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On processes with conditional independent
increments and stable convergence in law

Jean JACOD *

Abstract: In this paper we study the semimartingales X which are defined on an exten-
sion of a basic filtered probability space B = (Q, F, (F;)¢>0, P) and which, conditionally on
F, have independent increments. We first give a general characterization for such processes.
Then we prove that if all martingales of the basis B can be written as a sum of stochastic
integrals w.r.t. the continuous martingale part and the compensated jump measure of Y,
then a process X has F-conditional independent increments if and only if the characteristics
of the pair (X,Y), on the extended space, are indeed predictable w.r.t. the filtration (F;).
Finally we prove a functional convergence result toward a process X of this kind.

Mathematical Subject Classification: 60F17, 60H99

Keywords: Lévy processes, stable convergence

1 Introduction

It often occurs in limit theorems for sequences of processes X™, defined on the same
stochastic basis B = (Q, F, (F;)¢s0, P), and especially when one looks for rates of
convergence in connection with various time-discretization schemes (like the Euler
schemes for stochastic differential equations or like in [6]), that one encounters limiting
processes X which are defined on an extension B = ({2, F, (ft)tzo, 13) of B. And, quite
often, conditionally on the o-field F, the process X has independent increments.

In a previous paper [5] we have studied this situation when X is continuous, both
from the point of view of characterizing all continuous processes X defined on an
extension of B and which have independent increments conditionally on F (called
“continuous biased conditional Gaussian martingales”), and from the point of view of
limit theorems.

Here we try to fulfill the same program when X is discontinuous, a program which
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turns out to be much more difficult. In a first step we prove that a process X defined
on an extension B of B has, conditionally on F, independent increments if and only
if the (F;)-predictable characteristics of the pair (X,Y) are in fact (F,)-predictable,
for any semimartingale Y on the original basis B. This characterization extends the
known fact that a process has independent increments if and only if its characteristics
are deterministic, and it looks quite nice. However, the necessity to check the above
property for every semimartingale Y on B makes it difficult to put in use in practice.

To cope with this problem, we give another characterization: if Y is a semimartin-
gale on B with respect to which the martingale representation property holds, then
for X to have conditionally independent increments it is enough that the character-
istics of the pair (X,Y’) are (F;)-predictable for this particular Y: this gives a much
easier criterion, but under a somewhat restrictive assumption. Then quite naturally
one deduces existence and uniqueness for a martingale problem related to this pair
(X,Y), thus extending some earlier results of Traki in [9] and [10].

Finally, within the scope of the above restrictive assumption, we give a criterion
for the convergence of a sequence of semimartingales X™ towards a process X with
conditionally independent increments. Although such limiting theorems were the ini-
tial aim of this paper, only very restricted results are so far available in this direction:
this is of course because only in such a specific setting can existence and uniqueness
for the associated martingale problem be proved.

To end up this introduction, let us mention that Grigelionis [2] has proved that
a semimartingale has F-conditionally independent increments if and only if, within
the above framework, the characteristics of the process with respect to the smallest
filtration (F]) which contains (F;) and such that F C F| are in fact measurable
w.r.t. JFy: this characterization, and a related one given by Ocone in [7]), are of a
very different nature than the one exhibited here; more precisely the characterization
in the present paper reduces to Grigelionis characterization in the case where the
filtration (F;) is F; = F for all ¢, but is quite different otherwise.

2 Extension of filtered spaces and processes with
conditionally independent increments

We use the traditional set of notation in the theory of semimartingales: see e.g. [4]
for all unexplained notation, and especially for stochastic integrals w.r.t. a random
measure, denoted by W « p.

We start with a basic filtered probability space B = (2, F, (F3)¢>0, P). We call an
extension of B another filtered probability space B = (Q F, (.’F,)»o, P) constructed as
follows: starting with an auxiliary filtered space @, 7, (.7-})»0) such that each o-field
F,_ is separable, and a transition probability Q. (d@) from (Q, F) into ({2, F), we set

Q=0xQ0, F=FQF, Fo=NF.®F, P(dw,dd)= P(dw)Q,(dd). (2.1)

According to Lemma 2.17 of [3], the extension is called very good if all martingales
on the space B are also martingales on B, or equivalently, if w ~ Q(4') is Fi-
measurable whenever A’ € F,. This also implies that if X is a semimartingale on B
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with characteristics (B, C, v), it is also a semimartingale with the same characteristics
on B.

A process Z on the extension is called an F-conditional martingale (resp. F-
conditional local martingale, (resp. F-Gaussian process, resp. F-conditional PII) if
for P-almost all w the process Z(w,.) is a martingale (resp. a local martingale, resp.
a centered Gaussian process, resp. a process with independent increments) on the
space B, = (Q, F, (Ft)e20, Qu)-

Our aim is to characterize, in terms of the characteristics of various processes,
the d-dimensional semimartingales X on a very good extension B of B which are
F-conditional PII's: so we start with a very good extension B of B and with a d-
dimensional semimartingale X on B. We denote by p its jump measure and by
(B, C,v) its characteristics, relative to some fixed truncation function h on R?%: by
this, we mean the predictable characteristics, relative of course to the filtration (F;).

We give below three criteria for X to be an F-conditional PII. Two of them are
simple enough to state, but the last one necessitates some preliminary notation. Let
(E, €) be an arbitrary Polish space with its Borel o-field and 0 be an extra point and
E» = EU {8}. Consider an arbitrary integer-valued adapted random measure 4’ on
IR, x E (on the basis B), which can thus be written as

pw,ds,de) = 3 e@pw)(dt dy) (2:2)
8:8s(w)EE

where S is an (F;)-optional process with values in E5 and such that for each w the
set {t : B;(w) € E} is at most countable. Then we associate with the pair (X, u') a
new integer-valued random measure p on R, x (IR? x Ej) which is optional, on the
basis B:
p(ds,dz,dy) = Z 6(,,Axhp,)(dt, dz, dy). (2.3)
5:(AX,,8,)#(0,9)

Recall that 4’ is said to be P ® £-o-finite if there exists a P @ £-measurable map
W : QxR xE +— (0,00) (where P is the (F;)-predictable o-field on Qx IR, ; similarly
P denotes the (.’Ft) predictable o-field on Q2 x IR.), such that E(W * . ) < co. Then
clearly p will be P ® Es-o-finite as well (with obvious notation, £5 being the Borel
o-field on Ej).

Theorem 2.1 Let X be a semimartingale on the very good extension B, with Xo =0
and predictable characteristics (B, C,v). This process is an F-conditional PII if and
only if any one of the following three equivalent conditions is satisfied:

(i) For any q € IN* and any g-dimensional bounded martingale Y on B, the char-
acteristics of the pair (X,Y) are (F;)-predictable.

(ii) For any g € IN* and any q-dimensional semimartingale Y on B, the character-
istics of the pair (X,Y) are (F:)-predictable.

(iii) a- The characteristics (B, C,v) are (F;)-predictable.
b- For any continuous martingale N on B the bracket (N, X¢) is (F;)-predictable.
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c- For any integer-valued adapted random measure p' on B (with E an arbitrary
Polish space) which is P ® £-0-finite, the (F;)-compensator of the measure
p associated with X and p' in (2.8) is (F;)-predictable.

Note that in (iii) we have some redundancy: (c) implies that v is (F;)-predictable.
The proof of this theorem will be divided in many steps.

1) Let us provide some general facts about very good extensions. Denote by M,
the set of all bounded martingales on B. In [5] it is proved that a cadlag adapted
and bounded process Z on B is an F-conditional martingale iff it is a martingale
on B which is orthogonal to all elements of M. By localization, and since for any
(F:)-stopping time T and any w the map & ~ T(w,d) is an (.7-',,) -stopping time, one
readily gets:

Lemma 2.2 Let Z be a locally bounded cidlig adapted process on B. Then Z is an
F -conditional local martingale if and only if it is a local martingale on B, orthogonal
to all elements of M.

We also have the following:

Lemma 2.3 Let Z be a nonnegative or bounded measurable process on B, and set
Zy(w) = Qu(Z¢(w,.)). Then

(i) if Z is (F,)-optional, then Z' is its (F;)-optional projection,
(ii) if Z is (F;)-predictable, then Z' is its (F;)-predictable projection.

Proof. By a monotone class argument it is enough to prove the result when Z;(w, @) =
Vi(w)Vi(@), with V and V" being bounded, adapted to (F;) and () respectively, and
right-continuous in case (i) and continuous in case (ii). If V/(w) = Q,(V,) we have
Z; = V;V]. The extension being very good, the process Z' is adapted to (F;), and it
is right-continuous (resp. continuous): so Z' is (F;)-optional (resp. predictable).

Let T be an (F;)-stopping time and A € Fr. We have
E(Zrla) = E(Vpla V) = E(Vela Vi) = E(Z114),

hence E(Zr|Fr) = Zy and we have (i). In case (i), if further T' is (F)-predictable
and announced by a sequence (T,) of (F+)-stopping times, from E(Zr,|Fr,) = Zr,
and from the left-continuity, we deduce that E(Zr|Fr-) = Z}, hence the result. O

2) Here we give some properties related to our given d-dimensional semimartingale
X on B (recall Xy = 0). Recall that it can be written as

X=B+X+hx(u—v)+h =y, (2.4)

where h'(z) = z — h(z) on R%. This notation will be kept all along the proof. We
also consider an arbitrary countable collection C of continuous bounded nonnegative
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functions vanishing in a neigbourhood of 0 and measure-determining for measures not
charging 0.

According to Theorem I1-5.10 of [4] (where we can replace (iii)+(iv) of 5.5 by 5.6),
for any given w the process X (w,.) is a PII under Q,, if and only if [a,]+[b.] below
holds:

[a,,) There exist a cadlag R%-valued function B = B(w) with By = 0, and a continuous
increasing function C = C(w) with values in the set of symmetric nonnegative d x d
matrices and with Cy = 0, and a positive measure ¥ = ¥(w) on (0,00) x (R*\{0}),
such that for allt > 0, ¢ > 0:

7((0,t] x {z : |z| > €}) <00, @ :=D({t} x R) <1, 0
AB, = v({t} x h), |h — AB|? % Dy + £4<4(1 — @,)|AB,[? < 0. } 25)

So we can introduce the following processes (where f € C, so M/ is real; M is d-
dimensional; C' and M’ are d x d matrix-valued; ! denotes the transpose):

T, :=C,+ (h- AB)(h - AB) x5, + 3.(1 - a,)AB,AB., (2.6)

<t
M/ =fxpu—fxv, M=X-kxp-B, M=MM-T, (2.7)

[b,] The processes M/ (w,.), M(w,.) and M'(w, ) are (F;)-local martingales under Q.
(hence T(w) is the (F)- predlctable compensator of the measure p(w,.) under Q).

Under [a,]+[b,] the processes M7, M, M' are even martingales under @Q,,, hence
f*7(w) = Qu(f * pe)
By(w) = Qu(Xe — h' % t) (2.8)
Culw) = Qu((Xe = B % pe) (Xe = b+ pe)f)

3) In fact, if we knew that the variables i in the right side of (2.8) were integrable w.r.t.
Q., these formulae would give us (B, c ,U) right away. We do not know this yet.
However, the first formula in (2.8) makes sense for any nonnegative Borel function f:
50 it defines a random measure U on (0, 00) X IR which is (F;)-optional by virtue of
Lemma 2.3 and obviously satisfies the second condition in (2.5). Further, for every
nonnegative (F;)-optional process Z and all A € R? we have

E(Z®14)i00) = / P(dw) / Qu(do) / Z,(w)1a(2)ulw, @; ds, dz) = E((Z®14)%Tes),

hence 7 is the (F;)-optional compensator of p.

4) Proof of (iii)=>(ii). Let Y be an arbitrary g-dimensional semimartingale on B.
The jump measure p of the pair (X,Y) is of the form (2.3), so its (F¢)-predictable com-

pensator 7 is (F;)-predictable by hypothesis. The second characteristic of ))f is of
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n

the form ( CC,:," g, ) , and C'is (F¢)-predictable by (a) and C" is (F;)-predictable by

(b), while C" is so because Y is defined on the basis B. Finally the first characteristic

X . . . . .
of ( Y ), relative to the truncation function ( lllgf—ll ), is ( g, ), where B’ is the

first characteristics of Y w.r.t. h: so again the (F¢)-predictability is clear.

5) If X is an F-conditional PII, then (iii) holds: Here we suppose that X
is an F-conditional PII, in addition to being a semimartingale with characteristics
(B,C,v). Then B, C, C, 7 satisfy (2.5), (2 6), [b,], and also (2.8), and they are all
(F¢)-optional. We prove (111-c) first. Let p' be any integer-valued random measure
on R, x E on the basis B and with (F.)-predictable compensator v/, with (E, &)
some Polish space. We construct p as in (2.3) and denote by 7 the (.Ft) predictable
compensator of p.

Lemma 2.4 The random measure 7 is (F;)-predictable.

Proof. It is enough to prove that for any Borel subset A of R x E3\{(0,9)} and
any nonnegative (F;)-predictable process Z whose (F¢)-predictable projection is Z'
(given by Zj(w,.) = Qu(Z¢(w,.)) by Lemma 2.3), we have

E((Z ® 13) ¥ 1) = E((Z' ® 1) % 7o) (2.9)

Set A' = AN ({0} x Ep) and A" = AN ({0} x E). We have A = A UA" and
A'NZA" = 0. Then (using first that 7 is the (F;)-compensator of p, then that ¥(w) is
the (.’Ft) -compensator of y(w,.) under each Q,, and Fubini’s Theorem several times):

E((Z ® 17) % o)

= [ P(dw) f Qu(d®d) [ Z,(w, @)1 (z, Bs(w)) p(w, &; ds, dz)
+ [ P(dw) [ Qu(d®) [ Zy(w,®)15(0,y)1{ax, wz)=0p ' (w; ds, dy)

= [ P(dw) | Qu(d®) | Z,(w, @)1z (x, Bs(w))7(w; ds, dz)
+ [ P(dw) [ 17:(0, y)p(w; ds, dy) [ Qu(dD) Z,(w, ©)1 A x, (w2)=0}

= [ P(dw) [ Zi(w)17 (7, Bs(w))P(w; ds, dx)
+ [ P(dw) § Z,(w)1z(0,y)(1 — (w; {s} x R?))p(w; ds, dy).

If we start with Z' instead of Z we get of course the same expression: hence (2.9)

holds. O

Next, B=X — Rk «pu—M and C = MM" — M’ are (F,)-semimartingales and
(Ft)-adapted, hence (F;)-semimartingales, and also with bounded jumps. So they can
be written as B = A+ N and C = A'+ N, where A and A’ are (F,)-predictable with
locally finite variation and N, N’ are locally in M, (componentwise). We deduce the
following consequences:
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() M = X°+hx(p—v)— N+ (B— A) being an (#:)-local martingale, as well as
X¢+ h*(u—v), and B — A being (F¢)-predictable with locally finite variation,
we get B = A and thus B is (F;)-predictable.

(b) M is orthogonal to M, (Lemma 2.2), so for any continuous martingale N on
B we have 0 = (M, N) = (X¢,N) — (N¢,N), hence (X¢, N) is (F;)-predictable
and (iii-b) holds.

(c) MM" — A’ is an (Fi)-local martingale, from which we obtain as above that
indeed (M, M") = A’ is (F;)-predictable. Lemma 2.4 shows that the (Fo)-
predictable compensator ' of the jump measure p' of the process (X, N, B)
is (F;)-predictable. Since AM = h(AX) — AN — AB, the (F:)-predictable
compensator of ¥, AM,AM} = (h(z) — y — 2)(h(z) —y — 2 xpis H =
(h(z)—y—2)(h(z) —y—2)**n’, which is (F;)-predictable. Then (X°—N°, (X°—
Ny = A' — H is (F;)-predictable. Since further X¢— N° is orthogonal to My,
we have that C = (X¢ — N¢, (X¢ — N)*) + (N¢, N¥) is (F;)-predictable: this,
together with (a), yields (iii-a).

6) Since (ii)=>(i) is obvious, it remains to prove that (i) implies that X is an F-
conditional PIL So in the sequel we assume (i). We first introduce a number of
additional notation and give some preliminary results.

As before, 7 is defined by (2.8). We set for any nonnegative or small enough
function f (the last notation below being in accordance with (2.8)):

a(f)e= [vithd)f@), w=oe alf)= [T} dn)i(z), @ =a(l).
(2.10)

We know that the second condition in (2.5) holds, and that v is the (F;)-predictable
compensator of 7. Since the process (1 A |z|?) *v is finite-valued and (F:)-predictable,
hence locally integrable on B, the process (1 A |z|?) * ¥ is also locally integrable on B,
so the first condition in (2.5) holds true.

Let f be any function on R? satisfying | f(z)| < C(1 Alz|) for some constant C.
As seen just above, the processes f? * U and f? % v are locally integrable on B, while
the process a(f) is the (F;)-predictable projection of the process a(f). Hence there is
a unique locally square-integrable martingale on B, denoted by f * (U —v) and whose
jumps are
A(f * (@ = v)e =a(f)e — a(f)s- (2.11)
Obviously, when |f(z)| < C(1A|z|?), we also have f * (7 —v) = f *¥ — f xv, where
the last two processes are with locally finite variation.

7) Next, by considering the projection of each component of X° on the stable subspace
of (F,)-martingales generated by the (;)-martingales, we obtain a sequence NI of
continuous and pairwise orthogonal elements of M, and (F;)-predictable processes
u such that X = ¥, u" N7 + X©i each X% being a continuous local martingale
orthogonal to M,. By (i) each (X¢%, N7) = u* o (N7, N7) is (F¢)-predictable, hence
we can choose (F;)-predictable versions for the ui’s. Thus each X = ¥; u/ e N7
is a continuous (F;)-local martingale.
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At this point we can introduce our last ingredients, C and B, by putting
B=B+X+hx(@-v), C:=C- (XX =(Xe,X. (2.12)

These processes are (F;)-adapted, and C is continuous increasing for the strong order
of symmetric d x d matrices. The third property of (2.5) is satisfied by construction,
and the last one because |h|>x7 and ¥, |[AB|? are finite-valued. Further, we define

M/ for f € C, M and M’ by (2.7), and we obtain (with C' given by (2.6)):

M =fx(p—v)-fx({@-v), (2.13)
M=X+hx(u-v)—h*@-v). (2.19)
M =M_oeM +(M_e M) +[MM)-C. (2.15)

A simple calculation using AB; = a(h); and AB, = @(h); and (2.11) shows that
(M, M), — C; = hh? % (u — v); — B! % (0 — V), —

-3 (AB.(W(AX.) - AB}) + (h(AX,) — AB,)AB;) (2.16)

s<t

By virtue of Step 2, to get that X is an F-conditional PII we need to prove that
M/ for f € C, M and M’ are (F;)-local martingales, orthogonal to M. And for this,
since this property is already known for X' ¢, it is clearly enough to prove that the
following processes:

Mi=fx(u-v)—fx(@-v), if feCor f=h or f=nhh
2.17
M! = ¥,(AB,(AX,)! — ABY) = T, a(h),(h(AX,)! - a(h)?) 1

are (F;)-local martingales, orthogonal to M.

8) We already know that M7 in (2.17) is an (F:)-local martingale, and we will show
this later for M". Since M/ and M" are also purely discontinuous it is enough to prove
that they are orthogonal to an arbitrary Y € M, which is also purely discontinuous:
so we fix such a Y below.

Recall that C is countable. Set ' = C U (U%_,{h}) U (U¢,_,{h7h*}) (the h?’s are
the components of k), and C" = C' U {0}. For any g € C' we consider the (F;)-local
martingale with bounded jumps N¢ = g * (7 — v), and also N° =Y (the arbitrary
martingale fixed above). Call N = (N9 : g € C"), which is a cadlag process taking
its values in E = IR®". Then p denotes the jump measure of N, and p is the random
measure on (0,00) x IR x E defined by

p(ds, dz, dy) = p(ds, dy)eax,(dz).

A point y € E has components indexed by g € C”, and denoted by y° (and 3° if
“g =0"), and we write with the same symbol y? the function which associates with
y its component y9: by construction of p, we get

Ay xp) =a(g):—a(9): VgeC (2.18)
Finally, n and # denote the (F:)-predictable compensators of p and p respectively.
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Lemma 2.5 The random measures 1) and §j are (F;)-predictable.

Proof. Since 7 is the (0,00) x E-marginal of #, it is enough to prove that 7 is (F;)-
predictable. For this, it is even enough to prove that W x 7 is (F;)-predictable for
any W of the form W(w,@,s,z,y) = 14(z) [I;; 1p,(y'), where A € RY, I is a finite
subset of C’, and each D; is a Borel subset of IR at a positive distance of 0.

If ! denotes the jump measure of the process (X, Nt : i€ I), with (F,)-predictable
compensator V', then W x5 = W % u! (with an obvious abuse of notation), hence
W xij=W xv'. Since v! is (F;)-predictable by (i), we have the result. O

As a consequence of this lemma, one can factorize 7 as such:
7i(ds, dz, dy) = n(ds, dy)F, ,(dz), (2.19)

where (w, @, s,y) ~ F, ,(w; A) does not depend on & and is P ® &-mesurable for any
Ae R4

Lemma 2.6 We can find a version of F in (2.19) for which F, ,(w, g) := [ F,y(w,dz)g(z)
is identically equal to y9 + a(g) for all g € C'.

Proof. Since C is countable, it is enough to prove that for any P ® £-measurable
function W such that [W|x p, is bounded and any g € C' we have

E((WF(9) * o) = E((W (y° + a(9))) * Neo). (2.20)
This follows from the following string of equalities (recall that each g € C' is bounded):
E(WF(g) %) = E((W ® g) * i) (by (2.19))
=E(W ®g)* Poo) (1 compensator of p)
= [ P(dw) | Qu(d@) f W (w, 5,9)9(AX,(w, &))p(w; ds, dy)
= [ P(dw) [W(w,s,y)p(w; ds, dy) [ Qu(dd)g(AX,(w,d))
= [ P(dw) [ W(w, 3,y) @(g)s(w) p(w;ds, dy) (by definition of ¥ and a(g))
=J Pldw) [W(w,s,9)(¥* + a(9)s(w)) p(w;ds,dy)  (by (2.18)),

and the last display equals the right side of (2.20). O

Lemma 2.7 For each f as in (2.17), the (F;)-local martingale M/ is orthogonal to
Y.

Proof. We have AM{ = f(AX,) - a(f),, thus [M/,Y] = (4°(f(z) - a(f)))*p. In
view of (2.18) this is also equal to (y°(f(z) — yf — a(f)) * p, whose (F;)-predictable
compensator is

W ((f@) =y —a(f) * = (F(f) - v/ —a(f)) xn =0
by virtue of (2.19) and Lemma 2.6: hence the result. O
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Lemma 2.8 The process M" is a (F,)-local martingale, orthogonal to Y.

Proof. Recalling AB; = @(h);, we can write M” = V + V', where
Vo= _@(h)s - a(h))(R(AX,) —a(h)}), V{ =3 a(h),(R(AX,)! — a(h)}).

s<t s<t

We see that V| is an absolutely convergent sum over at most countably many times
s belonging to the (F;)-predictable set J = {(w, s) : a,(w) > 0}. Now, if T is an
(7¢)-predictable time, we have a(h)r = E(a(h)r|Fr-) = E(h(AXr)|Fr-), hence

E(AVZ|Fr_) = 0, on the set {0 < T < oo} and it follows that V" is an (F;)-local
martingale.

Next, the jump times of V are also jump times of p, and in view of (2.18) we
clearly have (with obvious vector notations) V = y(h(z)! — (v*)! — a(h)!) x 5. Hence
the (F;)-predictable compensator of this process is

¥ (h(2)* — (™)' — a(h)) % 7 = y*(F(B)* — ™)' = a(h)) %7 = 0

by (2.19) and Lemma 2.6: hence V is an (F,)-local martingale.
Furthermore
[M", Y] =14" y*(h(z)* — (4")* - a(h)*) % p,

whose (.ﬁ)-predictable compensator is 0 by the same argument as above, hence M"
is orthogonal to Y. O

This Lemma ends the proof of Theorem 2.1, and we finish this section with two
“extreme” examples:

Examples:

1- Any semimartingale X on B is obviously an F-conditional PII. The correspond-
ing data in (2.5) are 7 = p' and B = X — &'+’ and C = 0, while the law of X
under @, is the Dirac measure ¢ X(w)-

2- Any process X on B which is independent of F and is a semimartingale with
independent increments is in also an F-conditional PII. Then in (2.5) we should
take ¥ = v and B = B and C = C, while the law of X under Q. is the a priori
law of X.

3 Existence and uniqueness of a martingale prob-
lem

3.1 A further characterization result

In addition to the previous setting, we are given a basic g-dimensional semimartingale
Y on the basis B, with jump measure y' and characteristics (B’,C",v/), w.r.t. some
truncation function h of IRY.
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We give another characterization of F-conditional PII's, in connection with this
basic semimartingale Y, when the martingale representation property holds on B holds
w.r.t. Y, meaning that each local martingale N on B can be written as N = Ny +
u! @ Y¢+ W x (4 — /) for some predictable R%-valued process u and some P ® R
measurable function W.

Theorem 3.1 Let X be a d-dimensional semimartingale on B with Xo = 0, and let Y
be a g-dimensional semimartingale on B, w.r.t. which the martingale representation
property holds on B. Then the following two statements are equivalent:

(i) The characteristics of the pair (X,Y) are (F;)-predictable.
(i) The process X is an F-conditional PII.

Proof. Due to Theorem 2.1, we only have to prove that (i) above implies (i) of
Theorem 2.1. So in the sequel we assume (i) above.

Pick any r-dimensional bounded martingale N whose components are in M; and
with bound A. By hypothesis

N=ueY +Wx(u — V) (3.1)
for some r x g-dimensional (F;)-predictable process u and some r-dimensional P @ RI-

measurable function W. The second and third characteristics of the pair < }; ) are

C Cll
C/ln CI

function on IR" such that h(z) = z for |z| < 24. Let o’ be the jump measure of ( ﬁ ),

denoted by ( ) and 7, and its jump measure is p. Let R be a truncation

B" '\ D! D

he1l
1®h J°
First B" = 0 and D' is (F,)-predictable. Next Dy = Y¢_, [Eui*dC’*, hence D is
(F:)-predictable because u and C’ are such.
It remains to prove that 1’ is (F¢)-predictable. With the convention that W (., ¢,0) =

0 and the notation W, = [ W(.,t,y)//({t},dy), we have for any Borel subset A of
R#\{0}:

and (( B ) , ( ¢ D ) ,77’) its characteristics, relative to the truncation function

¢ - —
laxp) = /0 /RdxmlA(z,W(.,s,y)-—W,)p(.,ds,dx,dy)-{-Z 14(0, =W,)1(ax,=0,av.=0},

<t

whose (F;)-predictable compensator is

t — —
1a* 77; = /l; /R"xJquA(x’ W(.,s,y) — Wy)n(.,ds,dz,dy) + Z 14(0, W,)(1 — a,),

<t

where a, = n({s} x R? x R?). We deduce from (i) that these processes 14 * n/ are
(F:)-predictable, hence the measure 7' is (F;)-predictable as well. O
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Remark: If we only assumed that all purely discontinuous martingales on B are of
the form W * (u' — v/'), the same result would hold true, provided we add in (i) that
the process (X, N) is (F;)-predictable for any continuous martingale N on B which
is orthogonal to Y°. Then Proposition 1-2 of [5] would be a particular case of this
extension of Theorem 3.1.

3.2 A martingale problem

It is well known that if X is a d-dimensional semimartingale with deterministic char-
acteristics (B, C, v) it is a PII whose law is entirely determined by the triple (B, C,v):
the martingale problem associated with this set of characteristics has thus a unique
solution. Our aim is to give similar results for conditional PII's. Exactly as in the
continuous case of [5], in order to properly state the problem we start with a stochastic
basis B and we have to define our martingale problem in connection with some given
semimartingale Y on B. We will in fact prove our results only under the additional
assumption that the martingale representation property holds on B, w.r.t. Y.

So let Y be a g-dimensional semimartingale on B with characteristics (B',C", /)
and jump measure y'. Next, either we will have a d-dimensional F-conditional PII
X, or we will construct it: in both cases we have the “potential” characteristics of

X hel )
the pair ( y 100 ) they are denoted by

(B,C,n). In view of Theorem 2.1, they are (;)-predictable and defined on the basis
B, and they satisfy the following (necessary) properties:

), relative to the truncation function (

By =0, B has locally finite variation

Co =0, C is continuous non-decreasing for the strong order
of symmetric nonnegative (d + ¢) x (d + ¢)-matrices

(IA(z+ yl?) *me < 0o,  A¢:=n({t} x R* x RI) < 1

8B, = falte).dean) (30 ),

as well as the following compatibility relations with the characteristics of Y

(3.2)

7

~ B = c o
B= ( B ) ) C= ( o ) ) V' (ds, dy) = n(ds, R’ dy)lyzoy.  (3.3)

Observe that if one is able to construct the corresponding process X, its charac-
teristics will necessarily be (B, C,v), with B and C as in (3.3) and v given by

v(ds, dzx) = n(ds, dz, IR?)1{zz0); (3.4)

Let us also associate some further ingredients with (E,C’,n). First, the non-
decreasingness of C' implies the existence of an (F;)-predictable IR% x IR%-valued pro-
cess such that

C'"=ue('" (3.5)
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Second, in view of (3.3) we have the factorization
n(w; ds, dz, dy)1yz0) = V' (w; ds, dy) F(w, 5, y; dz), (3.6)

where F' is a transition probability from (2 x R, x R?,P ® RY) into R?. Finally
we consider the following (F;)-predictable measure ¥ and process @(g) for g bounded
measurable on IR%:

p(ds, dz) = n(ds,dz, {0}),  l9), = [ 9(x)¥({s},dx), (37)

as well as the (F;)-predictable processes a(g) and a of (2.10) and

d(9)s = [ 9@V (s} da), o' =a(1). (3.8)

Theorem 3.2 Let Y be a q-dimensional semimartingale on B, w.r.t. which the
martingale representation property holds, and with characteristics (B',C",V'). Let
(B,C,n) be a triple which is (F;)-predictable and satisfies (3.2) and (3.3).

a) There ezists a d-dimensional F-conditional PII X on some very good extension
B of B such that the characteristics of the pair (X,Y) are (B,C,n). The “conditional”
characteristics associated with X in [a,]+[b,] are always given by (with 0/0 = 0, and
with the notation in (3.5), (3.6), (3.7) and (3.8)):

B=B+ueY*+ (F(h) - &) (i - V)
C=C-(ueC") (3.9)

g*ﬁ:g*z7+(F(g)—1£%l,)*u'+§%*u' Vg >0 with g(0) =0.

b) We can always take for (ﬁ,f-', (f't)tzo) the canonical space of all IR%-valued
cadlag functions and for X the canonical process on 2. With this choice there is a
unique probability measure P on (0, F) such that B is a very good extension of B, and

P solves the martingale problem associated with the pair (X,Y’) and the characteristics
(B,C,n) (and thus X is an F-conditional PII on B).

This means in particular that all expressions in (3.9) make sense, and in particular
the two stochastic integrals showing in the first display. This result can be viewed as
an existence and uniqueness result for a martingale problem: this type of problem was
considered by Traki in [9] and [10], where existence was already proved. But it also
says that whatever process X solves the problem (on whichever extension B), then
the conditional law of X knowing F is completely determined by the (deterministic)
characteristics given by (3.9).

Proof. 1) Assume that X and is an F-conditional PII on a very good extension B.
As already said, the characteristics of (X, Y) are (F;)-predictable and satisfy (3.3) and
(3.4). We presently prove (3.9) for the characteristics associated with X in [a,]+[b.)].

In fact, 7 is given by (2.8), and B and C are given by (2.12), once v and N are
determined. In view of the martingale representation property we can indeed choose
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N =Y¢, in which case a version of u is given by (3.5): that C satisfies (3.9) is then
obvious.

The next step consists in proving the last property in (3.9). Take g Borel bounded
nonnegative on JR?, with g = 0 on a neighbourhood of 0. We know that g*xTU—gxv is
a local martingale on B, hence of the form W9 (i’ — 1) for some predictable function
W$ by virtue of the martingale representation property again. Taking an arbitrary
nonnegative P ® £-measurable function W such that W (w, s,0) = 0, we have by the
same calculations than in Lemma 2.6, and with p denoting the jump measure of the
pair (X,Y):

E(WF(9)*vi) = E(W®9)*ns) = E(W ®g) * poo)
= [ P(dw) [ Qu(d®) [ W (w, 5,9)9(AX,(w, D)) (w; ds, dy)
= [ P(dw) [ W (w, s, y)u' (w; ds, dy) [ Qu(dD)g(AX,(w, D))
= [ P(dw) [ W (w, s,y) a(g)s(w) p(w;ds,dy) = E((Wa(g))* pl,)

Using g*7 = gxv+ W9 ('~ '), we get a(g); = a(g);+W?(t, AY,)—W?9,, where for any
function U we set U; = [ U(.,t,y)V/({t}, dy). Therefore the previous expression equals
E((W(a(g) + W? — W?9))  ul,,), which in turns equals E((W (a(g) + W9 — W9)) x 1/,
because a(g) + W9 — W9 is predictable. Hence

F(g) = a(g) + W9 — W3, P(dw)V'(w; ds, dy) — a.e.
Furthermore, combining (3.4), (3.6) and (3.7) yields a(g) = a(g) + F@), hence
F(g) - F(g) = a(g) + We — s, P(dw)v'(w; ds, dy) — a.e.

Then F/(Z)(l —a') = d(g)a’ + W9(1 — a'), and thus @(g) = 0 wherever o’ = 1 and,
with the convention 0/0 = 0,

W9 =F(g) — —éfg—()l P(dw)V' (w; ds, dy) — a.e.

Since g x v = gx U + F(g) x/, the last property in (3.9) is obvious. Finally the first
one is a direct consequence of the last one and of (2.12) with N =Y.

2) So far we have proved the second part of (a). It remains to prove (b), which
obviously implies the first part of (a).

Define (B, C, ) by (3.9). We first show that this triple satisfies [, ] for almost all
w. This is obvious for C, because of the second property in (3.2). Set J = {(w,?) :
ay(w) > 0}, hence a(g); = 0if t ¢ J. It is obvious that T(w;ds,dz)1,(w,s) is a
positive measure. If t € J we have U({t},g) = F(g)(t,AY;) if AY; # 0 and = %(_-‘137:
otherwise: it follows that ¥ itself is a positive measure.

Next all integrands in the last display of (3.9) are predictable, hence it is easily
checked that the (F;)-predictable compensator of gxTis gx U + F(g) x v/ = gxv.
So the third property in (3.2) yields that 7 meets the first property of (2.5). We
have @; = F(t,AY;; R1\{0}) < 1if AY; # 0, and @, = 1_2‘_; = “:‘T_a'za < 1 (because of

a
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the fourth property in (3.2)), hence 7 meets the second property in (2.5). The third
property of (2.5) is obvious from (3.9) and the last property in (3.2) and the already
proved fact that a(h) = @(h) + F(h). Finally the last property in (2.5) can be proved
separately for each component or, equivalently, in the 1-dimensional case. Then we

have
Gi=(h-AB)?*v,+ ) (1- a,)A'Ef hl(z=0) * Tt + 3_(@(h?), — a(h)2)

s<t s<t

IN

h21{3=0) * Uy + Zﬁ(hz), = h2 * Uy

<t

But the (F;)-predictable compensator of ¥ is v, and h?xv is locally integrable by (3.2)
and (3.7). Hence G is also locally integrable, and (2.5) is proved.

At this point we consider for (2, F,(F:)i0) the canonical space of all cadlag
functions from IR, in IR?, with the canonical process X, and we denote by Q, the
unique probability measure on this space under which X is a PII with (deterministic)
characteristics (B, C, ). Since these are (F;)-optional, it is easy to check (through
Lévy-Khintchine formula for example) that @ is indeed a transition probability from
(Q, F) into (Q, F), so we can define the extension (2.1). We even have that w —
Q. (H) is Fy-measurable whenever H € F; and thus our extension is very good. The
processes of (2.7) are F-conditional martingales, hence are martingales and, since B
is clearly a semimartingale by (3.9), we deduce that X itself is a semimartingale on
the extension, as well as an F-conditional PII.

Then we can consider the characteristics of the pair (X,Y), which we denote by
(B®,C®, 1) and accordingly we have B®, B'®, and so on... We repeat the content
of Step 1: of course we obtain the same triple (B,C,7). And of course we have
B® = B’ and C'® = C'" and v'® = /. The first relation (3.9) yields B® = B and
u® = u, hence the second relation yields C'® = C’. The third relation in (3.9) yields
first that F(g)® = F(g) p'-a.e., next that @(g)°® = @(g), next that ¥® = &: Putting
these together with (3.6) and (3.7) gives ¢ = 7. In other words the pair (X,Y) has
the desired characteristics, and we are finished. O

When the pair (X,Y) is quasi-left continuous, the formulae (3.9) greatly simplify:
in (3.2) we have A; = 0 and B is continuous, so the last property is void; we also have
dt(g) = 0 for any g, so

B=B+ueY°+ F(h)x(y' — V')
C=C-—(ueC") (3.10)
gxU=g*xv+ F(g)xp Vg >0 with ¢(0)=0.

Remark: If we drop the martingale representation property w.r.t. Y, the result
becomes wrong. For example consider for B the 1-dimensional canonical space with
for P the unique measure under which the canonical process Z is a compound Poisson
process with a Lévy measure F. Suppose further that F is a probability measure, and
let T, be the successive jump times of Z. Consider also Y; = 3,51 1{T., 00)(t): thisis a
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semimartingale (and a standard Poisson process), but the martingale representation
property does not hold (unless F'is a Dirac mass, a case which we exclude). If k(1) = 0
we then have B' = 0 and C' = 0 and V/(ds, dy) = ds £, (dy).

Then choose (B, C,n) in such a way that ¢ = 0 and B; = tF(h) and n(ds, dz, dy) =
dsF(dz)e;(dy), so that (3.2) and (3.3) hold. Then X = Z solves our problem and in
this case 7 equals the jump measure associated with Z (of course conditionally on F
the process X becomes deterministic). Another way to solve the problem is to take
X = ¥n>1Unlir, ) where the Up’s are i.i.d. with law F and independent of the
process Z: in this case 7 is given by (3.10) with & = 0.

4 Stable convergence to a conditional PII

We end this paper with a convergence result related to the situation studied in the
previous Section. The setting is as follows:

First, we have a ¢g-dimensional quasi-left continuous semimartingale Y on an ar-
bitrary basis B, with characteristics (B’,C",v), w.r.t. some continuous truncation
function k. We will assume that the martingale representation holds for B, with
respect to Y.

Next we have a sequence X" of d-dimensional semimartingales on B, whose charac-
teristics are denoted by (B",C",v") w.r.t. another continuous truncation function h.
As before we need to consider the jump measure p" and the characteristics (B*, C", ")

of the pair ( ); ) w.r.t. the truncation ( hel ), and we have

1®h

L a_[ C* C™m
B—<BI)1 C—(Cun,ﬂ C/))

with C" = (X™¢,Y!). Finally introduce the following predictable cad processes,
increasing in the set of nonnegative symmetric (d + ¢) x (d + q) matrices:

-~ A - R
G'=C"+C", where C" = ( ’%};u %lu ) * ", (4.1)

In order to state properly the convergence result we need to recall some facts about
stable convergence. Let Z,, be a sequence of random variables with values in a metric
space E, all defined on (R, F, P). Let (€, F, P) be an extension of (Q,F, P) (as in
Section 1, except that there is no filtration here), and let Z be an E-valued variable
on the extension. Let finally G be a sub o-field of F. We say that Z, stably converges

in law to Z if _

E(Vf(Z.) = E(V(2)) (4.2)
for all f : E— IR bounded continuous and all bounded variables V on (Q, F). This
property, introduced by Renyi [8] and studied by Aldous and Eagleson [1], is (slightly)
stronger than the mere convergence in law. It applies in particular when Z, = X™
and Z = X are IR%-valued cidlag processes, with £ = ID(IR.,IR?) the Skorokhod
space.
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Theorem 4.1 Assume thatY is a quasi-left continuous semimartingale on B, w.r.t.
which the martingale representation property holds on B. Assume also the ezistence
of an IR-valued continuous process with finite variation B, of an IRt ® IR -valued
continuous process G and of a random measure n on IR, x IR* x IRY not charging
R, x {0} and satisfying n({t} x R® x IR9) = 0 identically, such that the following
convergences hold:

sup|B* - B,| - 0 Vte R, (4.3)
<t

Gt -Ff G, vVt € Ry, (4.4)

gxnt —=F gxn Vte Ry, VgeC. (4.5)

(recall that C is a countable sequence of continuous bounded nonnegative functions
on IR, vanishing in a neighourhood of 0, and maesure-determining for measures not

charging {0}).
Then:

(i) The measure 1 and the processes B and G are predictable with By = 0 and

~ A ~ [] ya
Go =0, and G =C + C where C = hh* " hh

— xn and C is continuous
A
nondecreasing in the set of nonnegative symmetric (d+q) X (d+ q) matrices and
_ "
can be written as C = ( CC*:'H g, )

(i) There is a very good extension B of B and a quasi-left continuous adapted pro-
cess X on B which is an F-conditional PII and the pair (X,Y) admits the

characteristics (B, C,n), where B = ( g’ ) '

(iii) The processes X™ converge stably in law to X.

Observe that in (4.4) the last square block of size ¢ X q automatically converges,
since it equals C’ + RR 0.

Proof. 1) The three convergences imply that B, G and 7 are (F;)-optional, hence
predictable since they are “continuous” in time. In order to finish the proof of (),
and since G and C, hence C are clearly symmetric, it is enough to show that for any
unit vector u € JR% the process u!Cu is non-decreasing. Up to taking a subsequence
still indexed by n, we may assume for this that the convergences in (4.4) and (4.5)
are almost sure. Then if s < ¢, (4.5) classically yields that liminf, u*(C}* — Cryu >
u!(Cy — C,)u, and it follows that limsup, u*(C? — C™)u < u#(C; — C,)u, yielding the
fact that u!Cu is non-decreasing.

So (i) is proved, and (ii) follows from Theorem 3.2. As a matter of fact, in (ii) we
can realize X as in (b) of Theorem 3.1, with the canonical space (R, F, () = (Ft)i>0)
and the canonical process X, and we have ﬁ(dw,d&)) = P(dw)Q.(d@). Note that Q,,
is entirely determined by (B, C, D) in (3.10).
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2) Let V be an arbitrary bounded variable on (2, F), and N, = E(V|F). Denote
by @ = (G¢) the smallest filtration w.r.t. which all the processes N, Y, X® and the
characteristics (B", C", 7 i") are adapted. Then the later are also the characteristics of
the pair (X™,Y) for the filtration &, and N = E(V|G,).

The o-field Goo = V, G; is separable, so there is a sequence of bounded variables
(Vin)memv, starting with Vy = V, which is dense in L'Q,G, P). We set N* =
E(V1|G:), and according to [5] we have two properties:

(A) Every bounded martingale on (Q,&, P) is the limit in IL?, locally uniformly in
time, of a sequence of sums of stochastic integrals w.r.t. a finite number of N™s.

(B) @ is the smallest filtration, up to P-null sets, w.r.t. which all N™'s are adapted.

3) Introduce some more notation. First N = (N™),c v can be considered as a process
with paths in D(R,, RY). Next H" = (g*7")4ec and H = (9#m)g4ec can be considered
as processes with paths in ID(RR,, IR°). We have (B",G",H") —»F (B,G,H) in the
Skorohod sense, by our convergence assumptions. These assumptions also yield, by
virtue of Theorem VI-4.18 of [4], that the sequence (X™,Y) is tight. But from the
martingale representation property and the fact that Y is quasi-left continuous the
jumps of A are the same as the jumps of Y, so the sequence (N,Y, X ") is also tight.

Finally, it follows that the sequence (N,Y,X™ B', B*,G",’H") is tight for the
Skorohod topology in the relevant space, and for any limiting process of this sequence,

~ o~ AV~

say (N,Y,X,B',B,G,H), we have LN, Y, B, B,3,H) = L(N,Y, B', B,G, H).

4) Choose now any subsequence, indexed by n’, such that (M, Y, X™, B/, B*  G™ , H")
converges in law. From what precedes one can realize the limit as such consxder again
the canonical space @, 7, (.7-',) = (7::)»0) with the canonical process X. Then set
Q=0xQandG=6,®F and G, = ﬂ,>tgs®.7-’ Since Goo = 0(Vn : m € IN)
up to P-null sets, there is a probability measure P’ on (Q g) whose 2-marginal is
P, and such that the laws of (V,Y,X™, B', B¥,G™ ,H") converge to the law of
(N Y,X,B',B,G,H) under P'.

Therefore we have an extension B' = (?,G, (G,), P') of B' = (€, G, (G:), P) with
a disintegration P'(dw, dw) = P(dw)Q.,(d®) as in (2.1) (the existence of Q' is obvious,
due to the definition of (Q, F)), and up to P'-null sets the filtrations & and (G,) are
generated by A and (N, X) respectively (use Property (B)).

Now we apply Theorem IX-1.17 of [4] to obtain (as in [5]) that on B' the process
(X,Y) is a semimartingale with characteristics (B, C, 7)) and also that each component
of N is a martingale. Hence Property (A) yields that all martingales on B’ are also
martingales on B, hence our extension is very good. Therefore Theorem 3.2 gives that
the conditional law of X knowing Ge, under P, is entirely determined by Y and the
characteristics of the pair (X,Y), and more precisely by the triple (B, C, ) of (3.10):
it yields in particular that Q!, = @, for P-almost all w, and also that the original
sequence (N,Y, X", B', B*, G, H") converges to (N,Y, X, B', B,G,H) as defined on
the basis B'.

5) Now we will prove that
E(Vf(X™) = EB'(V£(X)) (46)
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for any continuous bounded function f on ID(IR,,IR%). For this it is enough to
consider the case when f(z) depends on the function = only through the values z(s)
for s € [0,T], for an arbitrarily large but finite 7. But then, the left side of (4.6) is
E(Nrf(X™)), which goes to E'(Npf(X)) = E'(V f(X)) because of the convergence
proved above and because T is not a fixed time of discontinuity of N (which is quasi-
left continuous). Therefore (4.6) holds.

_ Since we have seen that Q, = @Q;, for P-almost all w, we also have EWVfX)) =
E(Vf(X)). Then indeed (4.4) gives E(V f(X")) = E(V f(X)). Since this holds
whatever bounded variable V is choosen, we have the desired stable convergence. O
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