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JUMPING FILTRATIONS AND MARTINGALES WITH FINITE VARIATION

J. JACOD and A.V. SKOROHOD

ABSTRACT: On a probability space (Q,%,P), a filtration (gt)tzo is called a

Jjumping filtration if there is a sequence (Tn) of stopping times increasing

to +w, such that on each set (Tnst<Tn+l) the o-fields ¥, and ?T coinc-
n

ide up to null sets. The main result is that (9t) is a jumping filtration

iff all martingales have a.s. locally finite variation.

t

1 - INTRODUCTION

Let (Q,%,P) be a probability space. By definition, a (right-continuous)
filtration (?t)tzo

zing sequence (Tn)nEIN (i.e. a sequence of stopping times increasing a.s. to

+0) with T0=0 and such that for all nelN, t>O:

is called a jumping filtration if there exists a locali-

the o-fields ¥  and & coincide up to null sets on (T st<T_ . }. (1
t Tn n n+l
The sequence (Tn) is then called a jumping sequence. Note that it is by no

means unique. Our aim is to prove the

THEOREM 1: A filtration is a jumping filtration iff all its martingales are
a.s. of locally finite variation (here and throughout the paper, martingales

are supposed to be cadlag).

The necessary condition is easy (see Section 2) and not surprising, in view
of the following known fact: consider a marked point process, that is an in-
creasing sequence (Tn) of times, and associated marks Xn taking values in
some measurable space (E,&), and suppose that TnToo a.s. Let (%) the

t't=0
filtration generated by some initial o-field & and the marked point process
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(i.e. the smallest filtration such that ?;?0 and each Tn is a stopping

time and Xn is .“7.1. -measurable). Then one knows (see [1]) that (.'?’t) is a
n

jumping filtration with jump times (Tn), and if further (E,&) is a

Blackwell space all martingales have a.s. locally finite variation.

In fact, any jumping filtration is generated by some marked point process,
with a "very large" set of marks: take times Tn as in (1), and (E,8) =
"neIN(En'gn) where En=Qu(A) (A is an extra point) and E?n is the o-field
of En generated by ".f’_l. , and Xn(w) is the point of E with coordinates

n

A, except the nth coordinate which is w.

So Theorem 1 implies that if all martingales are a.s. of locally finite
variation, the filtration is indeed generated by an initial o-field ?O and a
marked point process.

When the filtration is quasi-left continuous, the sufficient condition is
relatively simple to prove, and some additional results are available: this is
done in Section 3. The general case needs a systematic use of stochastic inte-
grals w.r.t. random measures: some auxiliary results about these are gathered

in Section 4, and the proof is given in Section 5.

2 - THE NECESSARY CONDITION

Assume here that (?t) is a jumping filtration, with jumping sequence
(Tn). For the necessary part of Theorem 1 it suffices to prove that a uniform-

ly integrable martingale M which is O on [0,Tn] and constant on [Tn+l'°°)

for some n is a.s. of locally finite variation.

Set T=Tn and S=Tn+1, and call G a regular version of the law of the

pair (S,MS), conditional on ?T. By hypothesis, for each t there is an ?T-

measurable variable Nt such that Mt = Nt a.s. on {T=t<S). We have the

following string of a.s. equalities (the third one comes from the martingale
property; further (u,x) - |x| is G-integrable for a.a. w, because M s

uniformly integrable, and G’(t) = G((t,o]xR)):

EIN,1

NtG’(t“ t (T5t<s)'gTl

(T=t) EM Loy ¥

= E[M.1 l?T] (2)

S {T=t<S} IG(du,dx) x 1

Lrsty (wt)

The right-hand side of (2), which we denote by At’ is a.s. cadlag with local-

ly finite variation, as a function of t; further, the left-hand side of (2)



23
is a.s. equal to MtG’(t) on the set ({T=t<S}, so outside a null set we have
MtG’(t) = At for all t with t<S. Since Mt=MS for t=zS and G’ is non-
increasing, it follows that t - Mt is a.s. of locally finite variation if

S=w or if G'(S)>0 or if G'(S)=0 and G’(S-)>0; by definition of G’, at

least one of these properties holds, hence the result.

3 - THE QUASI-LEFT CONTINUOUS CASE

Recall that the filtration is called quasi-left continuous if ?T_=9T (up
to null sets) for all predictable times T, or equivalently if all martingales
are quasi-left continuous. In this case, the proof of the sufficient condition
in Theorem 1 is simple, and provides additional information about the existen-

ce of a minimal jumping sequence. More precisely, we have:

THEOREM 2: a) If the filtration (?t) is quasi-left continuous and all mar-
tingales are a.s. of locally finite variation, then (?7t) is a jumping fil-

tration. Furthermore there is a jumping sequence (Tn)nEIN such that

(i) T_ is totally inaccessible when nzl and T _<T if T <.
n n n+l n
(ii) Every totally inaccessible time T satisfies [T] < Unzll[Tn]] a.s.
(iii) Any other jumping sequence (Tn) satisfies u][Tn]] 2 u’[Tn]l a.s.
(iv) Local martingales jump only at the times Tn.
b) If (9t) is a jumping filtration, with a jumping sequence consisting

in totally inaccessible times, then the filtration is quasi-left continuous.

(iii) means that (Tn) is the unique minimal jumping sequence, while (ii)

means that it is the "maximal" sequence of totally inaccessible times.
Proof. We first suppose all the assumptions in (a).

a) Let ¢ denote the class of all totally inaccessible times. We prove
first that for any sequence (sn)n>l in ¢ and any qelN, we have

the random set U = I[O’q]]n(un21|[sn]) is a.s. finite. (3)

Set V = {w: there are infinitely many s with (w,s)eU}). Suppose that (3)
fails, that is € := P(V)/2 > 0. Call m(A) the projection of a subset A of
QxR+ on Q. Define by induction optional subsets Un of U and stopping

times Tne.‘l as such: set U1=U; then if Un is known the optional section
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theorem yields a stopping time Tn such that I[Tn]SUn (hence Tnei) and
-n

P(r(U )T =w}) = €2 °; the?n set U = Un\l[Tn]. Clearly Vem(U ) for all

n, hence P(Vr\(Tn=oo)) < g2 and thus A := n(Tn<oo) satisfies P(V\A) = ¢

and P(A)ze>0.

Now call M" the purely discontinuous martingale having a jump of size +1
at time Tn if Tn<oo, and which is continuous elsewhere. The bracket of M"

is [Mn,Mnlt = l(T <ty and the M™s are pairwise orthogonal because they
n

have no common jumps. Then the series z % M" conve}'ges in L2 to a square-
integrable martingale whose variation on [0,q] is bigger than z 1 1 .

n (Tnsq)
In particular this variation is infinite on the set A (since Tn<oo > Tnsq),

so P(A)=0 by hypothesis, hence a contradiction and (3) is proved.

B) Next we construct the sequence (Tn)ne!N by induction. Set TO=0. Suppo-
se that Tn is known, and call .?n the (non-empty) set of all Te} with
th, and 'DTn if Tn<co. Then define Tn+l to be the essential infimum of
all T in .7n. Since S,S’e.‘}n > SAS’e.?n. there is a decreasing sequence
(Sp)pzl in 3n’ with limit Tn+1' In view of (3), we must have Sp=Tn+l for

p large enough (depending on w), a.s.: hence Tn+le'9n and Tn*l>Tn if Tn<m,

and we have (i).

Using (3) once more, we get limn T = +o a.s. Since any Te$ has TZTn+l
on the set (T>Tn) by the definition of Tn+l’ we have (ii). All local mar-
tingale having only totally inaccessible jumps, (iv) follows from (ii).

¥) Next we prove that (Tn) is a jumping sequence. Let neN, tz0 and

Ae?t, and set T=Tn, S=Tn+ We consider the martingale N: = P(An(T5t<S)I?S),

r

and also the point process Xs = l(S<s) with its compensator Y. Since
An(’l‘st<S)e?SAt, we have

A A A _

Ns = NsASAt’ NS = lB. (4)
Then Ms = N: - N:AT is null on [0,T] and constant on [SAt,»), and so by
. . . - _anNA _ A
(iv) has only one jump at time S, which is AMS = ANSI(Sst) = NS-l(tsS)'

Thus, with the predictable process Hu = -NA 1 we obtain M = X'-Y’

u- “{uzt)’

S s
with X’ = J. HdX and Y’ = I H dY being the compensator of X'. Hence
s o U U s o W u

NA = NA +j NA dY_  as. if Tss<s. (s)
0

Now, observing that Ys=0 for ssT and with &(Y) denoting the Doléans
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exponential of Y, we deduce N:

Q .
NT £=2’(Y)SAt if T=s<S, hence

"

A . _ _
NT 6(Y)5At if Tss<S. Similarly N? =

A Q

Q A
Nt N.r = Nt NT a.s. on {Tst<S}. (6)
s _ AR . _ A _ ”Q -
Note that A’ = (NT—NT>O) is 9.1. measurable, and N ¢ = 1 AN(T=t<S) and t

: i <t<S) = A'n{T=t< .S., .
1(.1. st<sy We readily deduce An{T=t<S} = A’n{Tst<S} a.s., hence (1)

38) Now we prove (iii). Let (T[']) be another jumping sequence. If (iii)
were not true, there would exist a pair n,p of integers such that
P(Tr’1<Tp<Tr"+l)>0. According to a (trivial) extension of Proposition (3.40) of
[1], there is a (0,o]-valued f'}T,-measurable variable R such that S = T;1+R

n
has S=Tp<oo on the set (T;1<Tp<T;1+l)' Now, S is clearly a predictable time,

and P(Tp=S<oo) > 0 contradicts the property Tpe.?. []

€) It remains to prove (b). So now we assume that (?t) is a jumping fil-
tration, with a jumping sequence (Tn) having Tne.? for nzl. It is enough
to show that if M is a bounded martingale and T is a finite predictable
time, then AMT=0 a.s. on each set A = (Tn<T<Tn+ }. (1) implies ?TnA =

1
9T_nA = ?T NnA up to null sets. Further, P(B\A)=0 if B = (Tn<Tfl'n+1). so

n
?TnB = ?T_nB up to null sets as well. But BG?T_, hence AM.l.lB is measurable
w.r.t. the completion of ?T-’ and AMTIB = lBE(AMTI?T_) a.s. Since

E(AM.I.I?T_) = 0 a.s. (M is a martingale and T is predictable), we obtain

AMT=O a.s. on B. =

4 - RANDOM MEASURES AND MARTINGALES WITH FINITE VARIATION

1) Let us begin with two auxiliary results, which are more or less known. We
consider two measurable spaces (G,§) and (H,¥), and a positive transition
measure wn(x;dy) from (G,§) into (H,X). The first lemma concerns the atoms

of maximal mass of 7n(x,.):

LEMMA 3: Assume that (H,X) is a Polish space with its Borel o-field and
that n(x,H)sl for all xeG. Then if a(x) = sup(v(x,{y}): yeH):

a) a is $-measurable.

b) There is a measurable function & (G,§) »> (H,#) such that a(x) =
n(x,{g(x))).

c) There is a SeH-measurable set B such that -;— = In(x,dy)lB(x,y) s % if

1
ac(x)sT1 and n(x,E)>§-.
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Proof. There is a bi-measurable bijection ¢ from H into a Borel subset H’
of [0,1) containing O, and we set 7’(x,A) = n(x.tp_l(AnH’)) for every
Borel subset of [0,1). Then y’' is an atom of 7%’(x,.) iff y'=p(y) where

y is an atom of #(x,.), with the same mass. Set A(n,m)=[m2‘n,(m+l)2-n).

a) The functions ‘fn(X) = sup(n’(x,A(n,m)): 0=m=2"-1) are measurable and

decreases to a(x), hence the result.

b) Set Mn(x) = inf(m: 7’(x,A(n,m))za(x)). If «(x)=0 then Mn(x)=0 and
A(n,Mn(x)) decreases to {0}). If a(x)>0, for all n large enough we have
for all m: either A(n,m) contains exactly one atom of %’(x,.) of mass
a(x), or it contains no such atom and %’(n,A(n,m))<a(x); thus for n large
enough we have A(n+l,Mnﬂ(x))SA(n,Mn(x)). Hence for all x the sequence
A(n,Mn(x)) converges as n-oo to a singleton, say {g’(x)}, with g'(x)=0 if
a(x)=0eH’ and {’(x)eH’ otherwise (because 7'(x,{C’(x)})=a(x)). Then g =

C'ogo-l satisfies the requirements.

c) Set U(x) = 1Ainf(t20:7’(x,[0,t])21/2). If «a(x)sl/4 and 70'(x,[0,1]) =
n(x,H > 3/4 we have 1/2 = 7'(x,[0,U(x)]) = 3/4. Then B = {(x,y):

¢(y)el0,U(x)]} answers the question. m

ias . 1
The second lemma is a variation on the fact that if Lz(u)SL ()  for a
measure , then pu is of finite total mass, and it results from discussions

with J. Azéma and Ph. Biane.

LEMMA 4: Assume that there is a §eH-measurable partition (F n)nZl of GxH

such that In(x,dy)lF (x,y) =1 for all n. There is a §8¥-measurable func-
n
tion U with O0<Usl and In(x,dy)Uz(x,y) =1 for all xeG, and

I‘n(x,dy)U(x,y) = o o xF) = w %)

Proof. We define by induction the sequence 7n(x), with 70(x)=0 and

7 ., (x) = inf(m:z

n+l n(x.dy)lFi(x,y) = 1).

iy (x)<i=m
Set N(x) = inf(n: ¥ (x)=w) and K = uizllFir\((x,y):7n_l(x)<iswn(x))l if

nzl. Finally set & = Zn

- -1/2 1
2 P and U = (1v28) anl 5 lKn.

The Kn’s constitute a measurable partition of GxF, hence U is measura-
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ble and O<Us=l. By construction I’n(x,dy)lK (x,y) = 2, so In(x,dy)Uz(x,y) s
n
1. Further the integral Jn(x.dy)lK (x,y) is bigger than 1 if n<N(x) and
n
null if n>N(x), while 7(x,F)=0 ¢ N(x)=w, so (7) follows. =

2) Now we turn to random measures. We fix a filtered probability space
(Q,?,(?t),P). and P denotes the predictable o-field on QR,. Let E be a
Polish space with its Borel o-field &, and §=ﬂxIR+><E, and P=Pe€. An integer-

valued random measure is a random measure U on IR+><E of the form

pwlw;dt,dx) = € (dt,dx), (8)
s>0,7s(w)eE (s.vs(w))

where ¥ is an optional process taking values in Eu{A), and for which there

is a P-measurable partition (G ) of & with E[z ( 'S )] < w It is
s>0 n
known that there is such a partition with E[z ( 'S¢ ) =1 for all n.
s>0 n

We denote by v the (predictable) compensator of pu, and we use all nota-
tion of [1], Chapter III: in particular if W is a P-measurable function on

Q we set (with +o whenever an integral is not well defined):

¥ = IW(w,t,x)v(w,(t),dx), a, = 1 = v((xE), 9)
E t t
W'ut = f W(.,s,x)u(.;ds,dx), and similarly fo W»v, (10)
[0,tIxE
00
C (W)t =

an

2 2
(w-%) w, o+ XSSt(l-as)(ws) , }
IW—WI*vt * Xsst(l_as)lws'

0

C (W) ¢
Recall that one may define the stochastic integral process Wx(u-v) of W
w.r.t. u-v (for a P- measurable W) iff one may write W=W’+W", with W’, W"
?’-measurable and CU(W ) +C (W") <o a.s. for all t<w. Further, if .“;2
(resp. .93) is the set of all P- measurable functions W  such that Cw(W)w

(resp C (W)w) is integrable, we have ([1], Proposition (3.71)):

Weiez @ Ws(u-v) is asquare-integrable martingale
(12)
We.S‘.’l # W=x(u-v) has integrable variation over IR+.
Finally, we also set
at(w) = sup _p v(w;{t,x)}), J = {(a>0}, Kc = {aw>e). (13)

By Lemma 3, o« is a predictable process, and J, Kc are predictable sets.
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Note also that O=sas=a=l.
Our main aim in this section is to prove the following two theorems, in

which .“3:) denotes the set of all bounded functions in ¢ (i=1,2), and

€
F, =1 *V_ 4+ (1-a ). (14)
t (Ke)c t ZseKe,ss.t s

THEOREM 5: Let €€(0,1). There is equivalence between:
2. ol
a) 2b52b.

b) £  equals the set of all bounded fT’-measurablg functions on Q.

o -

c) &

Fo]3

equals the set of all bounded P-measurable functions on

on

d) E(FS) < .
[

Proof. We begin with some remarks. If €<n then KnSKe; if further seKe\Kn,

then l-as s as/e and a < (l-as)/(l-'n). Hence

€

F S(1+%)Fn, l-‘"s(1+1 €

H)F ’ (15)

and (d) does not depend on ¢€€(0,1). In the rest of the proof we take e=1/4

174

and write K=K F=F" . Next, apply Lemma 3 to (G,5) = (QxIR+,?) and

/4’
(H,X)=(E,8), with the measure m((w,t),dx) = v(w,{t}xdx): we obtain a predic-
table E-valued process ¢ such that @ = v((t,ct)) and a P-measurable set

B such that 1/25/1\853/4 when a=1/4 and a>3/4. Then the sets A =
(0,48 ): (WteK) and C = [(K°{0<a=3/4))xEIUBA((K°n{a>3/4))xE)]  are

P-measurable and satisfy for some predictable process B:

A

A S KxE, 1A=alK,
C € (J\K)xE, /‘\c = Bl With B=a if asd/4, 1/258s3/4 if 2>3/4.
This, (14) and the definition of K=K, . yield

F, s 1 v +4 Zsex «(l-a) + 8 zs ek BSU-BS) (16)

J

(b) » (a) is obvious.
(a) » (d). Consider the measure 7 on (@,P) defined by (W) =
E[W1 c'vm]. Lemma 4 implies the existence of a P-measurable function U with

O<Usl and n(U2)<no and such that n(U)<wo implies n(Q)<w. But (11) yields

EIC™u ) ) = aU?), so Ul cezi by definition of 25, hence (a) implies
J J
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Ul E£l and by (11) again 7(U) = E[Co(Ul ) ] < w. Therefore
Jc b ch

E( é'vw) < o, (17)
J

Next we consider the measure n on (QxR+,.‘P) defined by n(H) =

E[L €K as(l-as)HS]. If H is a predictable process, (11) yields

© 2 (0} _ _
CHL), = T o lmaH,  CTHL) =T 2a (- )IHL, 18)

hence by the same argument as above, (a) and Lemma 4 imply 1)(an+)<¢), that is
E[ZseK « (l-a)] < 19

Finally, with the measure defined by (H) = E[)__ . B(1-BJH] (and
(B,C,J\K) instead of (a,A,K) in (18)) one obtains similarly

El) Nk BB < (20
Putting together (17), (19) and (20), we deduce (d) from (16).

(d) » (b): Let W be a P-measurable function bounded by a constant 8.

First IWIssa, and since 25 as(l—as) s FS (because 1-asl-a) we have
El), (-1 |1 < = (21

From the definition of A, W can be written as W = U+HI with U = W1 c

A . A
and H a predictable process. We have IW-WISZB and IOISSI e and W-% =

A
H(l-a)-o on A, and ? c=l-ac on K, so that with V = IW-WI:
A

O = 25t o+ Sl + 101 = 480-«) on K (22)
A

Hence with V Oas above V!vw = (Vchl)-vm + LEK Ot s 43F , and adding this to
(21) yields E[C (W) ] < », hence Wei‘.’b.

(d) » (c): This is proved as the previous implication, with V = (W-w)2
satisfying 0= 862(l-a) on K instead of (22).

(c) s (d): By hypothesis E[Cm(l)w] < o, hence (17). We also have
EIC®1 A)y] < ® which gives (19), and E[Cw(lB)w] < which gives (20). »

THEOREM 6: Let €€(0,1). There is equivalence between:
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a) All stochastic integrals W»(u-v) are a.s. of locally finite variation.

b) We have Fi <o a.s. for all t<m.

Proof. (b) » (a). By localization we can assume E(F:)<°°. According to (3.69),
(3.70) and (3.71) of (1], any stochastic integral W=(u-v) is the sum of a
local martingale with locally finite variation and another stochastic integral

W’ #(u-v) with W’ bounded. Then (d) » (c) of Theorem 5 shows the result.

(a) » (b). If Cm(W)t<ao (or E(C"(W)tkm) for all t, (a) and (12) yield
CO(W)t<oo a.s. for all t; there is even a localizing sequence (Tn) with

E[CQ(W)..r ko, so we have locally (a) of Theorem 5. However the localizing se-
n

quence a priori depends on W, so we cannot apply (a) 3 (d) of Theorem 5.

Below we assume (a), and we fix t>0. In order to prove Fst:<m a.s. it is

enough by (1S) and (16) to prove, with I(=K1 /4
1 =v
c

; ¢ < o, o (l-as) < o,

ZseK,sst s (1-B) < e (23)

ZSEJ\K,Sﬁt Bs
We can apply Lemma 4 with (G,%) = (Q,%), (HX) = (IR+xE,7Q+®€’) and 7(w,.)
= (1 *v)(w,.): there is an ?®R+@€-measurable function U with O<Usl

J°n[O,t]
and F)(w;ds,dx)uz(w,s,x) =1 and (7). If p(dw,ds,dx) = P(dw)n(w;ds,dx)
there is a P-measurable partition (Dn) of @ with p(Dn)<m, so W = p(UlP)

is well defined. We then have OsWsl, W> = p(U%|#), and p(UY) =
E[ n(.;ds,dx)Uz(.,s,x)l = 1, hence EICT(WI c )m] = p(wz) < 1 and (a),
J-nl[0,1]
(12) and a localization argument imply C (W1 c )m < o a.s. Hence there
J7nl0,1]
is a localizing sequence (Tn) such that
p(UIIO,T ]) p(WIIO.T ]) = E[(WI C)WT At] < o,
n n J n

hence In(ds,dx)U(s,x) < ® a.s. on Un(Tnzt) = Q. Then (7) yields n(IR+xE)<m
a.s., which gives the first part of (23).

We apply the same argument with n(w,ds) = Zr €K, r=t ar(l-ar)cr(ds), and
(G,8) = () and (D,D) = (IR+,5R+). Let U be as in Lemma 4. Then set
pldw,ds) = P(dwin(w,ds) and H = p(UIP), which has OsHsl and p(H’)sl. Then
W = H1 A satisé‘ies (18), so E[Cm(W)m] = p(Hz) = 1, hence we deduce exactly as
above that C (W)w<w a.s., and that In(ds)U(s) < o a.s., hence n(R+)<w

a.s. and this gives the second part of (23).

The third part of (23) is proved similarly, upon substituting (B,J\K,B)
with («,K,A). =
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3) So far the measure u was fixed, but here we allow it to change. Denote
by 4 the class of all integer-valued random measures, on all Polish spaces
E, and by 40 the subclass of all measures in 4 such that the process «
associated by (13) has at51/2 identically. If ped has the compensator v,
let M(u) be the space of all local martingales of the form W#(u-v).

PROPOSITION 7: If ued there exists u'edo with M(y’) = M(u).

Proof. a) We start with ped, on the Polish space E, and with compensator v.
As in the proof of Theorem 5, there is a predictable E-valued process ¢ with

« = v((t,ct)). Recall the process ¥ in (8), and in (13) set K=K1/2.

The measure u’ will be on lR+><E’, with E’ = Ex(0)+EAx(l). We set EA =
E’+{A’}, and

('yt,O) if te¢K and 1teE
o= (7t,1) if teK and 7teEA\(Ct) (24)
A’ otherwise.

This is an optional EA-valued process, with which one associates the random

measure u’ by (8). Clearly p’ed, and we add a dash to all quantities rela-

ted to u’: e.g. V', o, etc...

b) We presently prove that u’edo. First, with any $’-measurable function
W on @ = QR xE’, we associate the P-measurable function f(W')(w,t,x) =
W (w,t,(x,0)). We have

W1 =g’ = f(W)l »u, W1 = = (W)l = (25)

K® K® K¢ K¢
(the first equality is obvious, and the second one follows by taking the
compensators). Thus a,’c =« =1/2 and a’ = a, if teK". Next, since for

t t t
every finite predictable time T the measure v({T)x.) is characterized by

the property v({T}xA) = P('JTeAI?T_), and similarly for v’, up to changing

v’ on a null set we can assume that we have identically:
V' {tIx(Ex{0})) = O, v’((t)x(Cx(l)))=v((t)x(C\(Ct))),
if tekK. (26)

v'({t)x{a,1}) = l-ozt.
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Then a; s a,'( = l-at < 1/72 if teK. Hence aisl/z for all t, and #'540-

c) It remains to prove M(u')=M(u). Since stochastic integrals w.r.t. ran-
dom measures are characterized by their jumps, it suffices to prove that ifW
is $-measurable (resp. W’ is #’-measurable), we can find a ?’-measurable W’

(resp. a P-measurable W) such that for all t:

W(t.vt)1E(7t)—IEv(mxdx)wu.x) - w’(t.w;nE.w;)-j'E'v'((t)xdy)w'(t.y). @

P-measurable functions are functions of the form

W(t,x) (x) + U(t,x), with U(t,(t) =0, (28)

Htl(ct)

where H is predictable and U is P-measurable, and the left-hand side of
(27) is then

aH -0. (29)

) + U(t, 7t)1E\(ct)(7t) - o H 4

t (C )
%’-measurable functions are functions of the form (with (x,i)eE’):

W’(t(xl))—Gl (x) + G 1

dapted) + Ult,x), with Ui(t.ct) =0, (30

Tt}

where G, GO, Gl are predictable and UO, Ul are P-measurable on . Due to
(24), (25) and (26), the right-hand side of (27) is then

9 0 A0 )
t(c) 7)+ U Ot, )15\(“ ) - %Gy - Ot if t¢K} an

1.
1)+ uly, 7)1 - (1-a )G, - 0t if teK

Cy (A) E\(Ct)

If we start with (28) and if we define W’ by (30) with Gl=0, GO=H1 o

K
1 . A
U —UIKC, G—-HlK, U'(t,x) = [U(t,x)-H l( *C) ]lK(t), a simple computation
shows that (29) and (31) are equal. We also have equality between (29) and
(31) if we start with (30) and define W by (28), with H = Hol C—GlK and
K
]l (t). Therefore (27) holds. =

0

Ut,x) = O, x1 S0 ul(e,x)- Gl

KS (x*c }

COROLLARY 8: Let ued. There is equivalence between:
a) All elements of M(u) are a.s. of locally finite variation.

b) For every u’edo such that M(p')=M(n) we have lvnvt<m a.s. for all

t<w (or equivalently lup,‘(<m a.s. for all t<w).
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Proof. (a) » (b): Let p’ed

applied to p’ implies F":?/Z«n a.s., where F’

with  M(p’)=M(u). Then (a) » (b) of Theorem 6
172 is associated with '
by (14). Since u'edo we have Ki /=@ SO ltv;<m a.s. It is also well known
that lﬁv;<no a.s. for all t<wo is equivalent to l*u,’(«o a.s. for all t<w.

(b) » (a): This readily follows from (b) = (a) of Theorem 6 and from the

existence of u'eJO with M(u')=M(u). =

5 - THE SUFFICIENT CONDITION OF THEOREM 1

For the proof of the sufficient condition in Theorem 1, we need two preli-

minary lemmas. If ped is given by (8), we set D(u) = ((w,t):'xt(w)eE).

LEMMA 9: For any sequence (un) in 40 there exists uesdo such that D(u)
= unD(pn) and unM(un) S M(p).

Proof. For each n, [ is a random measure on the Polish space En, with the

E, = E+{A}, and define an

associated process 7n (see (8)). Set E = HEz, A

EA—valued optional process ¥y by

7t=

1 n .
(7t,...,1t,....) if teuD(un)
A otherwise.

The associated measure pu belongs to 4 (indeed if x=(xl,x ) is an

(0] 2"

atom of v({t}x.), there is at least one n such that xnatA and x is an
n

atom of vn((t)x.), and v({t,x}) = vn((t,xn)), so e« S sup a = 1/72). By

construction D(u) = unD(pn). Finally if M = Wnt(un-vn)eﬂ(un) one easily

checks that M = Wx(u-v)eM(u) if W(w,t,(xl,...)) = wn(w.t,xn)lEn(xn). []

LEMMA 10: Assume that all martingales are a.s. of locally finite variation.
a) If pedo the set D(u) has almost all its R, -sections locally finite.

b) There exists uEJO such that any other u'ed. has D(u’')sD(u) a.s.

(o}
Proof. a) The IR*—section of D(p) through w is locally finite iff

l*pt(w)<w for all t<e, so the claim follows from Corollary 8.

b) We construct by induction an increasing sequence of stopping

tlmes(Tn)nzo and a sequence (un)n=l of elements of 40 with the following:



T <o » T <T a.s., [T ]sD(u ) a.s.
n n n+l n n } (32)

for all ped,, we have ]ITn_l,TnI[nD(u) =@ a.s.

We start with TO=0. Suppose that we know (Tn,un) with (32) for n=p. Set
S(p) = inf(t>Tp: teD(u)) if uedo, and Tp+1 = ess inf(S(u): #640)- (a) im-
plies S(u)>'l‘p a.s. on the set A = (Tp<m). By Lemma 9 if u,p’edo there is
u"eado with  D(u") = D(u)uD(p’), hence S(u") = S(u)AS(u’). Therefore there

exists a sequence (pn) in 4« such that S(pn) decreases a.s. to T

0 p+l’
Applying again Lemma 9, we obtain “p+1€’40 with D(Mp +1) = unD(pn), so Tp+l
= S(“pﬂ) a.s. and thus Tp+1>Tp a.s. on A. We have I[Tp+1]§D(“p+l) a.s.,

and for any ueulo we have Tpﬂss(u) a.s., so the last property in (32) is
satisfied for n=p+l.

So far, we have constructed the sequences (Tn), (un) with (32). Taking

the measure pup associated with the sequence (pn) in Lemma 9 gives (b). =

Proof of the sufficient condition of Theorem 1. We assume that all martingales

are a.s. of locally finite variation. Let ueado be the measure constructed in

Lemma 10, and Tn = inf(t: l*ut=n). Since luut<m a.s. for all t<w, we have

outside a null set: T,=0, T To, T <T
0 n n n+l

is ‘a jumping filtration with jumping sequence (Tn). To this effect, it suffi-

if T <o. We will prove that (9t)

ces to prove that for t20, Ae?t, neN fixed, there exists A'e?.r with
n

} = AN(T st<T__} a.s. (33)
n n+

AN(T_st<T
n n+ 1

1

The proof is similar to part (y) of the proof of Theorem 2. We set T=Tn’
S=Tn+1' and consider the martingale N: = P(An(T5t<S)I9S). Let ped be the
random measure associated with the jumps of the pair (NA,NQ): it is given by
(8) with E=R2\(0) and 7 = (AN'::,AN?), and we know that both NA and N'Q
belong to M(p). By Proposition 7 there is p’e:do with NA,NQEM(p'). By Lemma
9 there is u’esdo with NA,NQeM(u’) and D(u’) = D(p)uD(p’), while Lemma 10
yields D(p’)sD(p) a.s., so in fact D(u’)=D(n) a.s. Therefore we also have

Tn = inf(t: l*u,'(=n) a.s., so up to substituting u with p’ we can and will

assume that NA,NQEM(u).
A A

Set M =N_ - N , so MeM(u). As for Theorem 2, we have (4) and AM_ =
A S s sAT A S
-Ns_l(t sy Thus  D(u)n{aM=0} < [S] and AM = -N_ Lo o <tAS) for all

teD(u), outside a null set. In other words, if 7 is associated with u by

(8) and if Ulws,x) = -N':_(w)l outside a null set we have

(T(w)<55tAS(w))’
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AMt(w) = U(w,t,wt(w))lE(wt(w)) for all (w,t)eD(p). Since U is P-measura-
ble, we deduce from Theorems (3.45) and (4.47) of [1] that, since MeM(pu):
M = W*(“."V), with W = U+ i-a l(a<1)

1 A

A simple computation shows that W(s,x) = - l—_-i l(as<l) Ns—l(T.tAS](S)'

If
F = 1sv we then deduce that

_ A 1 .
Moo= [Nl OO TS,
T r r
SAt 1
The process Y_ = I — 1 dF is increasing and finite-valued, and
s sAT l-ar (ar‘<l) r

N‘: = N.?+MS if =T, hence (5) holds. Similarly (S) holds for N% so we dedu-

ce (6), and A’ = (N,‘?.:N_(IZ)O) satisfies (33).

REMARK: When the o-field .‘?m is separable, the proof is much simpler. Indeed,
in this case there is a sequence (Mn)nelN of martingales which "generates"
(in the stochastic integrals sense) the space of all local martingales. There-
fore if u is the integer-valued random measure on E = RN associated with

the jumps of the infinite-dimensional process ™) M(p) is the space of

nelN’
of local martingales, so we do not need Lemmas 9 and 10. m
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