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A Local Time Inequality For Martingales

by S.D. Jacka*

M.T. Barlow and M. Yor [1] have established the existence
of universal constants cp,Cp>0 such that, for all continuous

martingales M , with M,=0

0
e ll<w%|| s |lsup L2a0 || < c_[lawi] . (@)
P S a = PP *° P

One is naturally led to consider possible extensions of
these inequalities involving the term sup suple(M)—Lz(N)| and
a t
in this paper we establish the existence of a universal constant

uch that
cp suc
= - - % am)-1.2
|| (<M-N> <M N>0) I < C_ || sup supILI(M) L) | ||

for all continuous martingales M and N (Theorem 1).

Conversely, Barlow and Yor [2], have recently established the

inequality:
a a
-L, (N
llsgp s:plLt(M) el p
(I mxanz il

% b
< C_ |[(M-N)* ME+NX n|
p I ol 11 eem 2l

‘——v———’

We also establish (Theorem 2) the ess sup equality:
2SS sup sup !L:(M)—L:(N)I = ess suplLi(M)—Li(N)l
t

for each aeR.

* This research was supported by the SERC
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Let (Q,F,(Ft;tZOD be a filtered probability space satis-
fying the usual conditions. For any random variable f and
any pe(0,®) we set ||f||p = (E[|f|p])l/p and we set
[|£]l, = ess sup|f| . For any continuous local F. -martingale
X and any pe(0,») we set ||Xx]| gP = |l <X>2H P where <X>
is the unique, increasing adapted process such that <X>0 = XB
and X; - <X>, is a local Ft-martingale,and define H©P
= {x :||X Ial<°°} .

We recall the Burkholder-Davis-Gundy inequalities which

state that for each pe (0,~) there exist universal constants

cp,Cp>0 such that, for all xenP
e lIxE Il < l1<x>% ]| s c_||x* ||
P *®'p ®'p b ® 'p

where X* = sup|x | .
t s<t s

Following [5] we define the local time of X by Tanaka's

formula:

t
|Xt—a| = IXO-a| + J

a
0+sgn(Xs-a)dXs + Lt(X) ’

we recall that, for each a , L:(

[6], and the support of the measure dLi is contained in

X) 1is increasing in t ,

{t : xt=a} . Furthermore, since we are working with continuous
local martingales we may take a version of (Li(x); aeR, t=20)

which is jointly continuous in a and t, [3].

For any XeHP set X = X—XO. Finally we recall two

definitions : if F : If'+If' is an increasing function with
F(0)=0 , F(x)#0 for x#0 we say that F is moderate if

there exists an a>1 such that

F(ox)

F(X) <

sup
x>0
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and that F is slowly increasing if there exists an a>1 such

that

Theorem 1 For each p>0 there exists a universal constant c¢

1Y
such that

a _ .a N oM 5
cpllsgp s:p |Le (M) Lt(N)IHp 2 | (<M-N>_-<M-N>.) Ilp (1)

for all M and N in HP.

The proof is obtained via several lemmas.

For M,Ner define, for each ¢>0 , the stopping time
T, = inf{t20 : [Mt-Ntl 2 IMO-N0|+C}
where the infimum of the empty set is taken as +« .

Lemma 2 For M and N in H1

8E'sup sup|L2(M)—L:(N)|I(T <”LJ 2 CP (1, <) (2)
a t [}

Proof Define

o, = infltat  : [M -M_ [VIN N |2%c}
c c
Now, by the continuity of M and N, |M_ -N_ |=|M0-N0|+c
c ¢
on (Tc<“) , and so N, does not hit M/ and M_ does not
c

hit NT on the interval [Tc,cc] ; therefore
c



MTc MTC
L, ‘M =1 °m 1
(o] Cc (3)
N N
TC TC J
L, “y =1L °a
(o] (o]

setting
_ .a _ra
U(a,t) = Lt(M) Lt(N)
D, = sup sup U(a,s)
a ss<t

we see that

4D°cI(Tc<m) 2 [U(MTC'OC)_U(MTC'TC)] - [U(NTC,GC)—U(NTC,TC)J
Using (3) we obtain
MTc MTC NTC N_rc
4D_1I oy 2 (L M) - L (M))+(L (N) -L (N))  (4)
(Tc< ) O Te o Tg

Applying Tanaka's formula we see that the right-hand side of

(4) is

IMO M,
c

c
-( sgn(N_-N_ )dNs (5)
Jrc s e

The two stochastic integrals in (5) are martingales in u!

, as
M and N are in H1 » and so, applying the optional sampling

theorem we obtain

415:(1)001(T <o) 2 E[IMO -M_ |+|N0 -N_ |1 (6)
o] o] C C (o]
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Finally, o_<T, , and on (0_<=) , |MGC-MTCI+|NU -NTC|2c/2
so, substituting in (6) we obtain (2) 0O.
The following is a slight adaptation of lemma 1.4 of [41].

Lemma 3 [4, lemma 1.4] If X is a positive, right-continuous

adapted process and B is an increasing, previsible process

with x03§0=0 , such that for all finite stopping times T;

E[XT] < E[BT], then for each slowly increasing function F

there exists a constant C_ such that

Cp E[F(X})] < E[F(B,)] .

Lemma 4 There exists a universal constant K such that for

all M,NeH1

KE[%up suplLi(M)-Li(N)[] 2 E[ (M-N) %-|M,-Ng | (7)
a t
Proof Integrating the inequality (2) with respect to c we

obtain

8E[Dm[(M-N);—|M0-N0|]J = BJ E[D_I 1dc
0 (‘l’c<oo)

oo

f
2 | ¢ Plry <=)de = EL ((M=N) %= |M-N,[)?]
0
which gives, using HOlder's inequality
KED? > E[ ((M-N)% - |My-Nj[)?] (8)

M-N) ¥ - IMg-Ny| is a positive right-continuous adapted
process whilst D is continuous (and so previsible) as a
consequence of the joint continuity in (a,s) of (L:(M) and (L:(N).)
Applying (8) to the martingales MT and NT we see that
[(M-N)t-lMO—NOIP and KDi satisfy the conditions of lemma 3 so

setting F(x) = x;i we obtain (7) O.



m

Lemma 5 There exists a universal constant c¢ such that

P
c Elsup sup|L2 (M) -L2(N) |7 2 EC<H-N>2) (9)
a t
Proof Set
v = inf{t20 : |Mt-M0|v|Nt-N0|2%|M0-NOI}.

As the ranges of (Mt ; t<v) and (Nt; t<v) are disjoint

L:(M)AL:(N)=0 for each a , for ts<v. Thus

Dy = (supLy(M) v (sUpLy ) > ' (SupLT (M) +% (supLy (V)

and so by theorem 3.1 of [1]
A* A*
c ED, = E(M} + N¥)
which leads to

4c ED, = 4E((ﬁ3+ﬁ3)l(v<m))+4E((ﬂ;+ﬁ;)1(v=m))

v

2E(|My=Ng | T (o)) #BUH-D) 2T ) (10)

(V<o

Adding (7) and (10) we obtain

CED

v

E«M-N);—IMO-NO|)+2E(IM0-N0|I(v<w))+E((ﬁ—ﬁ);l(v=w9

1]

ELOMN) E=[Mp=Ng DT (o) + (=N 2+ [Mo=No DT ()]

+ E((M-N);I(v=m))

E[ (M-§) *2

v
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We obtain (9) by observing that (M=N) = (ﬁ:ﬁ) and by applying
the Burkholder-Davis-Gundy inequality with p=1 [O.

Lemma 6 [4, lemma 1.11 If A and B are increasing, previsible

processes and there exist a,q>0 such that for all pairs of

finite stopping times S<T

E[(ATI(T>0) -A I(S>0)) < aE[BY I(T s)]

then for every moderate function F there exists a c¢=c(a,q,F)

such that

E[F(A_)] = ¢ E[F(B_)]

Proof of theorem 1 For M,NeHl set

me = Mrl(‘s+t)
Dy NTS+t)
We see that
L2m = L3, D) - L3
LI (m) = 13, - i@’

and, applying lemma 5 to these (F )-martingales we obtain,

S+t

with some simple manipulation
2ED, I E[ sup sup I(L M) - L a(M) - (L (N)—L (N)) 11

>
(s<T) S<s<T a

[\

CE[ <m-n> ]

5
T-8

1\

cE[<ﬁ-ﬁ>T - <M—N>§]
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So we obtain (1) by lemma 6 with F(x) = x . 10 complete the

S
proof in the case p<l , we apply the above inequality to M n
S
and N %, where S, = inf{t : |Mt|v|Nt|2n} . and then use

monotone convergence to obtain the result. [

Corollary 7 If F is a moderate function there exists a

universal constant C._, such that

5

a a
CF E(F(sgp SEPILt(M) - Lt(N)I) > E(F((<M-N>m-<M—N>O) ))

for all continuous local martingales M and N .

The proof follows immediately from the above.

Remark Inequality (B) [Barlow and Yor]leads one to ask whether

there exists a universal c¢ such that
a - Y& 1€ *ank | €
c E[s:p sgplLt(M) LeM)IT 2 [1M=N)ZI} ~ [IME+nX 0l

for some €>0 . The answer is no. For, take a brownian motion

B with B;=0 , let T = inf{t>0 : [B_[=1} and take 6>0 ;

T+§ T

setting M = B N = B we find that

a

a a
D = sup sup |Lg (B) - LT(B)I = S:p(LT+6

- (B)-L;(B)) and so,
a T<st<T+§

by [11 , ED, < c§® whilst E(MSN%) > 2 and E[ (M-N)*] = C§

so that

1-€ €
Ta=N) 1177 Iima+n L 5

ED

oo

We now present our second result.

Theorem 8 If M and N are in Hl then, for each ae¢R,
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a a _ a a
ien - imll, = llsweisgen - Lgan

Proof Let n = ess sup|LZ(M) - L2(N)| , and define

Q
]

inf{t20 : L:(M) - L:(N)z n + 2e}

A
]

inf{tzo : L2(M) - LI(N)< n + €}

Since L:(M) - L:(N) < n we see that (o<=)=(1<») . Consider

IN_-a|-|N -a] = (|NT—a|-|No-a|)I(0<m) =
a a [t
LS (N)-L”(N) - J sgn{N_-a)dNs (11)
T g g S

NeHl so the stochastic integral in (11) is'uniformly integrable

so, by the optional sampling theorem

r —ala _ Sryd _a,
EC(|N, al N al)1 ETLZ (N) -L_ (N) ]

(o<m) S =

But on (T<®)=(0<®) , N =a so

_ a _ra
0 2 EL[(|N_-a|-|N_-al)I = E[LZ(N)-Lo (M1 2 0 (12)

(<) 4

Now

(L3 (N) -Lg (N) 1T = (L2 (1) - (n+e) ) = (L] (1) = (n+2e )T

(o<e) (o<)

> EI(0<w) ’

so we conclude from (12) that 0 2 eP (o<=) . As € 1is arbitrary

a.s.
a a
s:p(Lt(M) - Lt(N)) < n

and we may deduce the same ineguality with M and N reversed.[]
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Corollary 9 If M and N are in K' with MZM.  then M=N

if and onlv if for each a La(M)=La(N).

Proof The reverse implication is clear. Now suppose MO:NO
then, since D_=0 , theorem 1 implies that B(M—N);=0 so that

M=N . Suppose now M,*N, , set v=inf{t>0 :|Mt-M0|V|Nt—N

ol
t<v)

0
=%|M0-No|} then, since the ranges of (Mt;tsv) and (Nt;
are distinct we may conclude that LS(M)ALi(N)nO but
Li(M)=L3(N) so Lg(M)=L3(N)=0 aeR and so we conclude that
E((M—MO);)ro and so M0=Mt for ts<v and thus (v=®) and

M=M which contradicts the initial assumption. 0O

Remark In fact, to conclude that M=N, it is sufficient that
LZ(M)zL:(N) holds for all aerange (M); the proof is left to
the reader.
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