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AN F03C3 SEMIGROUP OF ZERO HEASURE WHICH

CONTAINS A TRANSLATE OF EVERY COUNTABLE SET

John A. HAIGHT

Groupe d’étude en
THÉORIE ANALYTIQUE DES NOMBRES
lre-2e années, 19 84-19 85 , n° 29 , 9 p . 11 mars 1985

In 1942, gave an of a set of real numbers whose sun set has

zéro Lebesgue measure but whose différence set contains an interval. About thirty

years later, various authors (CONNOLLY, and WOODALL) in a séries
of constructed sets E C R such that E - E contains an interval while

u((k)E) = 0 for progressively larger values of k , where

Thèse authors’ interest was in an approach to the construction of asymmetric

Raikov defined as follows.

If G is a locally compact abelian group,. a Raikov system is a of F03C3
su’osets satisfying the following conditions :

A Raikov system is said to be asymmetric if does not necessarily imply

CONNOLLY and [3] noted that the existence in R of an asymétrie Raikov

systeL which was maximal among proper Raikov systeus was équivalent to the existence

of an semigroup of zéro Lebesgu.e measure which is not contained in any proper

subgroup of R, which in turn is équivalent to the existence of an F set E

such that E - E == ~ ~ but m((k) E) == 0 for k = 1 , 2 , .... l was able to aolve

this probleu, although unfortunately the central idea was rather obscured by techni-

c al détails. Recently, however, BROWN and have siLlplifiec1 proof. Thé

results of this paper are a generalization of this siuplification.

If ? is a ring and E , we 

if E is finite, dénotes the number of éléments in E. In this notation, the

statement E - E = R is équivalent to the statenent that, for every F such
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that |F|  2 , there is 11 C ~ R such that F T ic) .:..:: E . (From now on, we shall

write H C n instead of " (c) 1t. i’llis leads ta the question : If (k) E is ’bràe_11’§
?LOi is the family of sets F that Clin be translated into

"’O"? n E 110 write I(n) = [0 , ... , n - lj and Z(ll) for the integers
modulo Il.

1 . - For all j , n E tl and s &#x3E; 0 , there is an &#x3E;1 =:: N( j , n , c) such

that, f?"" any M N , there 1,s a subset A of Z(il) such that

( a) I£ P Ë Z(M) , 1 n , there is a c::: c(F) such that 1? + C C li..

( b ) : ( j ) A 1 r:I 
-1 

 e .

if 1". B.: I(n)n , i = 1 , 2 , ... , for some m &#x3E; 1 , iq&#x3E; shall se.y the set

C = {03A3~j-1 x. L  ; x. E F.} is a Cantor set , If |F. 1 f r w; shall sayl=l 1 1 1 . 1 ~ 
"’ ’ .

C OE b (L1 , r) . If P. = F , i = 1 , 2 , ... , 1iQ shall say that C (E b(n ,IF 1 ) )
1 s self-similar.

2. - For any n , r, j E ï{ and e &#x3E; 0 there ia an If = N(j , r , c )
and a self-similar Cantor set K OE Rn such that

( 1-à) Par F E b(:n , r) , there is a d = d(fi’) such that T’ + d c IL ,

(b) ( j ) ?l E b ( N , £tT ) .

We no"ve that Ca) implies that if F j_s any finite set containing not more
r j,&#x3E;ointi’ , then there is a C such that F + c C 11 .

THEOREM 3 . - There is an lF’ set E C Rn such that
cr - -

(a) If F ~ Rn is a countable set, there j-s a c = such that ll’ + c ~ E .

(b) For any k E N , I&#x26;«(k) E) = 0 .

CASSELS [2J proved that if .B, ..., À are real numbers, there is a number

such th,at ’ »)(ce + B)ull &#x3E; c/u.. , U E !!., 1 = 1 , H. , r (~x~. 

deilotr::3 the distance

of x from the nearest integer ta x , c(r) .’

In f)U.1» fA! .’..’ A,J": + Q E B

Let B = 
TT B r ’ then B is the set of "badly approximable numbers". It is

well-known where is the set of numbers whose continued

expansions have partial quotients ~ u and that iL-i(B) == 0 . 
(2)B = R . Indeed K. HALL [7] proved that. (2)F(4) = R s1101ied

(4 )]’(2) = R DAVENPORT and ([4], [11 J) extended Cassels’ result in va-
In particular, Schmidt’s theoren inplies that, °or every countable F~Rn

there ia Rn (actually such 03B1 ) such that F + ’-’ c: B where B in

.1. is dcfined as
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Again n(13) =0 , and 

Proof of Theorems.

1. - For all j, and e&#x3E;0 y there is an N=N(j , n , e) and a

subset A of z(lï) such that

(a) If |F|  n , there is a c = c(F) such that 

(b) 1 (j)AI ..

If x, y y for soue n  1 , write

Given M , j , n ~N, and ~ &#x3E; 0 , there is an n y e)
such that for each j ~ I(N)n , there is c = c ( j ) e I(N) , such that if c"=(c, ...,c)
and 

_

E==E(H , N)= tx ; x el(N) , x== g.(j + c*) uod N , ge I(M)n , j

then t(j)EJ N"~ ~ .

If h  2 this is stronger than lemma 1. For if F= .. y jn} , then.

j = (j1 , ... , J ) and, taking g(i)=(0 , ... , 1 (ith place),...,0).
we hâve l(M) , and so E , that ia =E , i=l,-",n.

Proof of Lemma 2. - Fix n . We use induction on j Assume the leuma holds for

some j and for all M, e .

Given M , , e, let T =N(21 , j , n , e/2). Let

G= g: F -~1~)~ BKO , ... , 0)J , F~I(T)~ , 0 JF) ~j + 1) .

= [&#x26;) , and 2014~’ G be a bijection.

P,.  P.  ...  P.. that

(a) 

~ ~~ ’

...x and let S 

For j e I(S)n , let j’ e I(T)n , where j’ = j. nod T , wo choose c(f) to sa-

tisfy (l) and (2)

( 1 ) c(j) = c(j’) mod T

(2) Ø(r)(j’)(j + c*(j)) =0 uod Pr
if j’ ~ dom Ø(r) , otherwise let c ( j ) =0 r =0 , ... , 2 - 1 .

We nee d to show that (2) ia possible. If j ’ ~ don i~(r) , then. ~(r)(j’) = ~ say,

where 03BB e B i.(0 , ... , 0)) so
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Now 0  03BB1 + .. + 03BBn  DÎ4 so condition (b) ensures that we can find c(j) so

that the above equation is to zéro nod p., .
jL ~ J.

Now if x ed-r 1) E(iJ , S) .

for sor.e r~~ l(u)~ and j~~ l(’.3)~ , 1=1 , ... , J+l .

’Ve hâve two casps : 

Case 1. - j(s)’ =j(t)’ forsone s~t . Then

so x= (j)E(2M , T) +T~ .

Case 2. - j(s)’ =j(t)’ only if s= t . Then there is an r, 0  r  l - 1 ,

such that

So

Thus have

’Je modify the argunent 0 : take T x 1 and G == B te 0 , ... , 0)}

and use (2) to define  (j) . Then if Je e , S) ,

jo x ~ E..i 
,. x ,z .

LHEMMA 3. - For any j , and s&#x3E;0 , there is an N ~ N and an

(where T is R modulo l) such that

(i) E consists of a. union ofoJ.oged 

(2) If 6 ~ T and )o)  n , there ia a d such that G+ d-E .

(3) Li((j) E+r~~ , 5~) ail r &#x3E; N .

Thé différence between Lemma 1 and Theoren 1 is that thé modulus of Lemma 1 Ras

to be thé produot of very large We need Lemma 3 te show that, rather surpri-

singly, any sufficiently large modulus will do*
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Proof of Lemma J (assuming Lemma 1). - Let T = 11(j , n , ~/6j) , where N is

as in Lemma 1. Let E = A + (0 y N" ) . We show that E has the required pro-

perties

can be covered by at n intervals of the forn ~i~~I , ~ i + 
80

If c =c(F) , we have

which gives (2), taking d == c/N .

Proof of Theoren 1 (assuming Lenua 3). - Since E is a finite union of closed in-

tervals,

If then

!{ow
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suppose fi’ C £(11), 1 n . Then there is, by lemma 3 , a d such that

11-1 F + d C 1:1 . So

This is équivalent ta

Proof of Theoren 2. - work in Rn modulo 1), for convenience. Choose

N(j , r , ;/2j) to ’bo the as i n Theorem 1. If C 6 b(N , r) thon, from the

définition
 ~ . T~

Applying Theorem 1 for each G(k)i , we hâve a l(n) such that

, , / B
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So, if [0 , i} nod N , and K= x. Bn},
WG hava C  d c..: K . Since K is a closed perfect self-similar Cantor set, we

need only show (b) . But

so

and

Proof of Theorem 3. - Again we work in !n . If F is any countable set, let

xl ’ x2 ’ ... be an enumeration of F . In the notation of Theorem ly let

D. = N(i , i , i-1), Ai = A(n.) (so that 1 (i) i-l D. ) and let
Mi = 111 &#x3E; I:12 &#x3E;: ... x mi .

Assuming that we have chosen ck E t choose Ci as

follows.

There is |Fi|  i such that

(this is just a way of saying that we need at most i intervals to contain i

points).

As in the proof of Theorem 2, we uay choose c so that

so
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and so

Let c = 03A3~i=1 c. M-1i , and suppose x. is any member of F . Then, if k &#x3E; 1 ,

.-. V r’i. + n J! . 

-. 

f t "" J (1 
ro 

v ck , 1. F 
r 

d w c 1
So xi + c ~~~k=i Ck . If we put K=~~i=1 ~~k=i Ck , K is F03C3 and F + c ~ K.

complete the proof by showing taht, for any k , m( (k) = 0 . suppose

y E (k) K . Thon y .= y 1 
+ ... + y some y 1 ’ :. . , Yk E K . for any z~K ,

is a i = i z such that C .. Let m = t

thon y ~ (k) ~~j=n C.. So

Now for anv A is any number  n , k , then

so n((k)i1’? Cj) = 0 since l was arbitrarily large.

Substituting in (3), we see- that (k) K is the coupable imion of sets of measure

zéro nnd. so 13 of measure zéro*
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