td—limit point of a set A if
lim 1/2b m* { AA(t=b,t+b)}> 0. It is easily verified that T, is in
?g.gt a T-topology. Td is called the approximate topology, and it
is classical that a Lebesgue measurable function is approximately

continuous almost everywhere.

2. MEASURABLE PROCESSES

Let (Q,E,P) be a probability space. Let B denote the Borel sets
and consider the product gpace RX{l. We will denote the completion

of BXF with respect to mxXP by‘ BXF . A function X on RXxQ to

R is Borel measurable if it is BXF measurable, and is Lebesgue

measurable if it is BXF measurable. An additional property shared

by some but not all of the T-topologies is
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(a) 1f (t,w) —» X(t,w) is Borel measurable, then so
is (t,w) —+XT(t,w) .
Here as usual XT(t,w) = T-lim sup X(s,w) . Note that (d) is not

s—»t
satisfied by the ordinary topology! We say that two functions X and

Y on RXQ are indistinguishable if for a.e. (P) w, X(t,w) = Y(t,w), all t.

PROPOSITION 2,1 Let T be a T-topology which also satisfies (d) and
let X be a Lebesgue measurable process. Then XT is indistinguishable

from a Borel measurable process.

PROOF. There exists a Borel measurable Y such that Y =X mxP a.e.
By Fubini's theorem, for a.e. ® m{t: X(t,w) # Y(t,w)}= 0.
By (b), then, for all such w,XT(t,w) = Y!Et,w) for all t. By (d)

YT is Borel measurable. qed

PROPOSITION 2.2 The topologies L and ’I‘d along with their right and

left hand topologies satisfy (d).

PROOF. Suppose first that X is the indicator function of some set

in EXE . Notice that in that case

t+0
XL(t,w) = lim Ilim[SX(s,w)ds ]1/n]
a—0lnawegly tea ,
and X74(t,0) = lim [lim sup 1/2a Sx(s,w)ds]1’n .
n—»o0|a-40 t-a

These are both BXF measurable by Fubini's theorem. For general

BXF measurable X, notice that for any real number b and P = Lor T = Td:

I{XLab}= :'limb(I{Xbbﬂ/n}) » which is BXF measurable. ged,

The proof for the respective right and left hand topologies is

entirely similar and is left to the reader. qed

What one often needs in applications is progressive measurability
rather than just measurability.

Let (Zt)te R Pe an increasing
set of Borel sub fields

of £‘ and let 2& be the class of Borel

sets of (-e5,a). Then a function X on RXQ is said to be progressively
Borel measurable if for each a¢R the restriction X* of X to (~m,a)XQ
’

(hele it is 1mp0rtanb to take the open 1nte1'val is B X measurab e
) a E abl
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and is progressively Lebesgue measurable if @ is gaxga measurable,

the completion being again with respect to mXP . (We are ignoring
for the moment the question of whether or not X is adapted to (Et),

i.e. whether or not X(t,.) is E measurable for each fixed t.

t

LEMMA 2.3 If X is progressively Lebesgue measurable there exists a

progressively Borel measurable process X such that X = X mxP-a.e.

PROOF For each integer n > 1 and each integer k there exists a

. n . .
function Ykn on (—m,k/2 )Xk{/)znwhlch is 21(/2nx Ek/Z“ measurable
and is equal mXP-a.e. to X . Define Yn on RXQ by
Y =Y on [k-1/27,k/20)XQ , and finally define X = lim inf Y .
n kn n

. . n—y ®
Now X plainly equals X mXP-a.e. To see that X is progressively

Borel measurable, note that if a = k/2n , then for each m > n and

jek, ij is gaxga measurable. Thus the same is true of
Yz and hence of X%. For a general a, just apply this remark
to a sequence of dyadic rationals which increase to a. qed

THEOREM 2.4 Let T be a T-topology which satisfies (d). If X

is progressively Borel measurable, so is XT ; if X is progressively
Lebesgue measurable, XT is indistinguishable from a progressively
Borel measurable process. 1In the first case XT is adapted to (£t+)
and in the second it is indistinguishable from an adapted process.

PROOF  If for all a, x* is B XF measurable, then by (d), so

is (Xa')T. But (Xa)T = (XT)a,s?or=?(a is the restriction of X to the
open interval (-m,a), so XT is also progressively Borel measurable.
If X is only progressively Lebesgue measurable, it is equal mXP-a.e.
to a progressively Borel measurable %X. We have just shown that f(T
is progressively Borel measurable, and the argument in the proof of

Proposition 2.1 shows XT and XT are indistinguishable.
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The statements on adaptability of XT are consequences of the
general fact that any process progressively Borel measurable with
respect to (l:t) is adapted to (£t+)' Indeed, for any b> a,

X(a,.) = Xb(a,.), while Xb(a,.) is F, measurable by Fubini's theorem.
qed

The reason for insisting on the transition from progressively
Lebesgue to progressively Borel is that the important stopping theorems—
measurability of X(S) for a stopping time S , for instance—valid for
progressively Borel processes are false for progressively Lebesgue

processes,

3. SEPARABILITY

Suppose now that {Xt, te€ R} is a stochastic process.
If DcRr, XlD will denote {Xt' teD} . According to a classical
theorem of Doob, there exists a countable set D and a standard
modification X of X such that for a.e. w, 'it is in the cluster set
of XlD at ¥ for all te¢R. If X is progressively Lebesgue or Borel
measurable, one can choose X to be progressively Lebesgue or Borel
measurable respectively. Recalling our notation for cluster sets,

separability for X implies
(3.1) OolXit) = Co(Qyt)  amd oy (Xit) = c (st)
where O and 0r are the Euclidean and Euclidean right hand topologies

respectively. We will take (3.1) as a model for a definition of

T-separability. Let T be a T-topology.

DEFINITION A real valued stochastic process {Xt, te R} is
T-separable (right T-separable) if there exists a countable set

DCR, called a T-separability set (right T-separability set) and KecQ
with P(K) = O such that if ® ¢ K then

(3.2) Cp(X;t) Cco(xlﬁt) (resp. CTr(X;t) C colgxlﬁt) ) for all t.
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X is strongly T-separable (strongly right T—separable) and D is a

strong (right) T-separability set if there is equality in (3.2).

REMARKS 1. If X and X are Lebesgue measurable standard modifications
of each other, then wp! they have exactly the same T-cluster sets for
any T-topology T. This follows since by Fubini's theorem, w.p.1
m(%: Xt# it) = 0 , hence by (b) the set {j: th ié has no T-accumulation
points.

2. A super-set of a separability set is a separability set
but a super-set of a strong separability set may not be a strong

separability set.

THEOREM 3.1 Let T be a T-topology and let X be a Lebesgue measurable
process. Then X is T-separable and right T-separable. X is also strongly
L-separable and strongly right L-separable.

PROOF We will prove separability only; the same proof works for
right separability. Fix for the moment a set NCR with m(N) = 0 .
Let X be a Lebesgue measurable standard modification of X

R-N
and let D be its separability set. Then w.p.1 we have for all t:

cp(Xit) = cn(Xit) o, (Xpt) = o (qpit)
where the first equality follows from remark 1, the second by separability
and the last because, as D is countable, Xh) and Xh)are indistinguishable.
Thus X is T-separable.

Now we specialize to the essential topology. So far the set
N has played no role, but now we choose it as follows. Let g be
continuous on the compact interval Lﬂo,dﬂ. For each w,
g(Xt(w)) & g(Xt(w)) L a.e. Since L satisfies (d), both sides
are Lebesgue measurable so by Fubini's theorem there is an m-null set
NgcR such that if t ¢ Ny o then g(Xt) ¢ g(Xt) L w.p.1. Choose
{g,} dense in Clow,®] and let N =UN . With this N, let D be
the separability set above. As DaN = by definition, for each s €D
g(Xs) < (g(Xs))L . This is true w.p.1 simultaneously for all s in D
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so, noting that s—a-g(XS)L is upper semicontinuous by (v),

lim sup g(X_) £ g(X )L .
s t

s—+t

s€D
The opposite inequality follows since D is an L separability set.
Thus there is equality simultaneously for all te¢ R and gecr-w,W] .
But this implies strong separability since if a is a limit point of
XDD at t, choose g¢ C{-®,0] to have a strict maximum 1 at a. Then

. L
1 = lim sup g(Xs) = g(Xt) ’
s—r t
s€D

s0 a is in the L.cluster set of X at t. qed

We had no scruples about using the strongest form of Doob's
separability theorem above, even though it is decidedly deeper than
the theorem in question. For a demonstration more or less by hand
of a similar theorem the reader may glance at §5 of [3]

We should warn the reader that we have given a slightly stronger
definition of T-separability than Doob. With his definition, all
Lebesgue measurable processes are strongly separable relative to
any T satisfying (d). With our definition, we have the curious fact
that this is true only for T =L . Indeed, if T is different from L
there will be some Borel set ACR for which AT # AL. As L is
coarser than T, there exists to in AL- AT « Let f be the indicator
function of A. Note that f (t,) = O while £ (tg) = 1 . But
fT = fL m-a.e. by (c), so to is an accumulation point of {fT = 1} .

By T-separability, it is also an accumulation point of {f = 1}nD ’

where D is any T-separability set. Thus the T-cluster set of f at

t, is {0}, while the cluster set of fh)at to also contains 1 . It follows
that if Q is a probability space, the stochastic process Xt(w) = f(t)

is T-separable but not strongly so.
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4. APPLICATIONS TO POTENTIAL THEORY

One of the virtues of the limits we have been discussing is
that they often exist where ordinary limits do not. For instance,
nothing can be said about the existence of ordinary limits for a
Lebesgue measurable submartingale {X ’ Et' t 30} unless it is
separable. On the other hand it has right and left L~limits (and
therefore limits in any right or left T-topology) at all t+%>0 w.p.1.
This is a simple consequence of L-separability and the existence
of one-sided limits along any countable parameter set.

Another use of these limits is to sidestep thorny measurability
problems. Let (Q,E,lﬁ be a probability space and (Et)t »0 20
increasing family of Borel subfields of E.. Let %Xt, t a()} be a
progressively Borel measurable stochastic process taking values in a

locally compact metric space E . Define a Complete measure V¥V on E by

by v (4) = E§ (:-tIA(Xt) dt & for Borel sets A.
o

progressively
Then, if f is V-measurable, the process f(Xt) is/Lebesgue measurable:

for there exist Borel measurable functions f' and f" on E for which
{£'4 £} = 0 and £'s4£1"; then the set {(s,0): £(X (w) ¢ (X ()5 £ ¥
is both gtxgt measurable and of m xP-measure null. It follows by (d)

L R .
That f(Xt) and f(Xt)Lr are indistinguishable from progressively

Borel measurable processes.

Now let us specialize this situation. Suppose, in the notation
of [1], that X = (Q,g,gt,xt,ot,P‘) is a Hunt process, except that
we will not assume quasi left comtinuity of the paths. Measurability
notions become more complex in this setting because of the presence of
more than one measure on the probability space; in fact, for each
probability measure a on E there is a probability measure P*on (Q,F).
Recall that ES is the Borel field generated by {Xs, s t} and EO :}{ES.
Then F and E} are gotten by completing EO and Et respectively accordi;g
to the prescription in [1]. Notions of measurability in the following
will be with respect to the fields Fand Et unless specifically stated

otherwise.
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We will say that a process Z is (progressively) Lebesgue measurable

if for each probability measure 4 on E, Z is (progressively)
Lebesgue measurable on the space ({,F,P%). The idea of progressive
Borel measurability is independent of measure, but it is convenient

to introduce another notion: a process Z is nearly (mgressively)

Borel measurable if for each probability measure u on E there exists

a (progressively} Borel measurable process Z" such that 2 and 2™ are
indistinguishable when the probability space is given the measure PM.,

With these notions it is clear that the analogue of Theorem 2.4 is !

THEOREM 2.4' Let T be a T-topology which satisfies (d). If Z
is progressively Lebesgue measurable and real valued, then

ZT is nearly progressively Borel measurable and adapted.

This theorem follows upon applying the remark of the previous
paragraph separately for each P* The pleasant properties of progres-

sive Borel measurability carry over to nearly progressively Borel
measurability.

THEOREM 4.1 Suppose Z = {Zt't >,O} is a nearly progressively Borel
measurable process taking values in some separable metric space G, and
S is a stopping time (always with respect to (Et).) Then Zg is
1=7'§measurab1e. Furthermore, if A is an analytic set in G and

SA = inf{t >0: Zte A}, then SA is a stopping time.

PROOF  Fix s and let 2™be a progressively Borel measurable

process which is P*-indistinguishable from Z. If HeF , H*will
designate the Borel field generated by H plus all the P ““null sets of
F. By T49 of[s] Z is Fs measurable and equal to Z ) 3 -a.e.
Thus ZS is measurable wlth respect to ﬂF"' = ES On the other

hand, according to Theorem T52 of [5] the random variable

S:= inf{t> 0: Zt ¢A) isa stopplng time, equal to S, P’-a.e.

Thus the set &S < t} is in F y hence in F =NF*

w=t: qed
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Hunt's potential theory for strong Markov processes is
based on the first hitting time of a set, but one can also base
a potential theory on the idea of a first penetration time, as has

been done for instance by Stroock (_6]. The first penetration time m

of a set ACE is the infimum of times t for which m*{s st:)(se A}>O,
or, in our notation

(4.1) m, = inf {20: (I,ex)'" = 1}

If ACE is universally measurable, or just AR%—measurable for
1,(x,)at ¥

each probability measure aon E, where AR (B) = E* [
then "I (X )Lr will be nearly progressively Borel measurable and ™

will be a stopping time. Notice that penetration times are measur:ble
for a much larger class of sets than are first hitting times, and

their measurability is a rather trivial fact. Nevertheless, we will
see shortly that penetration times are in reality a subclass of hitting
times.

It is natural to define a topology F, which we shall call

the essentially fine topology, Which is connected with penetration times.
A set A is open in this topology if for each x €A there exists a
universally measurable ‘subset BcCA such that xeB and P* {n = 0}: 0.
The set of F-cluster points of A is denoted by A . A closely

related notion is that of essential regularity. A point x is essentially
regular for A if for each universally measurable BCA, Px{nB= 0}: 0.

In fact, the set A" of essentially regular points coincides with

AF if the resolvent charges no point, and in general we have

x e & xefp-f .

: P r T
It is easy to see that AF =nB and- AT = MB" , where the
intersections are taken over all universally measurable setis B which

contain A. The closure of a set A in the essential}y fine topology

P
is given by AuAr = AUA .
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PROPOSITION 4.2 If ACE is Borel, so are A" and AT, If A is

universally measurable, both AF and A" are nearly Borel measurable.

PROOF let g(t,w) = I,(X,(w)). If A is Borel, this is B XF°
measurable, hence so is g(t,w)Lr. Then {g(O;w)Lr = 1} € Eo s0

X= Px{g(o,u))Lr = 1} is Borel measurable. But A" is exactly ;;he set
where this probability is one. If A is universally measurable and

4 is a probability measure on E, there exist Borel B and C such

that BCACC and wR,(C-B) = O. Then B'c ATc ¢© and B and ¢*

are Borel measurable. X spends almost no time in C~B w.p.1 (P‘“)',

we claim '~ B is polar for the process with initial distribution um.
If not there is a stopping time S for which P*{X.e C*-B'}» 0[5p. 162}

S
r _r . .
But a.s. on {XSE C - B_} we have O = ncoGS< ﬂBoGS , implying the
process spends strictly positive time in C - B, a contradiction.
The proof for AF is similar except one uses the function

h(x,t,w) = IA—{x}(xt(w)) instead of g. qed.

THEOREM 4.3 Let A be universally measurable. Then Ty = Tar = SAr

w.p.1, and X_e A" a.s. on {TTA<<'D} (where Sy is thé first hitting time of B.)
A
PROOF If S is a stopping time, w.p.1% XSeAr iff IA(XS)LI' = 1;
for IA(XS) = 1&3 1,00, = O which is-by the strong Markov property -
equivalent to PXS{TTA = 0} =1. IA(xt) is right upper semicontinuous
. . . r .
in t, so IA(X'HA) = 1, implying XﬂAGA a.e. on TTA<CD. Applying the
above remdrk to fixed times S and using Fubini's theorem, we can
r
show that the sets {(s,w): Xs(w)eA } and {(s,w): IA(Xs(w)) = 1}
differ by a set of mxP measure zero. Thus w.p.1 ﬂAr =T, ., as
l
both equal inf{s: IA(XS)LF = ‘I}. Now consider S,r . By the
section theorem [5 P. 162], for €>0 we can find a stopping time S
r
between SAI' and SAr + € such that P{XS(. A })P{SAIK”} €&, But TerOS =0
a.e. onéxseAr}by the strong Markov property. Thus "As SAr w.p.l.
This completes the proof since SAr is always less than or equal to "AI‘ .
qed
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COROLLARY Let A e E . Then AF and Ar are closed in both the

fine and essentially fine topologies.

Proof It is enough to show fine closure since the fine topology

is coarser than the essentially fine topology. We need only consider
universally measurable sets. Suppose x is regular for the nearly

Borel set AF. If x & AF, we are done, so suppose it is not. Then
there exists a stopping time S < &, such that P* { Xs € AF‘} y1-E,
But X € A" = P {m
P &"A = 0} =1, 0r x ¢ A%, But X
continuity of the paths

° GS = 0} =134 as ;A & S+ e es we have
S e A = Xs ;4 X, so by right

S{xf SS > 0; so in fact x & AF, the desired

contradiction. The proof for A" is similar. qed

This result gives some insight into why the penetration times
can be defined on a larger class of sets than hitting times:
penetration times reduce to hitting times of nearly Borel finely closed
sets. We should note in passing that much of the above can be
obtained from the general theory of additive functionals, for A"
is exactly the fine support of the continuous additive functional
B, = lIA(XS)ds .

It is amusing, if not particularly significant, that the
essentially fine topology satisfies

a') it is finer than the fine topology;
b') a set of potential zero has no accumulation points;

c') if A is universally measurable, A - A" has potential zero.

Before leaving the subject we will give one more useful

corollary.

THEOREM 4.4 Let f be a real valued universally measurable function
which is continuous in the essentially fine topology. Then

i) f is nearly Borel measurable;

ii) f is fine continuous;

iii) s - f(Xs) is almost surely right continuous.
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PROOF  Write {x: f(x) > a} =f\ {x: f(x)> a - n—1}r. Each set
in the intersection is nearly Borgl and finely closed by the
corollary. This proves i) and ii). The last part is now a well-known
consequence, but we will give a short proof to illustrate the methods
of this paper.

We may assume f is bounded. Set Z_ = f(xs)LT - f(Xs)Lr
Then Z is upper semicontinuous from the right and, according to
Theorem 2.4' it is nearly progressively measurable. Thus T = inf{s: Zs>,e}
is a stopping time and Z % & . The strong Markov property and
essential f1ne contlnulty of £ imply f(X ) = f(xT)LT = f(XT) ;
s0 f(x ) is right continuous. It is therefore well measurable, as
is X_ and hence f(X ). If P{f(x ) # f(x ) I some s} >0, by T21 of [5]
there is a stopping time S such that P{_f(X ) # f(X )Lr} > 0 , which
again contradicts the essential fine continuity of f, hence f(X) is

identical to the right continuous process f(X)LT.

Once it is known that eggential fine continuity (at all points!)
implies fine continuity the above theorem can be derived trivially
from known results. However, its novelty is precisely that only
essentially fine continuity is needed. Observe, for instance, how
quickly one can derive Hunt's result that an excessive function is nearly
Borel and right continuous along the sample paths. We need only
check that an excessive function f is essentially finely continuous.
Fix x€ E . Then {?(Xs),s >» 0 } is a Lebesgue measurable super-
martingale with values in khaﬂ and thus has an essential limit fo
at s = 0 ; this limit is constant with P probability one by the
Blumenthal zero-one law. But then, if s » O

f(x) = E"{f(xo)} > Ex{fog > Ex{f(xs)}= PF(X) .

Now let s—» O; then Psf(x) — f(x), implying £y = f(x). Note that

the above equation is valid even if some or all of the terms are infinite.
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5. APPLICATIONS TO MARKOV CHAINS

Most of the interesting aspects-——and pathologies——of the
sample function behavior of continuous parameter Markov processes
are already present in the relatively simple case of Markov chains.
The sample functions can be everywhere discontinuous, for instance.
One of the bothersome features of these processes is that in general
there is no separable version of the process with values in the
original space. One can compactify the space in some convenient manner
and then find a separable version in the enlarged space, but then the
process will spend some time (of Lebesgue measure zero) outside the
original state space. This suggests the suitability of the topologies
we have been discussing, for they have a tolerant astigmatism which
allows them to overlook sets of measure zero. We will briefly discuss
some of the sample function properties of a standard Markov chain
from this viewpoint. Only the viewpoint has any claim to novelty;
the theorems can all be found in sections I11.4 - II.9 of [2].

let I={0,1,2,... } and let B = (pij(t)), i,jel, t>»0,
be a standard transition matrix, that is, a transition matrix satisfying

p. .(t) -)8 as t—>0 . It is known that
ij ij

. .1 = p..(t
(5.1) pij(t) is continuous in t for t > O, and q = lim _.__§11£_2_
t O

exists.

The state i is said to be stable if qi<¢D , and unstable if qQ =0,

Let {Xt, t > 0} be a Markov chain having transition matrix P.
The continuity of the pij(t) imply that X is stochastically con-

tinuous and thus L 5] can be assumed to be Borel measurable.

PROPOSITION 5.1 Any countable dense set is a strong L, Lr’ and L1

separability set.

PROOF If S and S' are countable dense sets, and if s ¢ SUuS',

stochastic continuity implies that Xs is a.s. in the cluster sets of



305

both X\S and X‘S' at s. Thus the cluster sets of X|, and of X‘S'

S
are equal at all t w.p.1. If S is a strong separability set (and one
exists by Theorem 3.1) then so is S. The same remarks apply to the

left and right cluster sets. qed

NOTE For f bounded on I we write P f( ) = §:p J(t)f(J) and

F)
R f(l) = Ie Ptp f( )dt. Then for £ 0 {R f(X )y £20] is a
supermartlngale and therefore has Lr and L1 limits at each point w.p.1.

This immediately implies the following basic property of the paths.

PROPOSITION 5.2 If w is not is some set N with P(N) = O, then t-axt(w)

has at most one finite Lr and L. cluster point at each t.

1

PROOF Let f = Ij and note that, as the transition matrix is standard,
pRpf —>»f as p -»®. Given i ;4 Jy then, we can find p large enough so
that Rpf(i) < Rpf(j) . Let Q = N be the set on which Rpf(x) has

Lr and L1 limits, and just notice that existence of an Lr limit

(L1 limit) at t implies that not both i and j can be in the Lr (Ll)
claster set of X at t . qed

For i€ I, define Si(w) = {t: Xt(w) =i } . This set depends
on the particular version of X chosen, but the sets S? ’ S?r, and
SLl are invariant under standard modification, up to a set of zero
probability. Proposition 5.2 doesn't exclude the possibility of
having @ as a cluster point at some, or even all t, but it does
tell us that the sets S1 and SJ aren't too badly mixed up. If i
and J are distinct, then SLWWSJr and SLlf\S 1 are empty and

S r\s is discrete.

PROPOSITION 5.3  W.p.1, S;, S;, and ST are identical up to sets

of Lebesgue measure zero.

PROOF  For any set A, m(ALo>ALr) = 0and m(A - AL) =0 . It remains
to show m(SIi'r - Si) = 0. But, neglecting Lebesgue null sets:
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- s - sy s € stalyst]
57 -8; = Sin[.L’Z,.sj C 5N .\;).sj
JF1 JF1
which is empty by the remarks preceeding this proposition. qed

Notice that this proposition does not quite imply Theorem 3
p. 151 of [2] which states in our notation that P {tesidr|x.=i} =1 .
However, remark that m(Si - S?d) = 0 —property (c)—-so that by
Fubini's theorem this probability must be one for a.e. (m) t, and
hence, as it is independent of t, for every t. As in §4, "A denotes
the first penetration time of A, and we write s instead of T it

{1

PROPOSITION 5.4 For 0% q, <®, and s,% % O
Lely 211 -
(5.2) P{sesr|x =i} =1

(5.3) Plmp g >t X =1} - Ut |

PROOF (5.2) is a consequence of the remarks preceeding the

proposition and the fact that Lr is coarser than Tdr . Suppose qi<oo.
n —-n 2n
(5.4) 1={xs+2_,,k,c = i, k=0,...,2 \ X, = 1} = [pii(t2 )]

n
—-n —ny\12
- [1-2 q,t + of2 )]

-q;t

which converges to e as n->®. This implies

R . _ ol - -q.t
(5.5) P{x ., =i for all dyadic re[o.ﬂ\xs =) =eut

As any countable dense set is a strong Lr separability set this gives
(5.3). Note that strong separability is needed for this implication.
If a; is infinite, (5.4) remains valid since for any N 2 1 and large
enough n the right hand side of (5.4) is dominated by e-Nt, and hence

must be zero. qed
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Sooner or later one usually wishes to make the process
separable; this can be done in any compact separable Hausdorff
space E containing I. The main advantage gained is commonly the
availability of some form of the strong Markov property; with the
right choice of E, one can actually find a strongly Markov standard

modification of X But even the simplest choice of E gives a

£
useful form of it. Consider the process on the Alexandroff com-

pactification Iy {@}of I:

X:(w) =X, (w) ’ or in other language
= ess lim inf X (w) , taken in the extended reals.
sVt
By strong L separability (the full force of strong separability is

needed) th1s is - indistinguishable from the 1lim inf Xs(w) over
sVt
rational s, which is the version given by Chung. This process is

Borel measurable, even lower semi continuous, and is a standard
modification of X by (5.2) and Proposition 5.2 . Any L separability
set for S—which is to say any countable dense set——will be a
separability set for X'. Set Sz(w) = {t: Xt(w) = i} . We already

know all about this set because:

PROPOSITION 5.5 Si and S]i"r are indistinguishable.

i’ROOF Suppose w is in the set of probability one in which SLrn SLr ¢
whenever i ¥ j . Then 'I;GSLr =--‘>(Xt)L i . But if (X ) = j ( i,
then we would have to have t € Slj'r. whlch can't happen. 'I‘hus

t € Si’r = Xt = i, The opposite implication is obvious from the

definitions of X' and s?r . qed

The process X+ is not strongly Markov for it may have ® for a
value and there are no transition probabilities for this point. Never-
theless X" does satisfy a restricted version of the strong Markov
property. Effectively, it is strongly Markov except when it is at ®.
Let F, denote the Borel field gemerated by {k;, s¢t).

<
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PROPOSITION 5.6 Let T be a stopping time with the property that
X; €1 a.s.on T <®. Then X' satisfies the strong Markov

property at T.

PROOF By remarks following the definition, T <=2 X: is a cluster point of
X;, s+ T, s rational. But T <= X;el, so in fact we see X;;
is a limit from the right of rationals for which X; = X; . Thus we

can find a sequence T T of rational valued stopping times such that
P{X;n =Xy} —>P{T<®}. PFix j€TIandt>0. The rationals

and the rationals translated by t are both separability sets hence

{x;.}.t = J} 2 lim SUP{X; = j}. Thus on {‘1‘ <w}‘.
n

+ .
P{XTH; =J

ET}aP{nm sup{X;n+t - j}tg,r} ;

conditioning on F. we have by Fatou's lemma and the Markov property

Tn
> lim sup E{px+ J.(t)( Evr} .
Tn

By the choice of 'I‘n, X; will be a limiting value of XT a.s. so this is
n

% Py+:(t) -
XTJ
To see there is actually equality, note that a.s. on {T <oo,}
+ .
! ”%P{xfmt: i E‘I‘S ”?px; ;80 =1,

which implies equality for all j. qed

Many results foilow easily from this. For instance, for any
stopping time T, the post-T process {X;+t , v % 0} is again a
Markov chain with tha same transition probabilities. To see this,
apply proposition 5.6 to the times T + tn , where tn is chosen such
that XT+t: I a.s.on {T<m} (by Fubini's theorem, a.e. t has this
property) and let tn* O . We conclude with a final proposition

which concludes our description of the sets SIi'r.
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PROPOSITION 5.7 S?r is perfect in the right limit topology Or.

If qQ = @, it is a.s. nowhere dense; if q; < @, it is a.s. the union

of left semi closed intervals, finite in each finite time interval.

PROOF  For any set A CR, ALT is perfect in the right limit topology.
SET being closed in Or , to show it is nowhere dense we need only show

it contains no intervals. But it is BXF measurable, so if it contained
an interval with positive probability, Fubini's theorem would tell us
there is a t such that P{te interior of Sli'r}>0 . In fact, as Si

and S?r differ by sets of Lebesgue measure O, we can even require

P{te s, » 0f. But if g = o,

a contradiction.

“I—{if Gt = 0 by Proposition 5.4,

Now suppose a is finite. We will prove the proposition for

SI, which is indistinguishable from s?r . Define

V,=0

0 + .

Tn = 1nf{t :;Vn : Xt =1 } ne=20,1,.004
Vn=inf{t>Tn:X:;4i} n=0,1,000e

For simplicity we assume i is recurrent and q > 0 so that both

Tn and Vn will be finite valued for all n. As S; is closed in Or ,

X;n € SZ a.s. for all n, hence X;n = i and Proposition 5.6 is
applicable. Using this and Proposition 5.4 we see Vn - Tn is

a sequence of independent exponential random variables with parameter q;-
Thus S; is a union of intervals, closed on the left, and, as

}:(vn - Tn) = @, there can be at most finitely many in any finite

time. These intervals must also be open on the right, for otherwise

P {X; = j} > 0 for some n, implying by the strong Markov property

n
that X; remains in i for some time after Vn' a contradiction. qed
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