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AXIOMATIC COHOMOLOGY OF OPERATOR ALGEBRAS
BY

Iax G. CRAW
[Aberdeen]

REsuME. — Recently, JounsoN, KapisoN and RINGROSE have considered the
normal cohomology groups of a fixed operator algebra A, with coefficients from the
class of dual normal A-modules. In the case where the coefficient modules are
actually modules over the weak operator closure of A, they prove that the normal
cohomology groups and the continuous cohomology groups coincide. A shorter
proof of this result is obtained based on an axiomatic characterisation of the normal
cohomology' groups with coefficients in such modules. This characterisation also
gives a short proof of the isomorphism between the normal cohomology groups of A,
and of its weak operator closure.

1. Introduction

In a recent paper [1], the author showed that it was possible to
axiomatise a cohomology theory for Banach modules over a fixed Banach
algebra. As well as being of interest in its own right, this result enabled
simplifications to be made in the proofs of known isomorphism theorems.
In this paper, we show that a similar theorem remains valid when we
consider the normal cohomology groups defined for modules over a
fixed operator algebra. One consequence of this result is a considerable
simplification of work of JonnsoN, KapisoN and RinGRrosE [4] in which
it is shown that, for a wide class of modules, norm continuous and normal
cohomology coincide.

A cohomology theory for an arbitrary associative linear algebra was
first introduced by HocHscHILD, in 1945 [2]. If U is an algebra, and on
a two sided A-module, let £ (A, ON) denote the space of all n-linear
maps from A X ... XA to Nt; we call this the space of n-cochains. We
define a coboundary operator A : £» (2, O1t) — £7+1 (A, M) by

Ao(Ayy ooy Anit) = A1 0(Asy ..., Aniy)
X (= D) p (A ey A A, ., Ay
+ (= 1) p(Ay, ..., An) Apy,
Ay ..oy Ap €N, pe £ (U, M),
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Conventionally, we put £°(%,, M) =M, and for meIn, define
Am (A) = Am — mA (A€). A calculation shows that, for n>.0,
Az oopen (A, M) > £+ (A, M) always vanishes; thus if we define

Br (A, 0m) = {Ap:pe £t (A, M) } n>1),
the space of n-coboundaries, and
Zn (W, o) = {peL" (W, M): Ap =0} (n>0),

the space of n cocycles, then B (A, M)CZ» (A, M) (n>1). Each
of these has the structure of a linear space, and so in particular of an
abelian group. Conventionally, we write B° (2, Oit) = | 0, the zero
group. We may thus define the n-dimensional cohomology group of U,
with coefficients in O, by

Hr (0, 0n) = Z» (U, M)/Br (A, M) (n > 0).

The continuous, and normal cohomology groups, in which we shall
be interested, are obtained in the same way as the Hochschild groups,
except that we allow as n-cochains, only those multilinear maps which
satisfy certain continuity conditions. Let U be a complex Banach
algebra, and O a Banach W-module; i. e., N is a two-sided A-module, a
complex Banach space, and

[A.m|<=[A[.[[m], [mA[=[m|.[]A] (A€ mem).

We write £7 (U, o) for the space of all continuous n-cochains, and then
define the continuous n-coboundaries B’ (%, o), the continuous n-cocycles
Z7 (A, o) and finally the continuous cohomology groups H’: (U, o) (n > 0)
in the same way as was done above. These groups have been studied
by Jonnson [3], and KapisoN and RINGRoOSE [6], and we refer to these
papers for a detailed discussion of both their properties and utility.
In fact, it proves convenient to restrict the class of Banach U-modules
slightly; we say that a Banach U-module o1t is a dual -module if M
is the (continuous) dual of some Banach space Jlt,, and if the maps

m=A.m, mem.A (AeY, mem)

are weak-y-continuous (= ¢ (O, In,)-continuous). This class of
modules coincides with { X* : X is a Banach W-module |, for which the
main results in JounsoN [3] were obtained.

Our main concern in this paper is when % is a C*-algebra concretely
represented as an algebra of bounded linear operators on some Hilbert
space #¢. If Ot is a dual A-module, we say that oW is normal if the
maps

A A.m, A m.A (A€W, mem)



AXIOMATIC COHOMOLOGY OF OPERATOR ALGEBRAS 451

are ultraweak-weak-s-continuous. In this situation, we consider
£y (A, o), the space of continuous n-cochains which are separately
ultraweak-weak--continuous, which we call the space of normal
n-cochains. In the same way as before, we define normal n-coboundaries
B}, (U, 1), normal n-cocycles Z, (A, o1), and thus the normal cohomology
groups Hj, (A, o) (n> 0).

We shall consider the relationship between the normal cohomology
groups for %, and those for %A, the weak operator closure of A. Clearly,
a dual normal --module becomes a dual normal -module when the multi-
plication is restricted. Even if 9 is not unital, 2~ contains an identity E,
the principal identity, which is the projection onto the space
%, ={Azx: Ae, zed}. It thus makes sense to demand that a
dual normal %{—-module 1t be unital, i. e. that E. m = m = m.E (me ).
Finally, we note that since in general E is not the identity operator
on #¢, A~ is not in general a von Neumann algebra. Thus to appeal
to general theory for results about %—, we must first restrict the repre-
sentation to act on #¢,.

2. Construction of a dual normal A-module

As in [7], [4], our main tool is the existence of the universal representa-
tion of a C*-algebra. This is described in Kaprson ([5], p. 181-182);
we review the main results here. Let U be a given (abstract) C*-algebra;
then among all the concrete representations of % as an algebra of bounded
linear operators on a Hilbert space there is a distinguished representation,
the universal representation, which dominates every other representation.
Precisely, if ¢ is an arbitrary representation of 9, and ¢ the universal
representation, there is a central projection Ped (), and an algebra
isomorphism o : ¢ (W)~ P — ¢ (W)~ such that if A e, « (Y (A).P) = ¢ (A).
If we are given U simply as an abstract C*-algebra then it is notationally
simpler to identify the isometrically isomorphic algebras % and ¢ ().
We then have a representation ¢ of %, a central projection P e~ and
an algebra isomorphism « : A~ P — ¢ (A)~ such that

a(A.P)=¢(4) A eN).

Restricting %A to be a representation on the range of the principal
identity, o« becomes an isomorphism of von Neumann algebras, and so
automatically ultraweakly continuous. It follows that « is ultraweakly
continuous when U is in its universal representation; thus ¢ has
an ultraweakly continuous extension to a representation of -, and
o (W) =09 (W~. We note also that a similar argument shows a—!
to be ultraweakly continuous.
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From our point of view, the most important property of the universal
representation is that any bounded linear functional on % is necessarily
ultraweakly continuous. One consequence of this, although the deduction
is by no means trivial, is the following extension theorem of Jonnson,
Kapison and RiNGROSE ([4], Theorem 2.3). Although we only require
the extension in one variable, this does not enable the proof given in [4]
to be significantly simplified.

Lemma 2.1. — Let U be a C*-algebra acting on a Hilbert space 3¢, o1l the
dual space of a complex Banach space Oy, and p: A X... X A IN a boun-
ded multilinear mapping which is separalely ultraweak-weak-%-continuous.
Then o extends uniquely without change of norm to a bounded multilinear

mapping § : WX AX ... X WA I, which is separalely ultraweak-weak-+% -
continuous in each variable. ) '

The main result, in this section, is that the ¢ relatively injective ”
modules which played a crucial role in the axiomatic continuous coho-
mology theory of Craw [1] are, in certain cases, actually dual normal

—-modules.

Let U be a Banach algebra, and Ot an arbitrary Banach space. We

may consider £! (A & A, M) as a Banach A-module by defining
Ap(Ai®@A) =04 AR A,

0. A(A, ®A)=0(A @ AA.) (4,A,A.eWper: (AR A, M)).
Then A.p, and 0. A both extend, by linearity and continuity, to linear
maps on AR U, and
[Apli <Al el lo-All=l Al el
Further, if on is thg dual of a Banach space Jn,, then
£HAG A, M) = (AR AR My)*,
so that £! (A ® A, on) is a dual Banach Y-module.

LemMma 2.2. — Let U be a C*-algebra acting, in its universal represen-
tation, on a Hilbert space #¢, and let Ot be the dual space of a complex

Banach space MW,; then £ (QI~ ® A, Jl’c) is a dual normal N—-module.

Proof. — The remarks above show that £} (QI— ® -, o) is a dual

Banach U -module. Fix pe ! (A~ @ A, oM); we must show that
the maps

R~ R.p, Rvp.R ReA)
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are ultraweak-weak-xk-continuous, or equivalently, that for each
red QA ® o, the linear functionals

fe () =®R.0) @, @R =R @

are ultraweakly continuous on 9. Since £} (A~ & A, M) is a Banach-
module, both ,f and f, are bounded linear functionals; ultraweak conti-
nuity now follows automatically since U is in its universal representation

(5], p. 181).

Lemma 2.3. — Let ¢ be a faithful representation of a C*-algebra U,
and let O be the dual space of a complex Banach space. Then

£ (o (W~ &Q o (W, M) is a dual normal o (A)—~module.
Proof. — There is no loss in assuming that the (abstract) C*-algebra %A
is in fact given in its universal representation. Then there is a central

projection P€%~, and an algebraic isomorphism « : A~ P — ¢ (A)~
such that « (R.P) = ¢ (R) (ReA). Let

X = £l (e @) ® o @), m),
9P ={cert (W QU,M):0=PsP},
and define ‘

0@ (G R)Q9(R) =R PQPR) (7€D; Ry, R-€A).

Since « is an isomorphism, 0 is well defined, and extends by linearity
and continuity to a norm decreasing map 9 : 9 — X.

Similarly, by defining
VEOROR)=p(RIQ¢R) (X R, R.eN),

we obtain a norm decreasing map ¢ : X —~ 9. Since 04 =1, 6 =1,
in particular 0 is isometric. Further, since P is in the centre of UA-,
it is clear that

1) SR =c(R.00); @R =0@).c@R) (ReA, o)

Now fix pe€ X; we show that the map ¢ (R) > o (R).p (Re¥U") is
ultraweak-weak-4-continuous. Continuity of right multiplication can
be obtained in exactly the same way, and since only the normality of X
was in doubt, this will prove the lemma. "

Let o = 0~ (p), and define m, : %~ — £ (A~ Q A, M) by
ms;(R)=Ros (Re).



454 I. G. CRAW
Then, using (1),
Bomsoxt(s (R) =0(RP)=¢R)p (Re).

As remarked earlier, «—* is automatically ultraweakly continuous. By
lemma 2.2, m, is ultraweak-weak-%-continuous on 9—, and since the
ultraweak topology on U~ P is the restriction to A~ P of the ultraweak
topology on A-, m, is an ultraweak-weak-%-continuous map from
AP = a1 (o (A)) to £2 (A~ A, o). Since s €9, m, in fact has its
range in 9), and since £! (A~ & A, o) is a dual Banach A -module,

9 is weak-%-closed in £! (A~ & A, o) and so is itself the dual of a
Banach space. Since the weak-%-topology on 9 then coincides with its

relative weak--topology as a subspace of £ (A~ & A, M), it follows
that m,; : W P> 9 is ultraweak-weak-w-continuous. Finally, since
0: 9 — X is isometric, it is necessarily weak-+-weak-%-continuous.
We now see that

Bomgoa=t: ¢ (R)r> 9 (R).p (ReU)

is ultraweak-weak-%-continuous, and the lemma follows.

3. A characterisation of normal cohomology

‘We now derive a series of properties which, we prove in theorem 3.5,
characterise the normal cohomology of an algebra of operators.

LemMMA 3.1. — Let W be a C*-algebra acting on a Hilbert space, and
let O be a dual normal A-module. Then
H, A, M) ={meMm:m.A=A.mAeN)}.
Proof :
H, A, M) ={meM:A(m) =0}
={meMm:Am —mA =04 ) }.

Lemma 3.2. — Let N be a C*-algebra acting on a Hilbert space. Let

0o/ Lonfonr 50

be an exact sequence of dual normal A-modules, in which the maps are
continuous NA-module homomorphisms, and suppose that f has a continuous
linear left inverse (not necessarily an -module homomorphism). Then
group homomorphisms can be defined in such a way that the sequence

e H O, o) S H (o, on) £ H (3, ony B HL @1, ony s

is exact, and f°, ¢° are restrictions of f and g.
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Proof. — Since f has a continuous left inverse, then also ¢ has a conti-
nuous right inverse p (say). Now define maps f”, g%, o (n > 0)

e 2 @, o) B e @, o) £ en (A, o) ent (A, o) s

by
") ="fcp (er, ALIN)), g:() =geop (pery (A M),
0()=@p—pl)p (pery (A m").

Then since A preserves separate ultraweak-weak--continuity, and
since f, ¢, p are automatically weak-%-weak-¥-continuous, it follows
that f», g, 0 map into the stated spaces. As in JouNsoN [3], Proposition
1.7], these induce maps between the corresponding cohomology groups,
and it is clear that f° and ¢° are obtained by restriction. The proof
that the long sequence is exact also follows that in [3].

We call a short exact sequence of the type considered above a split
exact sequence of dual normal U-modules.

We saw in lemma 2.3 that certain ¢ relatively injective ”” q—-modules
were indeed dual normal UA—-modules. It follows from this that the
statement of the next lemma is meaningful.

Lemma 3.3. — Let W be a C*-algebra acting on a Hilbert space,
and let 01U be the dual of a complex Banach space. Then

He (%, et (- QUA-,om)) =0 (ax1).

Proof. — Choose n>1, and let pe Z} (%, £! (A~ Q A, MM)); then p
extends by lemma 2.1 to a bounded multilinear map

~

T A-XAX ... XA £1 (A= ® A, m)

y

which is separately ultraweak-weak-s-continuous. Since Ao = 0, the
ultraweak continuity shows that

Ap (R], Al, e ey A,l) (E ® Rz) =0 (R], RzEQIg, A|, ceny A,,EQI),
where E is the principal identity in 9q—. Hence

0=0(d,....,A4) (R QR:) —F(R Ay, ..., A) (EQ R,
+ Zz",,—ll - 1)i+15(R|, Ala c o0y A[ Ai+19 e ey An) (E ®R‘.‘)
@ ( L (=1 F R, A, ., A) (EQ AL Ry

(Rn R‘_‘EQ[—’ Ah DN AuG‘lI).

Defining ¢ (A), ..., A,)) RiIQR) =F R, Ay ..., A) (ERX R,
R, R.eU-, A, ..., A, €N); then c(4y, ..., A,_)) extends by
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linearity and continuity to an element of £! (U~ & A, o). Since §
is bounded and separately ultraweak-weak-%-continuous, so is o, and

we have oce£5 ! (U, £1 (A~ Q A, Mm)). We have

A (A, ..., A (R @ Ry)
= 5 (R1 A1, . .,.An) (E ® Rz)
(3) + 21'1;_11 (— 1)15(R19 Al; L) Al‘ Ai-H’ DECIEE ] An) (E ® Rz)
+ (=1 F R, AL, ..., A ) (EQ AL Ry)

Ry, R.eU—, Ay, ..., A, €N).
Adding (2) and (3) shows that Ac = p, and the result follows.

DeriNiTION 3.4. — Lel U be a C*-algebra acting on a Hilbert
space. A normal cohomology theory for W is a collection of groups
{ Ky (A,0):n=0,1, ... |defined for each unital dual normal A—-module
M, and satisfying the following conditions :

(@) K{, (A, M) ={meM : Am=mAAeN)};

®) if

0>/ Lon om0

is a split exact sequence of unital dual normal A—-modules, then group
homomorphisms can be defined in such a way that the sequence

o K@ ) S R, oy S K @1, oty S K, o) -

is ezact, and f°, ¢° are restrictions of f and g;
() Kz (A, £2 (A~ @A, M) ={0} (n>.1) [nofe that necessarily
£ (A~ @ A, M) is unital].

We see from the preceeding three lemmas that HZ (%, .) is a normal coho-
mology theory for A. We now show that it is essentially the only one.

THEOREM 3.5. — Let W be a C*-algebra acting on a Hilbert space,
and let K, (N, .) be a normal cohomology theory for . Then for each
unital dual normal A—-module M, and n =0, 1, ... there is an iso-
morphism

K5, (U, o) =~ Hy, (U, ).

Proof. — Write X = £1 (A~ ® A, on). For med, R, R.eA,
define
f(m) (R @ R:) = RimR;

then f (m) extends by linearity and continuity to a map f (m) on A~ @ A,
so f(m)e X. Further, f: Ot — X is a continuous Y-module homomor-
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phism and, since O is unital, it is actually a monomorphism. Let
Mm" = X/f() and let g : X — On” be the canonical quotient map;
since X is unital so is on”.

For pe X, define h (p) = p (E @ E), where E is the principal identity
in A~ Then p: X — I is continuous, and k f(m) = m(meom). We
thus have a split exact sequence

0>mbxtom 0

of unital dual normal A —-modules. By hypothesis, we may define
group homomorphisms to obtain a long exact sequence

e K o) T K, %) 5 K (0, o) K 00

Since K, (A, X) = {0} (n> 1) we have :

@) Kot (0, on) ~ K7 (U, n")  (n= 1),
6) KL (%, o) =~ K (2, on)/g [KL (2, ).

Since H, (A, .) is also a normal cohomology theory for %, we have
corresponding equations

® Hyt (U, on) > Hy, (W, ") (a>1),
%) H}, (W, o) > HY, (A, ") [g [Hy, (U, X)].

Since HY, (U, .) and K}, (A, .) are identical, it follows from (5) and (7)
that H,, (U, .) and K (A, .) are isomorphic; the general result now
follows by induction using (4) and (6).

ReMarks 3.6.

1o In fact, more is true; by regarding Kj (2, .) as a functor between
appropriate categories, the result can be strengthened to conclude that
the isomorphisms appear as a natural equivalence. A statement of the
theorem in this form is given ,for Hochschild cohomology, in Mac LANE[8].

20 The restriction to unital modules is not severe, as is shown in
Jounson [3], 1.c. By adding the condition :

“d) KLU M) ={0} (n>1) for any dual normall—module O,
in which the action of 9 is trivial on one side of 1L ”’;
to those in definition 3.4, it would be possible to establish theorem 3.5
without the restriction to unital modules. this condition seems to be
independant of (a), (b), and (c), and, arguing as in Jounson [3],
Proposition 1.5, is a property of H, (U, .). Alternatively, it is possible
to adjoin an identity to U~ in such a way that every module becomes
unital. This approach was used in Craw [1].
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4. Isomorphism theorems

We show here how the uniqueness result of the previous section may
by used to obtain the main results of Jounson-KabpisoN-RiNGROSE [4].
‘The basis of this is the following lemma, which is of course a consequence
of Craw [1], Lemma 1, and [4], Theorem 6.1. However, by giving an
independant proof, which works because we are only considering “ rela-
tively injective ”” modules, we are able to deduce the general result.

Lemma 4.1. — Let W be a C*-algebra acting on a Hilbert space, and
let 01U be the dual space of a complex Banach space. Then

H (%, 21 (A= @A, 0m)) =10}  (ax1).

Proof. — It is notationally convenient to suppose that U is in its
universal representation, and that ¢ is the given representation; then
writing X = £ (o (U) ® ¢ (A-), M), it is sufficient to show that
H:(e @), X) ={0;(n>1). Let peZ? (¢ (A), X), and define

oAy . A) =00 (A1), .. 0(40) (A ..., Aze).

Since ¢ is an isometry on U, p, is a bounded multilinear map. Defining
Rx=¢R)x (ReUA-, z€ X), X becomes a dual Banach % —module,
and with this multiplication, p, € Z? (%, X). Since U is in its universal
representation, p, is separately ultraweak-weak-%-continuous, and so
extends by lemma 2.1 to a bounded multilinear mapping 7 :
A X AX ..o XA~ M. '

For n > 1, define

gy (Au ceey An—i) (CP (Ri) X9 (R2))
= §1 (Rl Ps Ah ML) Aﬂ—i) (CP (E) ® (P (Re)),

where E is the principal identity in —, P is the projection associated
with the representation ¢, as described in section 2, A,, ..., A, . €,
and R,, R,€¥~. This is well defined since the map ¢ (R) = RP (Re ")
is an isomorphism. Further, ¢ (A, ..., A,—1) extends by linearity
and continuity (since | ¢ (R,) || = || R, P || ) to the whole of o (U~) & ¢ (A),
and so o, € £77* (A, ¥). Arguing as in lemma 3.3, we have Ag, = p, on
AX ... XA Let

g ((P (A[), co ey CP (An__1)) = 0 (A1, PP An__.1) (Al, ey An_1EQI);
since ¢ is an isometry on I, ¢ is bounded, so c € £27* (¢ (), X), and

Ac (0 (A, .., 9(AD) = A0y (Ayy ..., A (Asy ..., AueN)
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because of the A-module structure on X. Thus if A, ..., A,€¥,
Aa(p(A), .. s0(A) =00 (i oo s A) = 0 (9 (A1), - .-, 9 (A)).

Hence Ac = and H? (9 (), X) = {0} (n>1).

THEOREM 4.2 ([4], Theorem 5.6). — Let U be a C*-algebra acting on
a Hilbert space, and )t a dual normal N-module. Then

H, (U, on) >~ HE (AU, o) (n>0).

Proof. — We note first that from Jounson [3], 1 (c¢), and the corres-
ponding result for normal cohomology (which follows in exactly the
same way), it is sufficient to establish the isomorphism for all unital dual
normal U —-modules IMt. For each such o1, let

K (0, on) = H* (%, m)  (n>0).

We show that K% (%, .) is a normal cohomology theory for 9 in the
sense of definition 3.4. The required isomorphism is then a consequence
of our uniqueness result, theorem 3.5.

Clearly K, (W, M) ={meM : Am=mA (A€N)}. Lemma 4.1
shows that K72 (%, £ (A~ & A, M)) =0} (n>1), and it remains
to check the exactness axiom. Let

0> oo’ 50

be a split exact sequence of dual normal f-modules; then in particular
we have a split exact sequence of Banach W-modules, and so Jounson [3],
Proposition 1.7, applies. This guarantees the existence of a long
exact sequence

e HE QL o) LS HE (U, ov) 5 HE (A, ) > HEF (U, ) >
and it may be checked that the first two non-trivial maps are indeed

the restrictions of f and ¢g. This long exact sequence is then precisely
the one required.

THEOREM 4.3. — Let A be a C*-algebra acling on a Hilbert space,
and O a dual normal A—-module. Then

H; (A, o) >~ Hy, (A, M) (n>0).
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Proof. — As in theorem 4.2, it is sufficient to establish the isomorphism
for each unital dual normal 9 -module J1t. For such an I, define

K2 (U-, on) = HZ (A, M) (n>=0).
Since Ol is a normal Y—-module, if mean,
Am=mA (Ae) &= Rm=mR (ReW),
so K, (U-, M) = HY (A~, o). Also, by lemma 3.3,
K (U, 21 (U QU on)) = Hyy (U, £ (- QA ) =10]  (n=1).

Since the exactness of Kj, (U, .) follows directly from the exactness of
H;, (A, .) given in lemma 3.2, the required isomorphism is now a conse-
quence of theorem 3.5.

CoroLLARY 4.4 ([4], Theorem 6.1). — Let A be a C*-algebra acting
on a Hilbert space, and let O be a dual normal W—-module. Then

H? (U, on) >~ H? (A, M) (n>0).
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