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DERIVATIONS OF SIMPLE C*-ALGEBRAS, II
BY

Snorcmrd SAKAL ().

1. Introduction.

In the previous paper [8], the author proved that every derivation
of a simple C*-algebra with unit is inner.

On the other hand, there exist simple C*-algebras without unit whose
derivations are not necessarily inner (actually, the author does not know
an example of a simple C*-algebra without unit, in which all derivations
are inner) — for example, the C*-algebra C($) of all compact operators
on an infinite dimensional Hilbert space $, and the C’-subalgebra § of
a II_-factor M generated by all finite projections. All of these examples
satisfy the following conditions :

Let a be a simple C*-algebra. Then there exists a primitive C*-algebra D
with unit as follows :

(1) a is a two-sided ideal of D [consequently, every element c in D defines
a derivation y on a with v(x) ==[c, z] (x€a)];

(2) for every derivation o on a, there exists an element d (unique modulo
scalar multiples of unit) in ® such that o (x) =[d, z] (x€a);

(3) every derivation of ® is inner.

For example, if a = C(9), then D = B(9), where B(H) is the W*-
algebra of all bounded operators on $; if a =, then D =M. If a
has unit, then a = D and so this implies that every derivation of a is
inner. Moreover, these paired algebras (C(9), B(9)) and (§, M) are
important in the study of singular integral operators and the K-theory

(cf- 111, [21, [3D)-

(*) This research is supported by Guggenheim Foundation and National Science
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In the present paper, we shall show that this situation is generally
true. More strongly, we shall show that for every simple C*-algebra,
there exists a unique primitive C*-algebra with unit satisfying the above
conditions. The proof is obtained by a modification of the discussions
of the previous paper. This work is done during the author’s visits
to University of Paris and University of Newcastle-upon-Tyne. The
author wishes to express his hearty thanks to Professors Dixmier and
RingRroskE for their hospitality during his stay there.

2. Theorem.
In this section, we shall show the following theorem.

THEOREM. — Let a be a simple C*-algebra. Then there exists one and
only one primitive C*-algebra ® with unit (called the derived C'-algebra
of a) satisfying the following conditions :

(1) a is a two-sided ideal of D;

(2) for every derivation o on a, there exists an element d (unique modulo
scalar multiples of unit) in ® such that o (x) = [d, z] (x€ a);

(3) every derivation of ® is inner.

To prove the theorem, we shall provide some considerations.

Let {7, $} be an irreducible *-représentation of a on a Hilbert
space . We shall identify a with the image m(a). Let 0 be a self-
adjoint derivation on a [i. e., 6(2")*=—o0(x) (r€a)]. Then there exists
a bounded self-adjoint operator d on § such that é(x) =[d, =] ([5], [7]).

By considering 1 +{|d||.1 +d, we can assume that d>. 1.

Let ©; be the C*-algebra on $ generated by a and d. Let (a)se
be a directed set of closed two-sided ideals of D; such that « = 3 implies
9,503 and anda= (o) for all xel. Put b, = the uniform closure

of U Dx; then b, is a two-sided ideal for ;. Suppose that
axel

and,# (o). Then for some a in a with || a|| =1, there exists an ele-

ment b in dy, such that ||a — b|| <1/2. On the other hand, and,, = (o)

and so a =a/(andy,) = (a +dz,)/ds, so that [[a—b|/>1, a contra-

diction.. Hence and, = (o).

By‘ZOrn’s lemma, there exists a closed two-sided ideal b, in ®; which
is maximal in all closed two-sided ideals d with and = (o). Consider
the quotient algebra D;/db, (say €:). We shall identify a with the
image in €; under the cannonical mapping. Then for any non-zero
closed two-sided ideal J of €;, anJ 7 (o).

We have the following situation : there exists an element r in €; such
that r>1, d(x) = [r, 2] (r€a)and €; is generated by a and r. Let a,
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be the C*-subalgebra of €; generated by a and the unit, and let J, be
the least closed two-sided ideal of €; such that J, 2 a.

Suppose that J, 24a; then there exists a self-adjoint element s in J,
such that s¢a;. In fact, otherwise a,2Jog a and so a,=J,; then

a; = €3, so that a is a two-sided ideal of €;; hence a = J,, a contra-
diction.

Let S be the set of all self-adjoint linear functionals f on €; with
f(@)=oand [|fl|<£1. S is ¢(€}, E;)-compact, where €} is the dual
Banach space of €.

Since s€ a,, there exists an extreme point ¢ in S such that g(s) # 0.
Let ¢ = g,— ¢. be the orthogonal decomposition of g with g, g.> o,
lgll=1Ilg:l+1lg:ll. Put &=gi+g. and let {m, Ht} be the K-repre-
sentation of €; on a Hilbert space $: constructed via &.

Lemma 1. — Let 7z(a;) be the weak closure of m:(ay) on 9:. Then
ne(a,) is a factor.

The proof of this lemma is exactly same with the proof of lemma 1 in
the previous paper [8].

LeEmMA 2. — 7z (a) = (0).

Proof. — Suppose that m:(a) 52 (o). Then 7 (a) = 7:(ay), since na(a)
is an ideal of m¢(a,), and m:(a,) is a factor.

Let m:(r) =p + (ng(r)—p) with pe m:(a,) and 7 (r) ——-pETl‘ (ay)’
(cf. the proof of lemma 2 in [8]). Let C be the commutative CG*-algebra
generated by n:(r) —p and 1 0 and let R be the C*-algebra generated

by 7z (a,) and C.

Then R can be canonically identified with 7:(a,)® C (cf- [10]).
dim (C) > 2, for if dim(C) = 1, then m:(€3) = 7 (a,) and so ¢, (s) = gg (s),
a contradiction.

Now let £, be a state on =z (a,) with§, (w) = (wl;, 1:) (we m), and
let %, x= be two different characters of C with

%1 (7 (1) — p) 7 2 (7 () — p).

Then &, ® x1 and £, @ yx: are two different states on R.

Put ¢:(y) =£ ® 7:(m: () W€ &) (i =1, 2).

Then ¢,(r) 2 9.(r), Now it is easy to see that ¢,, ¢, are factorial
states on €; (cf. the proof of lemma 2 in [8]).

Let { 7y, $¢,} (i =1, 2) be the k-representation of €; on a Hilbert
space 9, constructed via ¢;. Then by the discussions of the proof of the
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theorem in [8], there exist a k-isomorphism @ of =, (€;) onto 7., (€:)
such that

P (76,(2)) = 7o, () (v€ @)  and  @(my, (1) = 7, (r) + Mg,

where 1 is a real number. Since ¢,(r) £ ¢.(r), 2 o (cf. the proof of
the theorem in [8]); hence | e, () | > || me, (1) || or || e, (1) || < [| 7o, (1) Il

This implies that the kernel J of 7y, or 7y, in €; is not zero.

Since a is simple, anJ = (o), a contradiction. This completes the
proof. :

Therefore 7:(a) = (o) and 'so 7 (s) = o, since s belongs to ;the least
closed two-sided ideal J, of €; containing a. This contradicts to
9(s)7# o0 and so a=J,, i. e. a is a two-sided ideal of €;. Now we
shall show the theorem.

Proof of theorem. — Let D be the set of all self-adjoint derivations on a.
By the preceding discussions, for each 6 € D, there exist a C'-algebra €;
with unit and a positive element d; in €; such that d;>. 1, €; is gene-
rated by a and d;, a is a two-sided ideal of €;, and d (z) = [d;, x] (x € a).
Now let { 7, $:} be an irreducible «-representation of a on a Hilbert
space §,. Let €;" be the second dual of E;; then it is a W*-algebra
(cf- [9]). Let a® be the bipolar of a in €;”; then a® is a o-closed
two-sided ideal of €*. Hence there exists a central projection z in €5"
such that a°= &}z Since a° can be considered as the second dual
of a, {m, 9.} can be uniquely extended to a W*-representation
{7, 9.} of a% on $, (cf. [4], [6]). Since a®=E§*z> €5z, we can define
a ¥-representation, { 7%, $,} of &; such that 7% (y) =7/ (yz) (ye C;).
Then clearly, 7% (z) = 7, (2) (z€ a).

Let D be the C*-algebra on $, generated by m,(a) and all
7%(d;) (d€D). Then n%(ds;) m(a), m:i(a) nd(d;)cmi (a) and so m,(a)
is a two-sided ideal of ®. Since arbitrary derivation of a can be written
as a linear combination of self-adjoint derivations of a, for every deriva-
tion o of 7, (a), there exists an element d; in D such that d(x) =[d;, ]
(xem(a)). Since m (a) is irreducible, such a d; is unique modulo

scalar multiples of unit. Moreover, let & be a derivation of D ; then there
exists an element ¢ in D such that §(y) =[t, y] (y€ D) (5], [7]).

On the other hand, for arbitrary positive element ¢ of =,(a),
’g(qx/qu/z) — g(qm) q+ q1/z§(q1/:)€ 7 (Cl);

hence §(7, (a)) C 7, (a).
Therefore there is an element £, in ® such that § @) =[t x] =[t, 7]
(xem (a)), andso t =14 +21g.
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Hence every derivation of ® is inner. Since D is irreducible, it is
primitive. Now we shall identify a with m,(a). Then we establish the
existence of a derived C’-algebra of a.

Finally, we shall show the uniqueness of ®. Let D, be another derived
C*-algebra of a; since a is a two-sided ideal of D,, by the preceding
considerations, we have a k-representation { 7, §:} of D, on the Hilbert
space $); such that 7, (z) = 7, (z) (x € a).

For d €D, there are d;, d; such that d;€ D, d; € D,, and

3(@) =[ds, x]=[ds,z] (zea).

Hence d 5—m.(d;) =115 and so m,(D;) =D. Therefore =, will give
a %-homomorphism of D, onto ® such that 7,(x) =z (r€aq).
Let K be the kernel of m,. For ue K,

7 ([, 7)) = [7(@), @] =[m@), 2]=0  (@cq)

and so [u, x] = o for all z€a.

Hence u = o and so 7. is a %-isomorphism of D, into ®. This com=
pletes the proof.

REFERENCES.

[1] BReEUER (M.). — Theory of vector bundles and Fredholm operators relative to von
Neumann algebras, Lawrence, University of Kansas, 1969 (Technical Report).
[2] CorDEs (H. O.). — On a class of C*-algebras, Math. Annalen, t. 170, 1967,
p. 283-313.
[2] CoBuUrN (L. A.), Douagras (R. G.), ScHAEFFER (D. G.), and SiNger (I. M.). —
C*-algebras of operators on a half-space, II : Index theory (to appear).
[4] DixMmier (J.). — Les C*-algébres et leurs représentations. Paris, Gauthier-Villars,
1964 (Cahiers scientifiques, 19).
[5] KapisoN (R.V.). — Derivations of operator algebras, Annals of Math., Series 2,
t. 83, 1966, p. 280-293.
[6] SakAx (S.). — The theory of W*-algebras. Yale University, 1962.
[7] Saxkar (S.). — Derivations of W*-algebras, Annals of Math., Series 2, t. 83, 1966,
p- 273-279.
[8] Sakar (S.). — Derivations of simple C*-algebras, J. functional Analysis, t. 2,
1968, p. 202-206.
[9] TakEeDpA (Z.). — Conjugate spaces of operator algebras, Proc. Japan Acad., t. 30,
1954, p. 90-95.
[10] Takesakr (M.). — On the cross-norm of the direct product of C*-algebras,
Tohoku math J., t. 16, 1964, p. 111-122.

(Texte recu le 18 janvier 1971.)

Shoichiré Saxkar,
Department of Mathematics,
University of Pennsylvania,

Philadelphia (U. S. A.).



