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THE BEST ESTIMATION OF A RATIO INEQUALITY

FOR CONTINUOUS MARTINGALES

M. Kikuchi

Let M = (M ) be a continuous local martingale with M = 0.
In this note, we deal with such a [local] martingale only. In

[2] we have proved that if a  1, then the ratio inequality

M>~

E [  M >p exp { a ( ------- ) 2 } ] -_ C E [  M >p ]

is valid for every p>0. Our aim here is to establish the ine-

quality corresponding to the case where  M >  and M* are inter-

changed in the above. For this purpose, we need a good-X ine-

quality involving  M > 2 and M*.

Theorem. i) Let 0  a  ~ and p > 0. Then, for any contin-

uous local martingale M = ( Mt ) , we have

(1) E[ M*p exp{ 03B1 (M* )2}] ~ C E[ M*p ] ,P 
M>~ asP

00

where C a,p is a universal constant depending on a and p only.
ii) I f a >-_ 2 , the inequality (1) is f alse f or any p>0.

This research was partially supported by the Grant-in-Aid for
Scientific Research (No. 63540156), Ministry of Education, Science
and Culture.



53

First of all, we shall exemplify iL). Let B = (B ) be a
one dimensional Brownian motion starting at 0, and let Btnl

Since exp ( 1 2 B2 1) is not integrable and  M >~= B >1
=1, we find

~ = E [ exp( 1 2 B21): |B 1| ~ 1 ] ~ E [ M*p exp{ 1 2 ( 
M*  M >½~ 

) 2 }] .

On the other hand, it is clear that for each p. It follows

that the inequality (1) fails for any p > 0 and a >_- ~ .

Now, we shall prove i) of the theorem. For that, we need

two lemmas. The following one is analogous to Corollary 1 in

[3], and refers an integral inequality to a distribution function

inequality

Lemma 1. Let X and Y be positive random variables. If

there are two constants a > 0 and c > 0 such that

P{X>ya , 

holds for every y> 1 and a > 0, then for each p > 0 and aa we have

E[XP]

where C (X,p is a constant depending on a and p.

Proof. Note that X = 0 a. s. on { Y = 0 } by the assumption.
Let 1  03B4  (a 03B1)¼, and for each i ~ Z and jem let

ij = { 03B4i-1  X ~ 03B4i , 03B4i-j-1  Y ~ 03B4i-j } .
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Since the complement of U U A.. is included in {Y=0}U

{X~6Y}, we have ~ ~~ ~

i,j 
’ "ij

so that, it is sufficient to estimate the sum of the expectations

in the above. By elementary computation, we have

]
i.J ij

~ Z 6~’-exp(a6~~)P{X>6’-’~ , Y~6~ }
i,J

~c Z 6P~exp{a6~~-a(6~’~-l)~}p{X>6~ }
i.J

=c L 6P~exp{(a6~-a)6~~+2a6~La}5P~-~p{x>6~ }
i.J

=c[ [ I 6~exp{(a6~-a)6~~+2a6~’La}][ [ L 6~P{X>6"}].
j~]N m~Z

The first series of the right side converges and the second one

is dominated by 6~(6~-1)* E[X~], so the proof is completed.

We are now going to prove the inequality:

(2) P{M*>yX , 

for every y> 1 and ~>0. This result is essentially due to R.

Bañuelos [1]. We shall give a more simple proof of it.

Lemma 2. Let M= (M ) be a continuous martingale such that

M> ~K a . s . Then the inequality:
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£2
(3) Pl M* > X I  C exP ( - j )

holds for every X>0.

Proof. Consider the process Z =exp(M - §M> ) , which is
clearly a uniformly integrable martingale. Noticing that Z0 = 1 ,
we have E[exp( M~ - K/2 )]  E[ Z~] = I , so that )] 

Since this is valid for -M, we have

I )1 ~ 2 § )

and replacing ’~~ by ~~ ’ ~~ obtain
£ £2

E[exp( g 2 exP  w >

On the other hand, we have E[ M*n] ~ 4 for n > 2 by Doob’s

inequality and El  const. by Davis’ inequality.

Thus, expanding exp., we find

£ * £2
K~~~~ ~ ~ 2K ~

Then (3) follows at once from Chebyshev’s inequality.

By conditioning (3), we obtain

£2
~~’~ ~~ ~~ ~ll ~ ~ ’ ’~~ ~ °’ ~ ~ ~ 2K ~ ~~ ~ ~ " ~

for each StoPPing time T, Where ve are now ready
to prove (2) 

Proof of i) of the theorem. For each fixed X>0, we define
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the two stopping times Q and T as follows:

~=i.nf{t>0:M~>2>a} , 

Obviously we have  M~ > _  M > ~ a2 a.s., where M~ denotes the
stopped martingale (Mt^03C3) . Hence by (3’) we obtain

P{M*> 03B303BB , M>½~ ~ 03BB } -_P { M*-M*> (03B3 - 1 ) 03BB , 03C3 = ~ , 03C4  ~ }

 P( ( M03C3 )* - ( M03C3 )*03C4 > ( y - I ) h , T  ~ }~ P{( M03C3 )* - (M03C3 )*03C4 > (03B3 - 1 )03BB , 03C4  ~}

1 ( 03B3 - 12} P{03C4  ~}p 1 2 (03B3 - 1 )2}P{03C4  ~}

which is just (2) .

REFERENCES

[1] R. Bañuelos, A sharp good-03BB inequality with an application
to Riesz transforms, Michigan Math. J., 35 (1988), 117 - 125.

[2] N. Kazamaki and M. Kikuchi, Quelques inégalités des rapports

pour martingales continues, C. R. Acad. Sci. Paris, t.305,

Série 1 (1987), 37 - 38.

[3] T. Murai and A. Uchiyama, Good 03BB inequalities for the area

integral and the nontangential maximal function, Studia Math.,

83 (1986), 251 - 262.

Department of Mathematics
Faculty of Science
Toyama University
Gofuku, Toyama 930

JAPAN.


