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THE BEST ESTIMATION OF A RATIO INEQUALITY
FOR CONTINUOUS MARTINGALES

M. Kikuchi

Let M= (Mt ) be a continuous local martingale with M0= 0.

In this note, we deal with such a [local] martingale only. In

[2] we have proved that if o<1, then the ratio inequality
1

. <M>2

E[<M> —2 )2} < <m>P

[<M>" exp{ o ( o )2H Ca,pE[ M>0]

is valid for every p>0. Our aim here is to establish the ine-

}

quality corresponding to the case where <M>“

and M* are inter-

changed in the above. For this purpose, we need a good - A ine-

quality involving <M>i50 and M* .

Theorem. i) Let 0<a<’ and p>0. Then, for any contin-

uous local martingale M= (Mt ), we have

t 3
(1 E[ M*P exp{ o (——)2}1sc. _E[M*P],
) [ exp <M>2 o,p

where Ca p is a universal constant depending on o and p only.
b

i) If a2% , the inequality (1) is false for any p>0.
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First of all, we shall exemplify ii).

Let B=(Bt) be a
one dimensional Brownian motion starting at 0, and let bﬂ:= B

tal
(0Stsw),

Since exp( EBi ) is not integrable and <M> =<B>

1
=1, we find
1 1, M*
w=E[exp(B3):|B |21 ] SE[M*P exp{5 (——)?}1 .
<M>
(oo}
On the other hand, it is clear that M*GIP for each p. It follows

that the inequality (1) fails for any p>0 and a2% .

Now, we shall prove i) of the theorem.

For that, we need
two lemmas.

The following one is analogous to Corollary 1 in

[3], and refers an integral inequality to a distribution function
inequality

Lemma 1. Let X and Y be positive random variables.

If
there are two constants a>0 and c >0 such that

P{X>yX , YSA}<Scexp{-a(y-1)2}P{X>A}
holds for every y>1 and A >0, then for each p>0 and 0.<a we have

E[ XP exp{ o (%)2}] sc, pE[ xP ]

where Ca p is a constant depending on o and p.
’

Proof. Note that X=0 a.s. on { Y=0} by the assumption.
Let 1<6< (%);‘, and for each i€Z and j €N let

ij={61°1<X§di , oty sty
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Since the complement of U v Aij is included in {Y=0}uU
{X<68Y}, we have i€Z JEN

X
E[ X¥ expla(5)2H s £ B[ %P exp{a(%)z}lA ] +exp(as?) E[XP ],
i,] ij
so that, it is sufficient to estimate the sum of the expectations

in the above. By elementary computation, we have

p X2
.Z.E[X exp{Ot(Y) }1/\,.,]
i,] 1]

<5 PlexpasB ™y pix>6tt , vesty
1,3

623+2

<cx &Pt exp{a —a(sdh- 12} p{x> 17y

1,]

=c x M exp{ (as*-a )62j_2+ 2a6371_ a3 (A=Ipp x> 6173 }
i,]

—of = 6P exp{(0s*-a)s23 2422897 a 1 = PR x> 6™ ).
JEN mEZ

The first series of the right side converges and the second one

is dominated by GP((SP -1 )_1 E[ xP 1, so the proof is completed.
We are now going to prove the inequality:
* 1 1 2 *
(2) PIMT>yA, <M>ZsA}scexp{-5(y-1?IP{M >}

for every y>1 and A>0. This result is essentially due to R.

Banuelos [1]. We shall give a more simple proof of it.

Lemma 2. Let M= (Mt) be a continuous martingale such that

<M>_ £K a.s. Then the inequality:
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2

(3) P{M*>)\}§cexp(-2—>;(—)

holds for every A>0.

Proof. Consider the process Zt= exp(Mt— %—<M>t) » which is
clearly a uniformly integrable martingale. Noticing that Z =1,
we have E[exp(M_-K/2)] SE[Z,] =1, so that E[exp(M )] = exp(K/2).

Since this is valid for -M, we have
< K
Elexp( [M ]| )] 2exp(5)
X A
and replacing M by EM , we obtain
A A2
E[eXP(‘K‘ IMOO‘)] £2 eXP(W
On the other hand, we have E[ M*n] §4E[|Mm|n] for n22 by Doob's

inequality and E[ %M*] < const. exp(A?/2K) by Davis' inequality.

Thus, expanding exp., we find

AZ
2K )

E[exp(%M*)] £2exp(
Then (3) follows at once from Chebyshev's inequality.
By conditioning (3), we obtain
* _ vk A?
39 P{M —MT>>\,T<°°}§cexp(——2—k——)P{T<°°}

for each stopping time T, where Mt = supIMS| . We are now ready

to prove (2) sst

Proof of i) of the theorem. For each fixed A >0, we define
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the two stopping times 0 and T as follows:

o=inf{t20:<M>

[a N

>A} T=hﬁ{tZO:Mt>l}

Obviously we have < M° > =<M >0 <)% a.s., where M° denotes the

stopped martingale (Mt/\c) . Hence by (3’) we obtain

P{M* >y , <M>%§X}§P{M*—M¥>(Y—1)A, g=w , T<w}

SO - (W P> (y-1h , T<w)
écexp{—%(Y—l)z}P{TO”}

which is just (2).
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