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0. INTRODUCTION

In this paper we are concerned with some properties of the process obtained by the
composition of a two-parameter martingale with a C2-class function.

In the one-parameter case the composition of a martingale with a convex function gives a
local submartingale. On the other hand, the semimartingale property is preserved under
transformation by convex functions, as can be proved by means of a general version of
Tanaka's formula ([5]).

Some results in this direction have been given for two-parameter processes. In a previous
work ([6], [7]) it has been established that the convexity of f" implies the weak submartingale
property of f(M) under some hypotheses on f and the martingale M.

The notion of semimartingale does not possess up to date an equivalent in the
two-parameter theory. For this reason it seems more convenient to deal with the
quasi-martingale property (see [1], [4]), which can be expressed in terms of the total variation
of the Dol€ans-Féllmer measure associated to the process. In [7] an explicit expression for the
variation of f(W) has been obtained, where f is a E2-class function with some requirements,
and W the Brownian sheet. In particular, we have sufficient conditions for f(W) to possess
the quasi-martingale property.

The aim of this paper is to generalize the above mentioned results. One part, section 2,
deals with the weak submartingale property of f(M) in the local sense, when f is a
€2-function whose second derivative is convex and positive. This property is obtained using
two different methods. The first one consists in proving a suitable two-parameter It6 formula
for €2-functions and continuous martingales bounded in L2, with path independent variation.
The second one is based on the compact Itd formula of [13] and uses a regularization
procedure. It requires M to be bounded in L%, but the martingale may belong to a strictly
larger class than before.

In Section 3 we study the quasi-martingale property of f(M), when f is a C2-function
such that f" is the difference of two convex functions. We prove a formula for the variation
of f(M) (see Theorem 3.1) involving the local time, and this allow us to state a necessary and
sufficient condition to ensure the quasi-martingale property.

1. PRELIMINARIES AND NOTATION

The parameter space is T = [0, 1]2 endowed with the partial ordering (spptp < (s:ty) if
and only if $1S8y, Sty (sputy) < (s5,t,) means $)<8, and t, <t,. If fis amap
from T to R, the increment of f on a rectangle (z;, ,]={ze T, 21<z22}, z; =
(51, 4)s 2y = (s, &) is f((z}, 2,]) = f(zy) - (s, ;) — £(s,, t;,) + f(z,). For any ze T we
define R, =10, z].
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We consider a complete probability space (L2, ¥, P) together with an increasing family
of sub-c-fields of ¥, (%), satisfying the usual conditions (F 1) to (F 4) of [2].

Besides the classical notion of martingale, in the two-parameter case, other related
definitions can be given. If M={M,, ze T} is a real valued, integrable and ¥ ,-adapted
process, M is a i-martingale (i=1,2) if forany z<z', z= (s, t), E {M((z, z'])/‘}'zi}= 0,
where ET;I (resp. ‘,FZZ) is the o-field ‘EFsl (resp. g"]’l). M is said to be a weak martingale
(resp. weak submartingale) if E {M (z, /¥ ,} =0 (resp. 20).

Let mP (resp. 'm.f) be the class of two-parameter martingales (resp. continuous
martingales) bounded in L} p> 1. Itis well known (see [2]) that for M e m2 there exists

an increasing, predictable process <M>, called the quadratric variation of M, such that
MZ <M> is a weak martingale. Moreover, it has been proved in [8] thatif M e 'm.cz, <M>
has a continuous modification.

If Mem/ 2 and vanishes on the axes we say that it has path-independent variation
(piv.) if <M s <M >, —<M>
Consider a grid S of T given by

S =A{(, t)eT, i=0,.,p; j=0,..q 0=s5,<s;<..<s,<l, 0=t, <tl<...<tq<1}.
For any (si, t.) =z;€ S we define
1
(Sl, sl+1] (J’ J+1]’ Aij = (si’ Si+1] x (0, tj], A = (0, S] X (J, ]+1]:

with the convention s =1

p+l = q+

Throughout this paper we will deal with an increasing sequence of grids {S",n2>1} of

T, whose norm tends to zero (i.e. |S"| = max {]s; Ja- Sl 1™ t|, (s; t) e 5"} ——0), and
n— oo

for any zeT we define I ={(@,)) € N2, (s‘,t) e S° (sl,t) <z}. I"will denote the set
{G) e N2, (s, t) e $"}. I, and I are defined in an analogous way, but referred to 5.

In the Doob-Meyer decomposition of a martingale M € m% (and therefore in the Itd
formulas for f(M)) we encounter a martingale l\~rI , obtained as the I! -limit of the sequence

Y M@ MA)
(ij)e lz

(cf. e.g. [8] and [9]).

For martingales M of m:, null on the axes, it has been proved in [10] that the property
piv. implies <M, M> =0. The reciproque is not true in general.

For any integrable, adapted process X = {X,, z€ T} and any rectangle (z;, z)),2,< 2,
we define
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vag, ) X=Y, E|E{X@, r\(zl,zz])/?zij}|.
(i,j)el

When (z,, z,] = (0, 11> we simply write Var® X. We also define

Var X= V. X,
(zl, z2] Sl;p a'ls(zl, 12]

and Var X = sup Var$ X.

The total variation of the Doléans-Féllmer measure of the process X on (z}, z,] x Q
coincides with Var(zl' 2] X. Then, following [4] the process X = {X,, ze T} is said to be
a planar quasimartingale if Var X <oo,

Sometimes it is convenient to localize the above definitions. This can be done by means
of the notion of stopping domain. A set D C T x Q is a stopping domain if 1 is a
progressively measurable process, and R, C D(w), whenever z e D(w). For any class C
of processes, C,. will denote the class of processes X such that there exists a sequence
{X®, n>1}, X"e T, and an increasing sequence {D,,n21} of stopping domains, with

k: D, =T, such that for any n, X2 =X, if ze D,.

Given a function f: R — R we introduce a sequence of smooth functions {f , m >1}
by means of a sequence of regularization kernels of the form

o (x)=m o(m x), (1.1)

where e T3 (R) is a nonnegative function whose compact support is contained in the
interval (-, 0] and such that [ o(x)dx=1. We take
R

() = (E* o) (0= [ fx+y) ayy)dy. (1.2)
R

2. WEAK SUBMARTINGALE PROPERTY OF F(M)

In this section we study the weak submartingale property of f(M), f being a real
function and M a two-parameter martingale. Two slightly different results in this direction
are presented. The first one requires M to be a martingale belonging to mcz and of path
independent variation; its proof is based on a special two-parameter Itd's formula for
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2 . .. 4 ~
€ -functions. The second one assumes that M isin m . and <M, M> =0. The proof uses

the compact Itd6 formula of [13] and a regularization procedure.
We first state a deterministic result.

Lemma 2.1. Let X and Y be two functions in C(T) and assume that Y is increasing,
in the measure sense. Consider the sequences defined by

%@ = z (X Sp bl Ay Xsi' ") ( Y, oY, ) ) 2.1
(la)el L ! i+l 7 i
1+1
W(Z)_Z I (X "l—xcl)dY
Gel; S 1776 o,
S
= X -
{j,t%t} ‘[, ( ota"t °»‘j)d°Y . 2.2)

o,t.
J

Then {¢@,n21} and {y,, n21} converge to the same function X*Y e C(T).

Proof: We first remark that @ (z) and W, (z) can be written in the following alternative
way

(%(Z) 2 Xs t (Xs As,t 2 Xs o( As, 0 _Ys.,o)
{i, oss,<s} l+1 2 {i, os,<s} i+] !
-y X X Y. 2.3)

{, o<tj$t} {i,s;<s}  Sp Y

s

\Vn(z) j X G, c c, - -'; Xc,odoYc,o

-y [ox a(y -Y ). 24
G o=ty o M %41
Therefore, we obtain
-y@)|<C su X -X 1Y, . (2.5)
seT | %@ -v,@ | lu-v| sp|sn| u "| W

On the other hand {y,,n>1} is a Cauchy sequence.Indeed, take m >n and suppose
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that S™= {(o,, e T, i'=0,..py, j=0..9,} For every j=0,.,, define
J;= {j’, 1. e (t, tj+l]}, then, using (2.4) we obtain

sup | v,(2) - v, (o) |

T % [le,ox Te, (v, oY, )

zeT j, 0<tj5l} j€l; o -1

A

C supy X, =X, I Yl,l’

Ju-vi<|S |

which tends to zero as n — oo, uniformly in m.
This fact together with inequality (2.5) proves the Lemma. ]

Let us now prove a particular It6 formula.

2
Theorem22. Let M be a martingale belonging to m_ such that M?2-<M> is a
martingale. For any real function f of class €2, and every z=(s,t)e T we have

s

s
| 1 ”"
M) =fM, )+ [ £V )d M+ [ £ )d M>

o o

¥ % [ £rM)d >, + % ERCERS Ve 2.6)

R
z

Remark: The assumptions on M are equivalent to the property of p.i.v. if M vanishes
on the axes (see [10]).
Proof: To simplify the notation we take z = (1, 1). By Itd's formula we can write

1 1
1 1 ”n
M) = M, )+ jof M)A M+ = jof M, )d M>

We have
1 1
jo £°M_ )d <M>_ - jo £'(M_)d <M>,
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Si+1 Siv1
-3 e, o4, Sf o g, )

+1
Gpel” S M #Ly

= a +b +c,
where:
a = Y f"(Mzi) M> (4,
el !
R TRV
aperl” S J J
and

=y j [f ™M s )—f (Mzij)] d_ (<M>G’L 1-<M>M_) .
Gl S ’* !
The sequence a, converges a.s. to j "M, d <M>, as n—deo.
T
By Lemma 2.1 applied to the paths of X =f"(M) and Y = <M>, we obtain b —

f"M) * <M>)1'1 as n —oo, as. Finally, since

el = supa M -£"0M) | MRy

lu-v|<|S

lim c =0 as., and the theorem is established. n|
n—oo

In order to study the weak submartingale property of f(M) we need the following
lemma.

Lemma 23. Let ¢ be areal convex function and M a martingale in M CZ . The continuous
process @(M) * <M> is alocal weak submartingale.

Proof: For any positive integer k, define

={ (o), sup  IM(@)] € Kk}, @.7)
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and put N = ¢M) * <M>. We have to show the existence of a sequence of weak
submartingales {NX, k > 1} such that, forany k2>1,

kK
I,@N, =1, @ N, . (2.8)
k k
Let z=(s,t). For each ie N such that, s,<s, define

'IJ.‘ = inf {T, Msi‘l ] Dk} ’

this is a stopping time with respect to the filtration {?],t, te [0,1]}, and we have

I <z)( )Zl Lo, no-emt, DI Mo, - ]
ij)e

T k
=1, @ ) [q>(M ek (p(Msi',tj)] [<M>si+1“s'tj - <M>, t,-] ’
(ld)el

Tk
where {M 5 ¢»t 20} denotes the martingale, M lstopped at Tk
Using the convexity of ¢ we obtain

TX T
E {[(p(NIsl t. "t) - (P(Msl. t.) ] [<M>s. As,t. <M>s. t. ] /gz}
" j+1 i " rj Y

i+l

14‘ 11.‘
=E { [<M>s. 1" s,tj - <M>s., tj] E {(p(Msl., tj 1" t) - (P(Ms.l, %/cj 1, t}/g:z}
i i g+ 1 ] j

1+

2 0.

k
n,k :
Hence 1" = 2 [o0M, My 00 - oM )] [<M>, ., - <M>. ]
(i) I +1 P j i+l "] sl’t]
ij)e
weak submartingale.

Notice that {JZ , n 2 1} is uniformly integrable, therefore by Lemma 2.1 L!- hm J k
exists and defines a weak submartingale. Finally since

(z)N =1, (z) L -lim J

n— oo

k k
(2.8) holds with N, = Ll-lim JZn , and the proof of the Lemma is complete. (m}
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We can now state the main result of this section.

Theorem 2.4. Let f be a T2 function such that f" is convex and positive. Then, if M
is a martingale in 'm,if; such that M2- <M> is a martingale, the process {f(M,),z€T} is

a local weak submartingale.

Proof: 1t is an immediate consequence of Theorem 2.2 and lemma 2.3 applied to
o=f". a

The conclusion of Theorem 2.4 can also be obtained by a more direct approach, using the
compact Itd formula of [13]. Here the martingale M is supposed to belong to M}, but
the path independent variation property canbe replaced by a weaker one. More precisely
we can prove the following result:

Theorem 25. let f be a C2? function whose second derivative is convex and
positive. Let M e m?, null on the axes and such that <M, M> =0. Then the process

c?
{fM,), ze T} is a local weak submartingale.

Proof: (a) Let us first prove the theorem under stronger hypotheses on f: Assume that
fe C4R), f" convex and positive. By the Itd formula proved in [13] we have

fM, ) = £(0) + [ fou,) am,
R§t
+ [ [ oq)adL, + £°0M,) dS) + £°(M,) dS + % £"M,) d <M> ]
R

st

1 ' l 1 "e 2
+ | [5 £, aw? + 5 f o™,) aw?] +
R
§l

[ £'M)d<ft>, . @9)
R
9

EN T

t

We recall that {S{V, ze T} (resp. {S /%, ze T})is a continuous 1-martingale (resp.
2-martingale) obtained as the I.z,—limit of the sequence { 2 a M(Aﬁ) M(Aij), zeT, n21}
Gh,j)e I
(resp. Y M(Ailj) M), zeT; n21}), and {wid, zeT¥), (resp. {W) zeT}) is
G(jel} .
the continuous 1-martingale (resp. 2-martingale) obtained by the L -limit of the sequence

0> ) M(Aizj)zM(Alij), zeT; n>1} (resp. { Z . M(A}j)z M(A%j), zeT; n21}) .These
(ij)e lZ (ij)e lZ
processes are two-parameter stochastic integrators.

The properties on f ensure that the process defined by
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[LrM)dems, + = £ M) d<iis. ]
ZS‘[=J‘ 2 (z)<>z+z M,)d<M>, |,
Rs,t
is increasing in the measure sense.
Consider the increasing sequence {D,,k 21} of stopping domanins defined by 2.7.
For (s,t) € D,, f(Ms't) coincides with the weak submartingale given by

[ 1h@ {foam « fron)dd, + £ o) ast” + £ M) st + —;-f"(Mz) d<M>,
k

st

’

1 " (1) 1 " (2) 1 4 v
+ 5 £UM) AW, & = £UM) AW, + 2 £ M) d <M> ],
and consequently the assertion is proved.

(b) In the general case, we consider a sequence {o,(x), n21} of regularitzation kernels of
the form (1.1), and the corresponding {fp, n21}.

Each f satisfies the hypotheses of part (a), thus, {f,M,), ze T} is alocal weak
submartingale, forany n2>1.

. . 4 ~ 2 .
Consider the martingales mXe M, and m e M given by

k ~k o
mg = | Ip @ M, , g = [ Ip (@) dM, .
R R

st st

Notice that

<m’,m> = J ID(z)d<M,l\7[>z=O,
R Kk

$0, (2.9) still holds with f replaced by f, and M by mk, and it follows that {f, (n{(z),
ze T} is, for any n2>1, a weak submartingale.
Then, since 1 D, (2) f,M,) = IDk @ f, (mz"), taking account of the convergences

Ll

1p @) £,M) —— 1, @ M),

and

L1

1p, @ f,,(mﬁ):“—» Ip @ fm,) ,

we obtain
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1, () M) = 1, ) f(my)

where f(mlé) is a weak submartingale. This finishes the proof of the Theorem. a

3. QUASIMARTINGALE PROPERTY OF f(M)

The second part of this paper is devoted to study the quasimartingale property of the
transformation of a two-parameter martingale by a C2-function.

In order to carry out our programm we will state a formula for the total variation of the
Doléans-Follmer measure (or conditional variation) of f(M). This formula involves the local
time of the martingale M and is obtained by means of the compact It6's formula proved in
[13].At the same time this provides a necessary and sufficient condition for f(M) tobe a
quasimartingale. We refer the reader to [14] for analogue results in the one-parameter setting.

In the sequel the martingale M is supossed to be null on the axes.

Assume that M e mg satisfies the following hypothesis:

(H1) The measure <M> is absolutely continuous with respect to the product of its
marginals.

It has been proved in [11] (see Corollary 4.2) that, under (H 1), <M> is absolutely

continuous with respect to <M>, a.s. Futhermore, since the local time L of the martingale

M with respect to the measure <M> always exist (Theorem 3.1, [9]), so does the local

time L of M with respect to <M> (cf. Lemma 5.1, [11]), and we have

L (x, A)=J' o) L (x,du), as., (3.1)
A

d <M
o being the Radon-Nikodym derivative ~.

~

d <M>

Following [14] a function g:[R——R is said tobe of class (B) if its second

derivative in the distributional sense is a bounded measure v (i.c.j | v (dx) | < o0).
R

We can now state our main result:

Theorem 3.1. Let M be a martingale belonging to m P, for some p >4. Assume that

M satisfies (H 1), and that <M, M>=0. Let fe €2, such that f"is of class ().
Then, if we denote by v the second derivative of f" in the distributional sense, we

have, forany z,,z,€T, z,<z,
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1 ~ 1~ s
fM) = E | {|%f" (8 @) +7 9@ L2, dda+ 7 L@ dz)|v |(da)}
(zl, zz]x[R

Var(zl, )

3.2)

where v(da) = @(a) da + vS(da) is the Lebesgue decomposition of v in its absolutely
continuous and singular part, with respect to the Lebesgue measure on R.
Hence, f(M) is a quasimartingale if and only if

E [ldA) <=,
T
where

A=f (31 6w da+ ¢ vida) Tea, dw) 63
R

x R
Z

zeT.

Proof: (1) The hypotheses on f imply the existence of some constants o, B such
that

') = a x+B+ [ dy [ v
o (==, y]

Consequently f" is the difference of two convex functions of class (B), ¢! and ¢?
and the following conditions hold:

If'x) | < a|x?+ b |x]|+c¢c,
[f"(x) | < a,|x]| + by, 3.4
If"®)| < a; .

Consider the sequence {f , m>0} defined by (1.2). We remark that f," is the
difference of two convex functions ((p}n and (pfn), and that ((pin)'T (<pi)', i=1,2. (Here

we are dealing with the left derivatives). Furthermore

1901 < sup 1P x+y)1, for k=12
lyl<1 3.5)
1tPwl<c, for k=34

(2) We apply the compact It6's formula of [13] to f,(M). Then, we obtain
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£, ) = £.0) + [ £ M)dM,

R

st

" ~ " n L 2 1 -
+ [ {eM)dM,+ M) a8+ M) d S + o £,M)d<M>, }
1 - w 1 .- )
+ { 5 M) AW, + = £ (M) dW,

1 ~
+ | 7 faM)d<M>, . (3.6)
R

Since M € m‘:: for p>4, and due to conditions (3.5), every term in the

right-hand side of (3.6) belongs to L1. This is obvious for IR f"(M )d<M>_  and
I £ M™M,)d <M> In order to check this property for the stochastié mtcgrals it suffices to

m
pr%ve that the corresponding sequences of Riemann sums are bounded in L for some

€ > 0. Consider, for example, the sequence { 2 . "M ,) M(Alij) M(Azij), n>1}
By Burkholder's inequality we have (e g N

E|Y f (M )M(A)M(A)I
]

(”)Glsl

1+e
<CE(Y fm™m, ) M(A, )ZM(AZ)Z)
(lj)eln

2(1+¢€)

sc{ed s 150) FY E { s (M)}

5 2201k 14
.E {Zi sup M@} }

172 172
2(1 1
< {c, +cEIM, P9} {EM

where the last inequality has been obtained using (3.5), Doob's maximal inequality and
Lemma 2.2. of [11].

The same kind of arguments are used for the other terms.
(3) Let A=(z,2z], z<z'. The results proved in part (2) show that

E[f o ay%,] = E{j = (M) d<M>, +—f YoMy dM>F ), GO
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and using the density of occupation formula
E[f, ™M @y¥,] -E {j = f (2) L(a, dz)da+ 3 £'(2) L(a do) dw¥,}. (3.8)

It is simple to verify that

1
E[f,om@/%,] & [ton@ys,], (3.9)

and

1
E[j —f(a) L(adz)da/?]—»E[I LA L(a, dz)da/ %] .

m— oo

N
N

Denote by v; the measure on (R, B, (R)) whose distribution function is given by

v, (1ab) = @) ® - @) (@), forall a<b, and i=1,2.

We have

b
@) ®) - (9, @ = [ (9" ®)dx — (@) B) - (@) @ =, ([a,)) .

Therefore, on any compact set K C [R, the finite measures {vlm, m 2 1} whose
distribution functions are ((p,in)', mz21, converge weakly to v;.

By continuity, the path {M, (), ze T} can only visit the points of a compact set,
therefore the integral

[fe@L@ayda (= @, -9} Laada)
R R

is extended on a compact set K, and the weak convergence of {v , m21} to v’ entails

jf @L@ad—— [ L@ayv@a .

m— oo R

Using this fact and the convergences (3.9) we obtain from (3.8)

E[tm@/#,]-E{] 3 f"(a) L (a,dz) da + —L(a dz)v (da)/ ¥, }
RxA
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1 ~ ~
=E{[ [31'@ 6@ L@ dda + %L(a, dz)v@)/¥, }. (310
RxA

Thus, if {A,, zeT} is the predictable, bounded variation process defined by (3.3), it
follows that

Var fM) = V

(2.7) A . (3.11)

Uzy, 2]

(4) The equality (3.11) allow us to prove formula (3.2). Indeed, it is known (see e.g.
[3]) that, if X is apredictable process of bounded variation

Var, )X =E [ 1ax,|
(24, 2,]
Hence the proof of the theorem is now complete. O

Remark
For the special case of the Brownian sheet, Theorem 3.1 can be paraphrased as follows:

Theorem 32. Let feC? be such that f" is of class (B). Denote by Vv the second
derivative of f" in the distributional sense, and let v (da) = ¢(a) da + v®(da) the Lebesgue
decomposition of v with respect to the Lebesgue measure on R.

Then, f (W) is a quasimartingale if and only if

E[ |dA,l< =,
T
with

A, =£ jR (%f"(a) da + % x.y v(da)) L(a,dxdy) ,

L being the local time of W with respect to the Lebesgue measure. Moreover

var, , f(W) = E | {11 fr@) + Lo xy|da+ Ly |V @} dxdy,
1l G 2 3 3

for any z;,z, in T, z;<z, .
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A result in the same direction has been obtained in [7], where the following

formula is proved.

x.y
Var,_ | f(W) = — | (t £"®)) dq

1
(0,2] 2 E o.ql

for z=(x,y), and where {b, t=0} is a Brownian motion.
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