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SURJECTIVE LIMITS OF LOCALLY CONVEX SPACES
AND THEIR APPLICATION TO INFINITE DIMENSIONAL
HOLOMORPHY

BY

SEAN DINEEN
[Dublin]

ABSTRACT. — A locally convex space, F, is a surjective limit of the locally convex
spaces, (E,) . 4 if there exists, for each a in 4, a continuous linear mapping, ,, from E
onto E, and the inverse images of the neighbourhoods of zero in E,, as a ranges over A,
form a basis for the neighbourhood system at zero in E. In this article, the theory
of surjective limits of locally convex spaces is systematically developed and applied to
a variety of topics in the theory of holomorphic functions of infinitely many variables.
These topics include pseudo-convex domains, domains of holomorphy, Zorn spaces,
holomorphically complete and paracomplete spaces, weak holomorphy, hypoanalytic
functions, extensions of Hartogs’ theorem and locally convex topologies on spaces of
holomorphic function.
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1. Introduction

In infinite dimensional .holomorphy, we are interested in characterising
collections of locally convex spaces in which certain holomorphic pro-
perties are true. For example, we would like to know in which locally
convex spaces the pseudo-convex and the holomorphically convex open
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442 S. DINEEN

sets coincide and we are interested in determining which locally convex
spaces are holomorphically complete. The classical theory of several
complex variables is concerned with holomorphy in a finite dimensional
setting, in other words, it limits its investigation to the simplest collection
of locally convex spaces—the locally compact topological vector spaces.

Infinite dimensional holomorphy proceeds by investigating the next
simplest and most interesting collection of locally convex spaces, i. e.,
the locally bounded or normed linear spaces. We may then investigate
many different collections of locally convex spaces, e. g. Baire, metrizable,
barrelled, bornological, nuclear, etc. spaces. All of these collections have
proved themselves of interest, within the context of linear functional
analysis, so it is quite natural that we should consider them. However,
within the context of holomorphic functional analysis, they have proved
inadequate so we are forced to find a new method of classifying locally
convex spaces.

In this paper, we introduce the concept of surjective limit and use
it to generate collections of locally convex spaces which are of holomorphic
interest. A locally convex space, E, is a surjective limit of the locally
convex spaces, (E); 4 If there exists a continuous linear mapping w;
from E onto E; for each i € A and the inverse images of the neighbourhoods
of 0 in E;, as i ranges over A, form a basis for the neighbourhood system
at 0 in E.  We use this definition and the classical Theorem of Liouville
concerning bounded entire functions to obtain our results.

This approach was first used by HirscHOwWITZ [16] and RICKART [38]
in their studies of holomorphic functions over the Cartesian product of
complex planes. NACHBIN [32] essentially uses this method in his study
of uniform holomorphy and subsequently further applications to the
study of pseudo-convex domains were made by DINeeN ([9], [13]) and
NOVERRAZ [35].

In section 2, we define, discuss and give examples of various kinds
of surjective limits and representations.

In section 3, we introduce the different definitions of holomorphic
function that we shall use in our work. We are mainly interested in
the locally bounded and the continuous holomorphic functions but hypo-
analytic, Silva holomorphic and weakly holomorphic functions are useful
in proving results (e. g. by using hypoanalytic mappings we show that
most results proved for dual of Fréchet-Schwartz spaces can be extended
to dual of Fréchet-Montel spaces (see sections 4, 5 and 6)).
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SURJECTIVE LIMITS 443

Section 4 is devoted to pseudo-convex domains and domains of
holomorphy in locally convex spaces. In contrast to the other sections
many of the proofs in this section have appeared previously [13].
We include this section, however, as some of the results are new
(Example 4.7 and Proposition 4.8), some previous proofs have been
simplified, and we are using a new definition of surjective limit.

Zorn’s theorem [44] states that a Banach valued Gateaux holomorphic
function defined on a connected open subset of a Banach space is every
where continuous if it is continuous at one point. In section 5, we
extend this result to different collections of spaces and to different
definitions of holomorphy. The results proved greatly help to under-
stand the various counterexamples connected with Zorn’s theorem

([5] and [18]). We also prove various factorization theorems for
holomorphic functions.

In section 7, we extend Zorn’s theorem by replacing the requirement
of continuity at any one point and we also extend Hartogs’ theorem
concerning separately holomorphic functions. To obtain these results,
we had to place many conditions on our surjective limits. These
conditions are sufficient and we show by counterexample that they are
not unnecessary. In section 6, we discuss holomorphically complete
and paracomplete locally convex spaces, two concepts introduced by
Hirscaowitz [17]. Holomorphic completion involves extending holo-
morphic functions from E into F to holomorphic functions from E,
into F where E is dense in E,. We find, in the case of continuous
holomorphic functions, that it is necessary to assume that the range
space is a very strongly complete space [10]. We show that a locally
convex space is very strongly complete if and only if it is a complete
surjective limit of normed linear spaces. Using this concept and sur-
jective limits we generate holomorphically complete locally convex spaces
and simplify the proof of one of the main results of [10].

If V is a C-holomorphic extension of U paracompleteness involves
finding what F-valued holomorphic functions on U can be extended to
F-valued holomorphic functions on V. Again we need to place a com-
pleteness condition on F (which we call R completeness). Sequentially
complete and holomorphically complete spaces are R-complete. Various
spaces are shown to be paracomplete.

In section 8, we briefly investigate locally convex topologies on spaces
of holomorphic functions and apply results from [12] to show that
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444 S. DINEEN

certain spaces of holomorphic functions are quasi-complete and barrelled.
Theorem 8.3 gives conditions under which various definitions of holo-
morphic functions coincide.

Many of the results in this paper were announced previously ([9], [11]
and [14]), and we apologise for any confusion that the many changes
in definitions and notation may cause. We adopted our present definition
of surjective limit as it enjoys great generality and enabled us to simplify
many proofs. The term projective limit was previously used to denote
surjective limit ([9], [10]), N-projective limit was used to denote open
surjective limit ([9], [10], [11], [13]) and the locally convex spaces of [32]
and [35] with property (C) coincide with our open surjective limits of
normed linear spaces. We have recently learned that E. Licocka was
engaged in a study similar to ours and that some of her results [28]
coincided with our results in [11] (see also section 5). This paper went
through many versions before reaching its final form and the author
would like to thank all those who showed an interest in the various
stages of development of this work.

2. Surjective Limits

All vector spaces considered are over the complex numbers, C, and
all topological vector spaces considered are locally convex spaces.

E will denote the completion of the locally convex space E and in general
the ~ notation will denote some sort of completion.

F, R, M Ny Ly RF, FM, FN& and F £ will denote respectively
the collection of all Fréchet, reflexive, Montel, nuclear, Schwartz, reflexive
Fréchet, Fréchet-Montel, Fréchet-nuclear and Fréchet-Schwartz locally
convex spaces ([20], [22]). The strong dual of a 6 space is a 20 space
and E, a locally convex space, is a D space if Ej (the strong dual of E)
is a O-space O = F, B, M N, Ly RF, FM, FN, FF).

A collection of locally convex spaces and linear mappings, (E;, T)i4»
is called a surjective representation of the locally convex space E if m; is
a continuous linear mapping from E onto E; for eachi€ A and (n7* (V}));c 4
forms a base for the filter of neighbourhoods at 0 in E when V; ranges
over the neighbourhoods of 0 in E; and i ranges over A.

Remark. — A is merely an indexing set and the neighbourhood
requirement implies that for each neighbourhood of 0 in E, W, there
exists an i € 4 and V a neighbourhood of 0 in E; such that (n;})~! (V) = W.
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SURJECTIVE LIMITS 445

E is called a surjective limit of (E;, n;),. , and we write E = lim,_, (E,
—

7). When there is no possibility of confusion or when the existence of
the mappings «t;, i € 4, is asserted but not explicitly given we say E is a
surjective limit of (E;);. ,, and we write £ = lim;_, E;. Let O (E) (resp. #

—

(E), # (E), & (E)) denote the set of all open subsets (resp. bounded subsets,
compact subsets, convergent sequences) of the locally convex space E.
(E;, m;);c 4 is called an open (resp. bounded, compact, sequential) surjective
representation of E if n; maps O (E) (resp. B (E), A (E), & (E)) onto 0 (E;)
(resp. B (Ey), % (E), & (Ey) for each ie A and E = lim,_, (E;, m;) is called

—
an open (resp. bounded, compact, sequential) surjective limit (}). Thus

E = lim;_ , (E;, m;) is an open surjective limit if, and only if, w; is an
—
open mapping for each ied4 and E = lim;_,(E;, n;) is a bounded
—
(resp. compact, sequential) surjective limit if and only if each bounded

subset (resp. compact subset, convergent sequence) of E; is the image
of some bounded subset (resp. compact subset, convergent sequence)
of E for each ie A. If € is a collection of locally convex spaces then
the smallest collection of locally convex spaces which contains ¥ and
which is closed under the operation of surjective limit (a trivial applica-
tion of Zorn’s lemma shows that such a collection exists) consists of all
locally convex spaces which are surjective limits of elements of 4.
This follows immediately from the fact that if

E= limleB(Ek’ Py and Er= lim;, ¢ 4, (E:", T, )»
— . —

are surjective limits then

E=1limycp, i, ca, (E%, T © Pa)s
——
is also a surjective limit (?). Similar results hold for open, bounded,
compact and sequential surjective limits.

() For the remainder of this paper we will, where appropriate and without
explanation unless there is a possibility of confusion, interchange terminology between
surjective limits and representations in the same obvious way as in this sentence.

(?») If we had restricted ourselves to directed sets in the definition of surjective
representation (see [9], [10]) then this result would not necessarily be true.
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446 S. DINEEN

If % is a collection of locally convex spaces which is closed under the
operations of taking arbitrary products and subspaces (*) then & is also
closed under the operation of surjective limit. Hence 4", & and the
locally convex spaces in which every bounded set is precompact are
examples of collections of locally convex spaces closed under the operation
of surjective limit ([22] p. 275-278, and [36]).

ExampPLE 2.1.

(@) Let €& (E) denote the collection of all continuous semi-
norms on the locally convex space E. For each pe 4% (E), we
let E, denote the vector space E endowed with the topology generated
by p and =n, will denote the canonical surjection from E onto E, -1 ).
(E,/p-1(0)» Tp)pcws gy 18 called the canonical normed surjective represent-
ation of E.

(b) If E is a locally convex space, we let .# (E) denote the set of all
locally convex semi-metrizable topologies on E weaker than or equal to
the topology of E. For me# (E) we let E, denote the vector space E
endowed with the topology m, E, g,» Will denote the associated
Hausdorff topology and =, is the canonical surjection from E onto
E, oym (Emjoym > "mdm e e gy 15 called the canonical metrizable sur-
jective representation of E.

ExampPLE 2.2. — Nuclear spaces are surjective limits of separable
inner product spaces [36] and Schwartz spaces are surjective limits of
separable normed linear spaces [42]. A topological space X is said to
be Lindelof if each open cover of X contains a countable subcover.
The continuous surjective image of a Lindel6f space is a Lindelof space.
Hence if E is a locally convex Lindel6f space and p is a continuous
seminorm on E, then E, ,-: o, is a normed Lindeldf space. Since every
metrizable Lindelof space is separable it follows that E is a surjective
limit of separable locally convex spaces.

ExampLE 2.3. — A locally convex space E possesses the Banach-
Grothendieck approximation property if for each compact subset K

(®) We refer to DIesTEL (J.), MORRIS (S. A.) and SAXON (S. A.), Varieties of linear
topological spaces, Trans. Amer. math. Soc. (to appear) for a discussion of such
collections.
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SURJECTIVE LIMITS 447

of E and each neighbourhood V of 0 in E there exists a continuous

linear mapping n from E into E with finite dimensional range such

that m(x)—xeV for all xe K. Let E = lim;_, (E;, n;) and suppose
—

each E; possesses the Banach-Grothendieck approximation property.
There exists an ie 4 and W a neighbourhood of 0 in E; such that
V o ;' (W). Choose p a continuous linear operator from E; into E;
with finite dimensional range such that p o «; (x)—m; (x) € W for all xe K.
Let F denote a finite dimensional subspace of E such that =; is an
isomorphism from F onto pom;(E) and let G denote a topological
complement of pox; (E) in E;. Now let ® denote the mapping from E;
into E which takes x = x,+x,, x,epemn;(E) and x,e G, onto
() ™' (x;) " F. @opom; is a continuous linear mapping from E
into E with finite dimensional range. If x € K, then

mt (pom(x) — m(x) en; H(W) < V.
Hence n; ' (nom; (x)) = V and since p (m; (x)) € pon (E) it follows that

(R (x))—o (pom(x) = 1 (0)
and

®opom(x)—xe V.

We have thus shown that the collection of locally convex spaces which
possess the Banach-Grothendieck approximation property is closed under
the operation of surjective limit.

ExAMPLE 2.4. — A Schauder basis, (e,);> ;, in a locally convex space E

is an equi-Schauder basis if there exists a family of continuous semi-
norms on E, (p,),.r, Which define the topology of E and is such that

(2 1) Pa (Z:; 1%n en) = Sup, P, (ZZ= 1%Xm em)

for all aeT and all Y2, x, e, € E (we may assume that I" is directed).
If E is a locally convex space with a Schauder basis, (e,)!,_;, and =, is
the projection of E onto the subspace spanned by (e,)>., then (m,)2
is an equicontinuous family of mappings if and only if (e, is an
equi-Schauder basis for £. An equi-Schauder basis is sometimes called
a strong basis. Any Schauder basis in a barrelled locally convex space
is an equi-Schauder basis. If (e,), is an equi-Schauder basis for E

then it is also an equi-Schauder basis for E and
E= (Y 1 Xpey | SUP, P O n=1 X, e,) < 00 for all el }.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



448 S. DINEEN

Let p, denote a continuous seminorm on E which satisfies (2.1). Let
Z(a)={neZ|p,(e,) =0}
It is immediate that
ker p,={x€E, X =), 70 Xuu}

For x = ), x, e, € E we define m, (x) as the formal sum ), ¢ Z (@) Xn En-
We let
7, (1, (X)) = stn, m¢ Z («) Xm €m-
Hence
T, (7, (%)) = 7, (1, (X)).

Now
Pa (70, (3, (X)) = P (L, m¢ 2 @) Xm @m) = PoQimsn Xim €m) = Po (0, (%))
Hence
(2.2) P (x) = sup, p, (T, (x)) = sup, p, (%, (1, (x))).
E induces on F, = {m,(x), xe E} a vector space structure.

Let p, (m, (x)) = sup, p, (%, (%, (x))), p, is a well defined norm on F,
and the mapping w, is an isometry from E , ,-. o) onto (F,, D).

Since p, (m, (x)—x) - 0 as n —» oo it follows that

Pa(m, (7, (%)) = 7, (%)) > O
as n — oo.

Now p,(m,(x)) =0 if and only if x, =0 for all n¢ Z(a) and
thus (e,), 4z @ IS an equi-Schauder basis for (F,, P,). We have thus
proved that E is a surjective limit of normed linear spaces each of which
has an equi-Schauder basis.

Now for BeT, B = o and =n,(x) e F, we let
Py(m, (X)) = infyc g 7, =0 Pp(x+).

Let G, denote the vector space F, endowed with the locally convex
topology generated by the seminorms ( ;B)B%' T, is an open continuous
mapping from E onto G, and G, is isomorphic to E/p; ' (0). G, also
has (e,), 7 oy 25 @ basis. For any integer n
infycp n =0 Pp(x+¥) Zinf, g o (yy=0 Pp (T, (x)+7,(1))
= infye E, ne (y)=0 pB (Tcn (X)+y)

ToME 103 — 1975 — N° 4



SURJECTIVE LIMITS 449

Hence pjg (m, (x)) = sup, 173 (m, (T, (x))). Hence G, has (e,), ¢z (@ @S an
equi-Schauder basis and we have shown that a locally convex space with
an equi-Schauder basis is an open surjective limit of locally convex spaces
each of which has an equi-Schauder basis and admits continuous norms.

EXAMPLE 2.5.

(@) [lics E: is an open, bounded, compact and sequential surjective
limit of (F));.s 4y Where & (4) consists of all finite subsets of A
and F; = [[;.; E; for all je # (4). ((E;xE, is not a surjective limit
of (E)i_1,,-) In particular >, Cx]]2; C is an open surjective limit
of O Cx[ho1C =) O,

(b) If E is a locally convex space then (E, o (E, E')) is a surjective
limit of finite dimensional spaces.

If (E;, m);., is a surjective representation of E then E defines a
preorder on the indexing set A in the following manner; i = j if for each
neighbourhood of 0 in E;, W, there exists a neighbourhood of 0 in E;, V,
such that ;' (V) < ;' (W) (*). When E; and E; are Hausdorff this
implies the existence of a continuous linear mapping n; from E; onto E;,
defined for each x € E; by the formula ni. (x) = m; (Z) where x = =n; (Z)
for some Z in E, and of the following commutative diagram

E—5E,

2.3 -
(2.3) ,\\l

E.

J
ie m;=mniom; ().
Moreover if i > j > k then mjon’ = n}, i. e. the following diagram
commutes;
ni
E——E,
; J
@.4) ni\\ l
E,

(2.5) and = is the identity mapping for each i€ 4.

(*) We shall only discuss orders and preorders on the indexing set which arise in this
fashion.

() If i > j and j > i then, if E; and E; are Hausdorff, it follows that =} is a linear
isomorphism from E; onto E; with inverse m} (this does not, however, imply that
Ei =E j).
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If the system (A, =) is directed (i. e. for each i, j € A there exists a k € A
such that k > i and k > j) and E; is Hausdorff for each i€ A then we
say that (E;, T;); . 4 is a directed surjective representation of E. A collection
of locally convex Hausdorff spaces and linear surjections (E;, ©0); ;< 4.is;
is called a surjective system if A is a directed set and (2.4) and (2.5) hold.
A surjective representation of E, (E;, m;);. 4, is said to be associated with
the surjective system (E;, nj.),-’ jeasizj U (2.3) is satisfied.

We have thus shown that a surjective representation is directed if
and only if it can be associated with a surjective system. Most of the
surjective limits and representations we encounter are in fact directed.
It is trivial to show that any surjective limit of normed linear spaces is

a directed surjective limit. We write £ = lim; ;_, ;»; (E;, 7}, 7;) to show
—

that the surjective limit F = lim;_, (E;, w;) is associated with the sur-
—

jective system (E;, T2); jc 4 in)-

PROPOSITION 2.6. — E = lim; ;_,.5; (E;, n, @) is an open surjective
-
limit if and only if the associated surjective system (E;, m;)

open (i.e. T is an open mapping for all i, je A, i > j).

i, jedizj I8

Proof. — Suppose (E;, ni.),-, jea,i>j 18 an open surjective system.
Let V and j denote respectively a neighbourhood of 0 in £ and an element
of A. Choose i€ A4, i > j such that «; (V) is a neighbourhood of 0 in E;,.
Hence =; (V) = nj.oni(V) is a neighbourhood of 0 in E; and E is an
open surjective limit. Conversly, suppose E is a directed open surjective
limit. Let i, je 4, i = j, and let V denote a neighbourhood of 0 in E;.
By hypothesis =; (n; 1(V)) is a neighbourhood of 0 in E;. Now if
xemn;(n; ' (V) then x = m; (w) where n; (w)e V. Hence

mhom;(w) = n;(w) = xen;(V),

i.e. n;(n7' (V) = n’ (V). This implies that n’ (V) is a neighbourhood
of 0 in E; and completes the proof.

The same method of proof may be used if E = lim;_,, ;»;(E;, ®;)

—
is an open surjective limit to show that i > j if and only if n; (x) = 0
implies 7; (x) = 0 for any x in E.

EXAMPLE 2.7.

(a) Directed surjective limits of Fréchet spaces (resp. 9AF spaces)
are open surjective limits. It suffices to note that Fréchet spaces

TOoME 103 — 1975 — nN° 4



SURJECTIVE LIMITS 451

and 9RF spaces are fully complete and barrelled ([22], p. 300) and
hence we may apply the open mapping Theorem and Proposition 2.6.

(b) A surjective limit of Banach spaces is an open surjective limit.
We have already noted that it is a directed surjective limit and hence
we may apply (a).

(c) Let X denote a completely regular Hausdorff topological space.
% (X), the space of all continuous complex valued functions on X endowed
with the topology of uniform convergence on compact sets, is a directed
surjective limit of 4 (K) (°), K compact in X (the compact sets are directed
by set inclusion and the restriction mappings are used between % (K)
and % (K,;), K; < K), where % (K) is endowed with the topology of
uniform convergence on K. Since each % (K) is a Banach space (b)
implies that 4 (X) is an open surjective limit. % (X) may not be a
complete locally convex space [43] but its completion is also an open
surjective limit of ¥ (K), K compact in X. The Tietze extension theorem
implies that % (X) is a bounded surjective limit. Now let K denote a
compact subset of X and suppose B is a compact subset of % (K).
There exists a sequence in ¥ (K), (x,)%,, which converges to 0 and B
is contained in the closed convex hull of this sequence. By the Tietze
extension theorem we can extend. each x, to a continuous function on X,
X, , such that || x, ||[x = || X, ||x- Hence X, converges to 0 in % (X) and
its closed convex hull is compact. This shows that € (X) is a compact
and sequential surjective limit.

(d) Let X denote a locally compact space, p a Radon measure on X
and Z%_ (X, p) the space of all locally p—p-summable functions on X
with its natural topology, 1 < p < oo. The associated Hausdorff space
L? (X, p) is an open, bounded, compact and sequential surjective limit
of Banach spaces.

PrOPOSITION 2.8. — Let E = lim, E, denote a strict inductive limit
—_—

then Ej is a directed surjective limit of ((E)p)=, ([22], 2.12).

Proof. — We may suppose that E = ()2, E,. Since E induces on E,
its original topology we see, via the Hahn-Banach theorem, that the
transpose of the canonical injection of E, into E is a surjective mapping
from E; onto (E,); The strong topology on E’ is the topology of

(°) The Tietze extension theorem shows that the restrictions mappings are surjections.
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452 S. DINEEN

uniform convergence on bounded subsets of E and since each bounded
subset of E is contained and bounded in some E, it follows that the
topology of E; is the weakest topology for which all the transpose
mappings are continuous. Hence E; is a surjective limit of ((E,)p)%,
and it is obviously a directed surjective limit. This completes the proof.

It now follows that the strong dual of the strict inductive limit of 2%
spaces is an open surjective limit of 9RF spaces and the strong dual
of the strict inductive limit of D& spaces is an open surjective limit of
Fréchet spaces.

ExampLE 2.9. — Let Q denote an open subset of R” and let 2 (Q)
denote the set of all compex valued C*-functions on Q with compact
support. It is well known (see [22]) that & (Q) with its natural topology
is the strict inductive limit of Fréchet-Schwartz spaces. Hence 2’ (Q)
is an open surjective limit of 2F & spaces.

ExaMPLE 2.10. — The strong dual of the strict inductive limit of
Fréchet-Montel spaces is an open and compact surjective limit of
DF M spaces.

Proof. — Let E = lim, E,. We have already noted that E; = lim, (E,);

—

—_—
is an open surjective limit. Let K, denote a compact subset of (E,);.

There exists a convex balanced neighbourhood of 0 in E,, V, such
that ¥° > K, (V° is the polar of ¥ in (E,);). Since E is a strict inductive
limit there exists a neighbourhood of 0 in E, W, such that V' > W n E,.
Now if ¢ € ¥° then | ¢ (W n E,) | < 1 and, by the Hahn-Banach theorem,
there exists € E” such that | @ (W)| <1 and ¢ |5, = ¢. E is a Montel
space and hence W° is a compact subset of E;.  This completes the proof.

Remark. — GROTHENDIECK ([15], p. 95) gives an example of a Fréchet-
Montel space which has a quotient space isomorphic to /5. Since /; is
non-reflexive and every quotient space of a Fréchet-Schwartz space is
itself a Fréchet-Schwartz space and hence reflexive it follows that there
exist Fréchet-Montel spaces which are not Fréchet-Schwartz spaces
(see also [22], p. 279).

We now define complete surjective representations. If u is a continuous
linear mapping from the locally convex space E into the locally convex
space F then # will denote the unique extension of u to a continuous

linear mapping from E into F. Let o = (E;, m);.4 denote a surjective
representation of the locally convex space E. The a-completion of E is
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the subspace of E containing E which equals ();_ 4 (n)"*(E). Welet E,
denote the o or (E;, m;); . ;~completion of E. (E;,T; IEu),.E 4 IS a surjective
representation of E,. If E = E, then we say that E is an (E;, m));. 4
complete space and (E; , m;); . 4 is a complete surjective representation of E.

PROPOSITION 2.11. — If o = (E;, T, W)); 4, i>; IS @ directed surjective
representation of E then E_ is isomorphic to

E = {(xi)ieAeHieAEilnj'(xi) = X;j for all i, jeA, i>j}-

Proof. — Let m, E - [Tica EA,. denote the mapping which takes x e E
onto (m;(x));.. By the definition of surjective limit E is isomorphic
to n (E) and E, is isomorphic to 7 (E,). To complete the proof it suffices
to show that the sets = (£,) and E coincide. If x € E, then T, (x) € E;
for all ie A. Since n;oni =m; for all i, jed, i >j, it follows that
nhomt; |p, =7, |5. Hencen) (n;(x)) = 7; (x)forallx e E,and n (E,) = E.
Conversly let (x;)e E. Let Oy, ..., 0, €A and let Bed, B> a;
for i =1, ...,n. Choose x € E such that my (x) = x;. Hence

nhomg(x) =7 (xp) =x,, for i=1,...,n

It now follows that (x;) € n (E) where the closure is taken in [];., E.
Since m (E,) is a closed subspace of [];., E; we see that

n(E,) c E < n(E) = n(E,).
Hence n (E)) = E and this completes the proof.

Remark. — There may exist more than one surjective limit associated
with the same surjective system (e. g. if (E;, ;);., is a directed surjective
representation of £ and E is not (E;, m;);. ,~complete). The complete
surjective limit associated with a surjective system is, when it exists, the
classical projective limit associated with a given projective system.
A surjective limit E = lim; (E;, w;) is said to be complete if E is

—
(E; , my); . 4~complete.

Our next proposition is frequently useful and explains our terminology.

PrOPOSITION 2.12. — A surjective limit of complete locally convex
spaces is complete if and only if it is a complete surjective limit.

Proof. — If E is complete then m; = m; and hence
E= mieA(ni)—l (E) = mieA(ﬁi)_l (E) =E,
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Conversly let E = E,. Since E; is complete
@) 'E)=E and  E,=()ieu@®) '(E)=E.
This completes the proof.

Proposition 2.12 is equivalent to the statement that the collection of
all complete locally convex spaces is closed under the operation of
complete surjective limits. We do not, in general, know if we can
associate a surjective limit with a given surjective system. However,
if the indexing set 4 contains a smallest element then we can always
construct an associated surjective limit by using the mapping n of
Proposition 2.11. Moreover, if (E;, nj.)i is a surjective system
then

s Jedizj

E(jo) = {(xi)ieA,iszHiajoEiinj'(xi) = xj}

is the complete surjective limit associated with (E;, ©0); ;o 4isi5 0
It is not difficult to show that E (j,) and E (j,) are lsomorphlc as locally
convex spaces for any j,, j € A. Moreover if (E;, mj, T); ;c4i5; 18
a representation of the locally convex space E then the (E;s T)ica
completion of E is isomorphic to E (j,) for any j, € A. Since we are
primarily interested in the topological vector space structure of surjective
limits and not in the surjective system used to generate them we thus
find that we can always ¢associate’” a surjective limit with a given
surjective system.

3. Vector valued holomorphic functions

In this section we give the various definitions of holomorphic functions
between locally convex spaces that we shall need in this work (7).
We found it necessary to define continuous and locally bounded holo-
morphic functions on a collection of sets which, in general, properly
contain all open sets. This we did by using a Taylor series expansion
which is valid for G-holomorphic vector valued functions defined on
finitely open subsets of a vector space. We also define hypoanalytic,
Silva holomorphic and weak holomorphic mappings and prove a number
of results showing the relationship between these definitions. In the

() For further definitions of holomorphic mappings between locally convex spaces,
we refer to [27], [35] and [37].
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latter part of this section we discuss definitions which involve functions
defined on surjective limits.

U, a subset of the vector space E, is finitely open if and only if U n F
is an open subset of the Euclidean space F for each finite dimensional
subspace F of E. The finitely open subsets define a translation invariant
topology on E, ¢, , which is a vector topology if and only if the (algebraic)
dimension of E is countable. We shall frequently use the facts that
linear surjections between vector spaces are 7, open mappings and the
balanced ¢, neighbourhoods of zero form a basis for the 7, neighbourhoods
of zero.

A function f defined on a finitely open subset, U, of a vector space E
with values in a locally convex space F is said to be Gateaux or G-holomorphic
if it satisfies the following condition.

For each ae U, b e E, ¢ € F' the complex valued function of one complex
variable, A — @ o f (a+\ b), is holomorphic in some neighbourhood of 0 € C.

We let #;(U; F) denote the set of all G-holomorphic functions
from U into F. Each f in #;(U; F) has a (unique) Taylor series
expansion about each point of U consisting of polynomials from FE
into ﬁ, i e. for each £ in U there exists a sequence of polynomials
from E into F (d "f(€)/n1)2 1, such that

3.1 fE+Y) =Y "f(&) o)
for all y in some #; neighbourhood of 0. For EeU we let
n é\"
Ty O) =l X2 7 Om=-12,70)

whenever this limit exists in F.

Now suppose E and F are locally convex spaces. An F-valued function
defined on. a finitely open subset of E, U, is a continuously holomorphic
(resp. locally bounded holomorphic) function if it is G-holomorphic and
for each &€ U, y » T, ¢ (y) defines a continuous (resp. locally bounded)
function on some neighbourhood of zero (}]). When U is open fe #; (U, F)

(®) The 7, topology is finer than any locally convex topology on E and hence every
open subset of E is finitely open.
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is continuously holomorphic (resp. locally bounded holomorphic) if and
only if f is continuous (resp. locally bounded) on U. We let # (U; F)
(resp. # 5 (U; F)) denote the set of all continuously holomorphic
(resp. locally bounded holomorphic) functions from U into F.

The following is a useful result and the proof is immediate. We use
the above notation.

Lemma 3.1.
(@) If F = lim;_, (F;, n;) is a surjective limit then fe# (U; F) if and
—
only if m;ofe s (U; F;) for all ie A.

(b) If F is a normed linear space then # (U; F) = # 15 (U; F) where U
and E are arbitrary.

(¢) If # (U; F) = # 5 (U; F) for any locally convex space F and any
finitely open subset U of E then E is a normed linear space.

A G-holomorphic F valued function defined on an open subset of a . c.
space is hypoanalytic if its restriction to compact sets is continuous.
HirscHowITZ [17] defines a hypoanalytic function as a G-holomorphic
function which is bounded on compact sets. Our definition is obviously
more restrictive and is not equivalent since the identity mapping from
an infinite dimensional Hilbert space with the weak topology into itself
with the norm topology maps compact sets onto bounded sets but is not
continuous on compact sets. We let # 'y, (U; F) denote the set of all
hypoanalytic functions from the open set U into F.

An F valued G-holomorphic function, f, defined on a finitely open
subset, U, of a locally convex space E is said to be scalarly holomorphic
at x € U if for each C-valued continuously holomorphic function, g, defined
on a neighbourhood of f(x) in F the function g o f is continuous in some
neighbourhood of x. f is said to be scalarly holomorphic on U if it is
scalarly holomorphic at all points of U. We let #,(U; F) denote the
set of all scalarly holomorphic functions from U into F.

If F is a locally convex space and F, denotes F with the o (F, F)
topology then the elements of s# (U; F,) are the weakly holomorphic
functions from U, a finitely open subset of the locally convex space E,
into F.

The proof of the following proposition, which shows the relationship
between the various definitions of holomorphic function, is immediate.

TOME 103 — 1975 — ~N° 4



SURJECTIVE LIMITS 457

PROPOSITION 3.2. — Let E and F denote locally convex spaces with U
a finitely open subset of E. We have the following inclusions;
He (U;F) C #(UF,,)
) & AN

(U F)
Q‘IJCH\( (U;F) -

The next proposition gives conditions under which G-holomorphic
functions are hypoanalytic.

PROPOSITION 3.3. — A G-holomorphic function from U < E into F, f,
is hypoanalytic if any of the following conditions are satisfied :

(a) f is bounded on compact sets and each polynomial from E into F
which is bounded on compact sets is hypoanalytic.

®) fe#,(U; F) and F = lim;_ , F; where each F; is a normed linear
space and the closed unit ball(_o} (F) is weak* sequentially compact (°).

(¢) E is separable and f is scalarly holomorphic.

d) fe# (U; F,) and each closed bounded subset of F is compact.

(e) f is bounded on compact sets, (E',c (E', E)) is separable and E
satisfies the Mackey convergence criterion ([22] p. 285) (*°).

(f) f is bounded on compact sets and E is metrizable.
Proof. — (a) Since E is locally convex we may assume that U is convex
and balanced. Let K denote a balanced compact subset of U. Now f

is bounded on K and hence, since A K = U for some A > 1, we may
use the Cauchy integral formula to show

a"f(0)

n!

1/n

1 n— o
: K

A further application of Cauchy’s integral formula shows that ar f(0)/n!
is bounded on compact sets for each » and hence is hypoanalytic by our
hypothesis. It is now trivial to complete the proof.

(°) Separable locally convex spaces, Schwartz spaces and reflexive Banach spaces
all have representations of this form.

(19) i. e. if (x,)2; is a null sequence in E then there exists a sequence of scalars,
(A 1, which diverges to +-co such that (A,x,):2 is a null sequence in E.
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(b) The bounding subsets of F; are precompact for all ied [8].
Hence if K is compact in U and w; (f(K)) is not a precompact subset
of F; then there exists a ge# (F;; C) such that ||gomof||x = oo.
This contradicts the fact that fes#, (U; F). Hence f maps compact
subsets onto precompact subsets of F. Now if (x,),.r is a convergent
net in K then (f(x)),.r is a precompact net in F. If (f(x)
and (f(x)),cr, are two subnets of (f(x,),.r then

ael‘,

1imu—>oo, aely (P (f(xu)) = lima—wo, aels (P (f(xa))

for any ¢ e (F,; C). By the Hahn-Banach theorem it follows that
(f(x)),er is a convergent net and hence f is hypoanalytic.

(¢) Suppose { x, }=, denotes a dense sequence in U and F is a Banach
space. Let F; denote the closure of the Banach subspace of F generated
by (f(x )3y If geF', o |F1 =0 then ¢of(x,) =0 for all n» and
since fe A, (U; F) it follows that ¢ of = 0. Hence f(U) = F;. Now
let K denote a compact subset of U. If f(K) is not a precompact
subset of F, then we can find (see [8]) (¢,)=, a sequence of elements
of F|/, such that g=)>>" ores (F,) and ||gof||K = 0. Now
sup, || ¢, ||r, < o and hence we may use the Hahn-Banach theorem
to find (9,)%,, a sequence in F’, such that ¢, |s, = ¢, for all n and
sup, || ¢, ||[r < . It is now easy to see that g = Y=, ¢"e# (V) for
some open subset ¥V of F which contains F,. Hence gofes# (U)
and Hg°f”1< = oo. This contradicts the fact that fes, (U; F).
Hence f(K) is a precompact subset of U and the F and the proof may
be completed as in (b) (*Y).

(d) If fes (U; F,) then ¢ (f(K)) is a bounded subset of C for each
compact subset K of U and each ¢ € F’. Hence fis bounded on compact
subsets of U. By our hypothesis on F it follows that f (K) is a precompact
subset of F for each compact subset K of U. The proof may now be
completed as in (b).

(e) If (E’,c(E’, E)) is separable then each compact subset of E is
metrizable and hence it suffices to consider sequential convergence.
By (a), we may suppose that f is an m-homogeneous polynomial.
If (x,)%, is a sequence in E which convergence to 0 then, by hypothesis,

(**) In particular if E is a 9% # space then o# (U; F) = #, (U;F) = #yy (U; F)
for any domain U spread over E.
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there exists a sequence of scalars, (\,)? , which diverges to + oo
and A, x, >0 as n— oo. Since f is bounded on compact sets

Unf ) = U A0 f ()

is a bounded subset of F. Hence f(x,) - 0 as n — co and this completes
the proof.

(f) Trivial.

We now briefly discuss one further definition of a holomorphic
function ([6], [27]). If B is a closed convex balanced bounded subset
of a locally convex space £ we let E; denote the vector space spanned
by the set B endowed with the norm || x|z =inf{A>0 | xeXB}.
Ty (¢f. [20]) is the finest topology on E for which the injections E; — E
are continuous for all such B. A locally convex space (E, t) for which
T =1, is called superinductive (note that (E, t,,) will not, in general,
be a locally convex space). Fréchet spaces and 9F & spaces are
examples of superinductive locally convex spaces.

Let E and F denote locally convex spaces. A4 G-holomorphic F valued
function defined on an open subset of E, U, is S-holomorphic or Silva
holomorphic if it is continuous when U is given the induced t,, topology.
We let #5(U; F) denote the space of all S-holomorphic mappings
from U into F.

PrOPOSITION 3.4. — Hypoanalytic and weakly holomorphic functions
are Silva holomorphic.

Proof. — Let f; U< E — F denote a G-holomorphic function and
let B denote a closed convex balanced bounded subset of E. To show f
is Silva holomorphic it suffices to prove that f is bounded on each || ||
convergent sequence in U. Now if {x,}2, is a || ||z convergent
sequence then it is also a convergent sequence in E. Hence if fe # (U; F,)
or fe# yy (U; F) then f is bounded on {x, }22, and this completes the proof.

We now give an example in which the converse is true. E, a locally
convex space, has property (S) [21] if for each compact subset K of E
there exists a balanced convex closed bounded subset of E, B, such that K
is contained and compact in Egy. Strict inductive limits of Fréchet spaces
and strong duals of infrabarrelled Schwartz spaces have property (.S) [21].

PROPOSITION 3.5. — If E has property (S) then # gy (U, F) = #4(U; F)
Sfor all open subsets U of E and any locally convex space F.
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Proof. — Let 1 denote the locally convex topology on E. If K is a
compact subset of (E, t) and B is a closed convex balanced subset of E
such that K is compact subset of Ej, then it follows that 1, 7y and || |5
induce the same topology on K. If fe#¢(U; F) then the restriction of f
to (K, 1) is continuous and f is hypoanalytic.

Notation. — When F = C we shall write # (U), etc.,, in place
of # (U, C), etc.

A manifold spread over E, a locally convex space, is a pair (Q, p)
where Q is a connected Hausdorff space and p is a function from Q
into E which is a local homeomorphism. Holomorphic functions on Q
are defined by means of the function p and the holomorphic functions
on E (see [4] and [39] for further details).

We now consider holomorphic functions defined on surjective limits.

DEFINITION 3.6. — Let U denote a connected finitely open subset of
the locally convex space E, let (E;, m;);. denote a surjective represent-
ation of E and let F denote a locally convex space.

(1) U has the weak (resp. strong) local F factorization property with
respect to the surjective representation (E;, m;);. 4 if for each fe # (U; F)
(resp. # 15 (U; F)) there exists an i€ A with the following properties:

(a) There is a neighbourhood of each x in U, V., and a neighbourhood
of m;(x) in E;, W,, such that m;(V,) < W,.
(b) There is an f, e H# (W,,; F) (resp. # 5 (W,; F) such that
f'Vx =-fx o ’Vx‘

(2) U has the weak (resp. strong) global F factorization property with
respect to the surjective representation (E;, m;);., If it has the weak
(resp. strong) local F factorization property with respect to (E;, m;); ., and

fx Im (UNWNW, =fy lni (U) NWNW,
for all x, y in U.
HirscHOwITZ [16] proves the existence of open subsets of [[; C
which have the local (2) factorization property with respect to (C", m,)= ,

(*?) We define various holomorphic properties of locally convex spaces using
the prefixes weak and strong to distinguish between properties which refer to continuous
and locally bounded holomorphic functions respectively. We use no prefix when
the prefixes are interchangable (as is the case here).
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but which do not have the global factorization property with respect to
the same representation (*?). NacuBIN [32] proves that E has the
global factorization property with respect to any open surjective represen-
ation of E by normed linear spaces and also proves, that # (C) (with the
compact open topology) does not have the local C-factorization property
with respect to the canonical normed surjective representation of # (C).
A balanced open subset which has the weak (resp. strong) local F
factorization property for some surjective representation can easily be
shown (via Taylor series expansion and analytic continuation) to have
the weak (resp. strong) global F factorization property with respect to
the same surjective representation.

If = is a linear mapping from the vector space E; onto the vector
space E, and F is a locally convex space we let 'n denote the transpose
function which maps fe#;(n(U); F) onto fomness(U; F). Itis
immediate that

(A (n(U); F)) =« #(U; F)  and  "n(#p(n(U); F)) = #15(U; F).

U, a finitely open subset of E, has the weak (resp. strong) global F
factorization property if and only if

H(U; F)~ UieAtni(”(ni(U)Q F))
(resp. # 1 p(U; F) = Uie/t"(fLB(ni(U); F)).

In discussing holomorphically complete locally convex spaces [10] we
introduced the concept of w-space. We rephrase and slightly generalise
this definition so that it is now a concept involving factorizing locally
bounded holomorphic functions on locally convex spaces. Our new
definition was also motivated by our use of hereditary Lindelof spaces
in the study of the Levi problem [13].

DEFINITION 3.7. — Let E and F denote locally convex spaces. E is an
F—w-space if the following conditions are satisfied.

(1) each open subset of E has the strong global F factorization property
with respect to the canonical metrizable surjective representation of E.

(2) for each U open in E and fe# 5 (U; F) there exists a sequence
of bounded subsets of F, (B)* i, such that U= )2, (f~* (B (**.

(*3) m, is the usual projection H:;l C onto the space spanned by the first n
coordinates.
(*4) A° denotes the interior of A.
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Now let fes# ;5 (U; F) where U is an open subset of the F—w-space E.

Let (B,)., denote an increasing sequence of convex balanced bounded
subsets of F such that

U=UE (fT1(BY)".

For each n let F, denote the vector subspace of F spanned by B, and
normed by the Minkowski functional of B,. G = lim, F, is a (DF)-space

e
in the sense of GROTHENDIECK [15] and the canonical inclusion of G

in F, j, is continuous. By condition (1) it is now possible to find a locally
convex metrizable space, E;, a continuous mapping © from E onto E,

and fe s 5 (n (U); G) such that the following diagram commutes

T
UCE .__q_t_*—u(u)c E1 ———-+G
f lj
F

This shows that each F-valued locally bounded mapping from an
F—o-space is, modulo two linear mappings, a locally bounded mapping
from a metrizable space into a DF-space.

Now suppose that every open subset of the locally convex space E
is a Lindelof space. Let fe# ;5 (U; F) where U is open in E and F
is arbitrary. For each x in U choose a continuous seminorm on E, p,,
such that V, = (J, {f(x+»);p.(») <1 and x+ye U} is a bounded
subset of F. Choose a sequence of points of U, (x,),, such that

i {x,,+ vips, () <1 } = U. fis alocally bounded function from U,
endowed with the topology induced by ( p, );% ;, into F and since U,‘;L 1 Vs,
is a countable union of bounded subsets of F we have shown that E is
an F—m-space.

If each open subset of E, is Lindel6f and E = lim, E, then each open

—
subset of E has the same property and thus a countable inductive limit

of separable metrizable locally convex spaces is an F—m-space for any
locally convex space F. A @F.H space is a Suslin space (i. e. a continuous
image of a complete separable metric space) and hence it is a hereditary
Lindeldf space and an F—w-space for any locally convex space F.

If Fis a D& space, condition (2) of Definition 3.7 is always satisfied
(e. g. a locally convex metrizable space is a D & —w-space).
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E. GruseLL and M. ScHOTTENLOHER have given, independantly,
examples of locally convex spaces which are not C—w-spaces.

4. Pseudo-Convex domains (1°)

An open subset, U, of a locally convex space, E, is finitely polynomially
convex if Un F is polynomially convex for each finite dimensional
subspace F of E.

PROPOSITION 4.1. — The collection of locally convex spaces in which
the finitely polynomian, -~onvex open subsets are polynomially convex is
closed under arbitrary surjective limits.

Proof. — As in Proposition 1.7 of [13].

ExampLE 4.2. — The following are examples of spaces in which the
finitely polynomially convex open subsets are polynomially convex;

(a) Locally convex spaces with an equi-Schauder basis (see example 2.4,

and [13]).
(b) Nuclear spaces (see Example 2.2, and [13]).

(¢) Locally convex spaces with the strong approximation property
([35], p.- 69).

PROPOSITION 4.3. — The collection of locally convex spaces in which
the finitely polynomially convex open subsets are domains of holomorphy

(resp. domains of existence of holomorphic functions) is closed under open
surjective limits.

Proof. — (see Proposition 1.6 of [13]). — If U is a finitely polynomially

convex open subset of lim;_, (E;, w;) then there exists an i € A such that
—

U = n;!(n,;(U)) and =; (U) is a finitely polynomially convex open subset
of E;,, Now suppose w; (U) is a domain of holomorphy. If U,, U, are
open subsets of E such that U, < U, U U; o U, and for each fe # (U)
there exists an f; e # (U,) with f |, = f |y, then, since =, is an open mapp-
ing, this implies that m;(U;) = n; (U). Hence U, < n; ' (n;(U)) = U
and U is a domain of holomorphy. Now suppose «; (U) is a domain of
existence for the function f. Now if U, and U, are two convex subsets

(*5) A number of the results in this section were announced in [9], and proved
in [13].
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of E, U, « Un Uy and there exists g € # (U,) such that g |,, = fo m;[y,
then it follows that n; (U;) = =n; (U) and hence U is a domain of existence
for the function fo ;.

EXAMPLE 4 .4.

(a) Every finitely polynomially convex open subset of a Fréchet space
with a basis is the domain of existence of a holomorphic function. We
proved this result in [ 13 ] in a rather laborious fashion but noted that the
proof could be considerably simplified if we knew that there existed a conti-
nuous norm on E. It is now possible to use Proposition 4.3 and the result
in Example 2.4 to simplify the proof.

(b) (see [ 35] p. 81). Every finitely polynomially convex open subset
of % (X)is the domain of existence of a holomorphic function.

(¢) If E is a hereditary Lindel6f, barrelled space and possesses a basis
(e. 8. a 9F M space with a basis or a countable direct sum of Fréchet
spaces each of which has a basis) then the finitely polynomially convex
open subsets of E are domains of holomorphy.

PROPOSITION 4.5. — The collection of locally convex spaces in which the
pseudo convex open subsets are holomorphically convex (resp. domains of
holomorphy, domains of existence) is closed under open surjective limits.

Proof. — As in proposition 1.6 of [ 13 ] and proposition 4.3 above.

ExAMPLE 4.6. — The pseudo convex open subsets of € (X) are domains
of existence of holomorphic functions for any completely regular space X
in which the compact subsets are metrizable ([ 35 ], p. 99).

Before discussing locally convex spaces in which the holomorphically
convex open subsets are domains of existence we obtain a result concerning
the metrizability of s (U) which is of independent interest (see also [ 21 ]).

PROPOSITION 4.7. — Let E denote an infrabarrelled locally convex space
in which the convex hull of each compact set is compact then # (U), endowed
with the compact open topology, is a Fréchet space for all U open in E if and
only if E is a DF M space.

Proof. — First let U denote an open subset of the 2F .4 space E. We
have already seen that U is a Lindeldf space and hence U may be written
as a countable union of translates of convex balanced open subsets of E.
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Now E is also a DF space and a Montel space and hence there exists an
exhaustive sequence of convex, balanced compact subsets of E, (K,):,.
Let (A,);>, denote a sequence of positive numbers which strictly increases
to 1. If Vis a convex balanced open subset of E then (A, V' n K,)%° .=
is an exhaustive sequence of compact subsets of V. It now follows that U
is hemicompact and hence s (U) with the compact open topology is
metrizable. Since E is a k-space # (U) is complete and we have shown
that (A#(U), T ,) is a Fréchet space.

Conversly if (s (U), T ) is a Fréchet space for all U open in E then
E! (the dual of E with the compact open topology) is also a Fréchet space.
Since the closed convex hull of each compact set is compact it follows that £
contains a countable fundamental family of compact sets. Now let B
denote an arbitrary bounded subset of E and let J . denote the topology,
on E’, of uniform convergence on compact subsets of E together with uni-
form convergence on B. Since E, is a Fréchet space it follows that (E',7 . )
is also a Fréchet space. By the open mapping Theorem and the Hahn-
Banach Theorem it follows that B is relatively compact. Hence E is a
semi-Montel space and since we assume E is infrabarrelled it follows that E
is a Montel space. Since E is Montel E; = E; is a Fréchet space and
hence E’ is a Fréchet-Montel space. Montel spaces are reflexive and
hence E = (Ep)g is a 9F.M space.

PROPOSITION 4.8. — A holomorphically convex open subset of a DF N
space is the domain of existence of a holomorphic function.

Proof. — Let U denote a holomorphically convex open subset of the
DFM space E. Since each compact subset of E is a separable metrizable
space and U is hemicompact there exists a sequence of points
in 8 U (*9), (x,)2 1, and for each n a sequence of points of U, (x, (m)2.,
such that x, (m) - x, as m — oo for each n and the set { x, };2; is dense
in 8 U. Since U is holomorphically convex, we may choose an increasing
sequence of holomorphically convex compact subsets of U, (K,);>;, such
that each compact subset of U is contained in some K,. We may now
construct, as in the finite dimensional case, a G-holomorphic function on
U, f, which is bounded on compact subsets of U and is such
that sup,, | f(x, (m)) | = oo for all n. Since U is a k-space it follows that
fes# (U) and hence U is the domain of existence of a holomorphic
function.

(16) The boundary of U.
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5. Zorn spaces (17)

Let E and F denote locally convex spaces. E is called a weak (resp.
strong) F-Zorn space if each F-valued G-holomorphic function defined on
a domain spread over E has an open and closed set of points of continuity
(resp. points of local boundedness).

Since local boundedness and continuity are local properties we need only
consider domains which are open convex balanced subsets of E in the defi-
nition of Zorn spaces. We collect in the next two propositions some
elementary stability properties of Zorn spaces.

PROPOSITION 5.1.
(@) If E is a weak FiZorn space for each i€ A and F = lim,_, (F;, ;)
—
then E is a weak F-Zorn space.

(b) Quotients of weak (resp. strong) F-Zorn spaces are themselves weak
(resp. strong) F-Zorn spaces.

(¢) IfEis a weak (resp. strong) F-Zorn space and E < E, E then E, is
a weak (resp. strong) F-Zorn space.

Proof.
(a) Trivial.
(b) Immediate since quotient mappings are open.

(¢) Let U denote a convex balanced open subset of E; and suppose s 1s
a G-holomorphic mapping from U into F which is continuous (resp. locally
bounded) at 0. It suffices to show that for each x; € U there exists a dense
subspace of E;, E; (x,), such that x, € £ (x;) and f fEl (xpnp 1S continuous
(resp. locally bounded). Now if x, € U, x, € E, x, # 0, we let E, denote
a closed subspace of E; such that E; = { x; }+{ x, }+E, where {x;}
is the subspace generated by x; for i = 1,2.

We define an endomorphism of E,, w, by
TC(;MI xl +}\42 x2+0)) = )42 x1+)\.1 x2+(0

forall A;eC,i=12and o€ E,. = is a linear homeomorphism. Hence
n (E) is a weak (resp. strong) F-Zorn space, which is dense in E; and

(*7) A number of the results proved in this section were announced in [11] and [14].
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T (x;) = x; €E(x;) = n(E). Now f|ynpe, I8 G-holomorphic and
continuous (resp. locally bounded) at 0. Hence

flUnE(xl)ex(Un E(x,); F) (resp. #13(U N E(x;); F)
and this completes the proof.

Now suppose F; and G, are locally convex spaces and that G, may be
identified with a space of linear functionals on F;. A subset B of G, is
Fi-equicontinuous if there exists a neighbourhood of 0 in F;, U, such that

BcU’={9eGy;|o(x)|<1 for all xeU}.
PROPOSITION 5.2,

(a) If Ex F, is a C-Zorn space and the bounded subsets of G, are precisely
the F-equicontinuous sets then E is a strong G{-Zorn space.

(b) If Ex Fy is a C-Zorn space then E is a strong F-Zorn space.

(¢c) If ExF is a C-Zorn space and F is infrabarrelled then E is a strong
Fg-Zorn space.

Proof.

(a) Let U denote an open subset of E and suppose fe#; (U; Fy) is
locally bounded at x,e U. We define f eH; (UxG,) by the equation
f (x,y) = y (f(x)). By hypothesis there exists a neighbourhood of x,
in E, U,, such that f(U,) is a bounded subset of G,. By our assumptions
on F; and G,; there exists a neighbourhood of 0 in F;, V,
such that f(U,;) = V°. Hence fA (U, x V) is a bounded subset of C. Since
Ex F; is a C-Zorn space f is locally bounded at all points of Ux F, and
hence fe s, 5 (U; Gy).

(b) The strong topology on Fjy is the topology of uniform convergence
on the bounded subsets of F. Hence the Fy-equicontinuous subsets of F
are precisely the bounded subsets of F; and we may apply (@) to complete
the proof.

(c) When F is infrabarrelled the strongly bounded subsets of Fy are
equicontinuous [ 22 ], and we may apply (a) to complete the proof.

Our next result, the main result of this section, describes surjective limits
of Zorn spaces and other related results.
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THEOREM 5.3. — Let (E,, m;);., denote a surjective representation of
the locally convex space E and let U denote a connected domain spread over
E. Let F denote a locally convex space and let f denote an F-valued G-
holomorphic function on U which is locally bounded at some point of U. fis
locally bounded at all points of U if any of the following conditions are satis-
fied.

(a) Each E,is a strong F-Zorn space.

(b) (E;, my);c 4 is a compact surjective representation of E, f € # yy (U, F),
and each g € # yy (V; F), V a connected domain spread over some E,, which
is locally bounded at some point of V is locally bounded at all points of V.

(©) (E;, m);c 4 is a bounded surjective representation of E, fe # 4 (U, F),
and each geH s (V; F), V a connected domain spread over some E;, which
is locally bounded at one point of V is locally bounded at all points of V.

(d) (E; my);c4 is an open surjective representation of E, fe# (U, F),
and each geH ,(V; F), V a connected domain spread over some F;, which
is locally bounded at one point of V is locally bounded at all points of V.

(e) (E;, my);c 4 is an open surjective representation of E, fe# {U; F,),
and each ge # (V; F,), V a connected domain spread over some E;, which
is locally bounded at one point of V is locally bounded at all points of V.

Proof. — We may assume that U is a convex balanced open subset of E
and that f'is locally bounded at 0. Choose i e 4 and W a neighbourhood
of 0 in E; such that n;7* (W) = U and f is bounded onn; ' (W). Now if
xeEand m;(x) = 0 then {A x|AeC} = U. Hence if y is an arbitrary
element of U there exists a positive & such that

supgcc{|@of(ay+Bx)|, || <8} <o
for all € F'.

By Liouville’s theorem it follows that
@of(ay+px)=0f(ay)
forall o, || < 8, and pe C. Hence
F+Bx)=f(»)

for all B such that y+pxe U. Now if je 4 and there exists a convex
balanced neighbourhood of 0 in Ej, W, such thatn;' (W)) = n;/* (W)
then the same argument shows that f(y) = f(y+p x) for any yin U, x € E,
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m;(x) = 0and y+B xe U. Let U, denote the largest balanced E;-open (*%)
subset of U. We define f; on w; (U;) by the formula f; (o) = f (@) if
T (®) = o. f; is well defined, locally bounded at 0, G-holomorphic on
n; (U and f;om; 'v, =f 'U,' We now consider each case separately.

(@) If E; is a strong F-Zorn space then f; € # ;5 (n; (U;); F).

®) If (E,m);., is a compact representation of E then, since
U, = n;‘ (m; (Uj)), for each compact subset K of m; (U;) there exists a
compact subset L of U; such that n; (L) = K. If (x,),.r is a net in L such
that =; (x,) - m; (x) as o —» o0 and (yp)g.p and (z,),.c are subnets of

(*y)ycrsuch that y; » yasB — co and z, » zasa — oo thenn; (y) = =; (2)
and f; (r; (x)) = f(») = f(2). Hence if fe#y, (U; F) then

fi€#yy (m; (Uy); F)
and the remaining assumption in (b) shows that f; e, (n; (U;); F)
in this case.

(c) If (E;, m);. 4 is a bounded representation of E and B is a bounded
subset of E; then there exists a bounded subset of E, C, such that n; (C) = B.
If fesA#s(U; F) then for each x,e U there exists o (x,) > 0 such that
f(x,4+0o(x,) C) is a bounded subset of F. If x,e U, we see that
fi (m; (x)+a (x,) B) is a bounded subset of F and f;e#s(n;(U)); F).
The remaining assumption in (c) shows that f; € # ; (n; (U)); F).

@) If fe#,(U; F), pe U; and g is a C-valued function defined and
holomorphic on some neighbourhood of f(p) then gof = gof;om; is
holomorphic on some neighbourhood of p. If «; is an open mapping then
gof; is holomorphic on some neighbourhood of =n;(p). Hence
fie#,(U; F). The remaining assumption in (d) shows that
fie# g (m; (Uj); F).

(e) Use the same method as in (d).

Thus we have shown that f; € # 5 (n; (Uj); F) in all cases and hence
fIUje‘#LB(Uj; F). Since

U =J;{U;; 3 W; a neighbourhood of 0 in E; and n; ' (W)) = n, (W)}

we have completed the proof.

(*®) Uc E = lim;c 4 (E;,;m;) is E;-open if there exists an open subset of Ej, V, such
«—

that (x;)~* (V) = U. Hence U is E;-open if and only if n; (U) is an open subset of
E; and U = n; ! (n; (U)).
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It is possible to prove analogous results for continuously holomorphic
functions by imitating the proof of Theorem 5.3. However, in this case,
we must assume that there exists a continuous norm on F in order to cons-
truct f; and we must assume that (E;, m;);. , is an open surjective repre-
sentation of E in order to get f; continuous at 0.

The following result may be proved in this manner.

PROPOSITION 5.4. — Let (E;, m,);. 4 denote an open surjective represen -
tation of E and let F denote a locally convex space on which there exists a
continuous norm. If each E; is a weak F-Zorn space then E is also a
weak F-Zorn space.

On the other hand we may use Proposition 5.1 (@) and Theorem 5.3
directly to obtain results about weak Zorn spaces.

PROPOSITION 5.5. — If (E;, m}); . 4 is a surjective representation of E and
E; is a weak F-Zorn space for any locally convex space F and any i € A then
E is a weak F-Zorn space for any locally space F.

Proof. — By Proposition 5.1 (@), we way assume that F is a normed
linear space. The locally bounded and the continuous holomorphic mapp-
ings into F coincide and hence we may apply theorem 5.3 (a) to complete
the proof.

EXAMPLE 5.6.

(@) []o C, o arbitrary, is an open surjective limit of finite dimensional
(and hence locally compact) vector spaces. Since each finite dimensional
vector space is a strong and weak F-Zorn space for any locally convex
space F it follows that [], C is a weak (use Proposition 5.5) and strong
(use Theorem 5.3 (a)) F-Zorn space for any locally convex space F.

(b) HirscHOWITZ [18] gives an example of a locally convex nuclear
space which is not a C-Zorn space. Since every nuclear space is the sur-
jective limit of inner product spaces we may conclude that there exist inner
product spaces which are not C-Zorn spaces. NACHBIN [32] gives an
example of a holomorphic function on # (C) which is not uniformly
holomorphic. If (p,)%, is an increasing family of seminorms on # (C)
which defines its topology it then follows that (#(C), p,) is not a C-Zorn
space for all n sufficiently large.
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(¢) The product of C-Zorn spaces is not necessarily a C-Zorn space [ 18 ]
however if E = [[;., E; and [];.,, E; is a C-Zorn space for each finite
subset 4; of A then E is a C-Zorn space. In particular, an arbitrary
product of Fréchet spaces is a weak F-Zorn space for any space F and an
arbitrary product of 2% & spaces is a weak F-Zorn space for any space F.

(d) Fréchet spaces are weak F-Zorn spaces for any locally convex space

F[34]. Thus % (X) is a weak F-Zorn space for any completely regular
space X.

(e) If € is a collection of locally convex C-Zorn spaces stable under the
formation of finite products then Ee€ € is a strong F-Zorn space for any
Fe D %. In particular, we note that the strong dual of the strict inductive
limit of Fréchet-Schwartz spaces is a strong F-Zorn space for any &%
space F and the surjective limit of Fréchet spaces is a strong F-Zorn space
for any D & space F.

(f) Let E denote a Fréchet space which does not admit a continuous
norm. There exists a continuous open linear mapping of E; onto ) 2, C
(see section 7) hence )2, C is isomorphic to a quotient space of Ej.
Since # (C)xY > C[18]and ¥[0,1]x> >, C([5] and Propo-
sition 5.2 (c¢)) are not C-Zorn spaces it follows by Proposition 5.1 (b)
that # (C)x Egand € [ 0, 1 ] x Ej are not C-Zorn spaces. Since ¥ [0, 1]
is a quotient space of /; a further application of Proposition 5.1 (b) shows
that /; x ) > , C is not a C-Zorn space.

(g) Let E = [];c, E; where each E; is a metrizable locally convex space
and suppose F is an arbitrary locally convex space, then

HU; F)=#(U; F,)

for any domain spread over E (there exists an E satisfying the conditions of
this example which is neither a C-Zorn space nor a k-space).

(h) Let E denote the strong dual of the strict inductive limit of Fréchet-
Montel spaces. If U is a domain spread over E and Fis any locally convex
space then the set of points of continuity of hypoanalytic and scalarly holo-
morphic F-valued functions on U is open and closed. The proof consists
in applying Proposition 3.3 (), the result of Example 2.10 and Theorem
5.3 (b).

We complete this section by using the method of Theorem 5.3 to prove
a number of results.
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PROPOSITION 5.7. — Let F denote a locally convex space on which there
exists a continuous norm and let E = lim;_, (E;, ;) denote an open surjec-

—
tive limit in which 5 5 (U;; F) = # (U;; F) for all domains spread over
E, i€ A, then #,5(U; F) = # (U; F) for all domains U spread over E.

Proof. — Let fes# (U; F) where U is an open subset of E. Since the
definition of #, 5 (U; F) is purely local it suffices to show f'is locally bound-
ed at any preassigned point x,e U. Without loss of generality we may
assume x, = 0 and f(x,) = 0. Let p denote a continuous norm on F.
Since f is continuous at 0 there exists an element i of 4 and W a convex
balanced neighbourhood of 0 in E; such that f~!(V,) > n;! (W) where V,
denotes the open unit p-ball of F.

We define f~ : W — F by the equation ]: x) =f(@) if n;(y) = x. Now
ifn;(y) =m;(z2) = xe Wand f(y) # f(z) thenp (f (y)—f(2))# 0. Hence
there exists a p-continuous linear functional on F, ¢, such that
o (f(») # ¢ (f(2). The function ¢ o fis continuous and holomorphic on
U. Since ¢ is p-continuous there exists a positive number & such that
(@9f)"(Z |Z| <€ >n " (W). By Liouville’s theorem this implies
that f(x) = f(y). Hence f is well defined. Since F is an open surjective
limit;‘is continuous on W and hence, by hypothesis, it is locally bounded
on W. Hence fis locally bounded at zero and this completes the proof.

ReEMARK. — The requirement, in the above proposition, that there
exists a continuous norm on F is non trivial. Indeed any continuously
holomorphic function from C", n a positive integer, into an arbitrary locally
convex space is locally bounded. [, C is an open surjective limit of
finite dimensional spaces and hence every continuously holomorphic fun-
ction from []; C into a locally convex space on which there exists a
continuous norm is locally bounded. However, since [[;2, C is not a
normed linear space the identity mapping from [[2, C into itself is
continuous but is not locally bounded. We now prove a result concerning
local factorization of holomorphic functions.

PROPOSITION 5.8. — A connected open subset, U, of the locally convex
space E has the strong local F-factorization property with respect to the
surjective representation of E, (E;, T;); . 4, if either of the following conditions
are satisfied.

(1) (E;, m;);. 4 is an open surjective representation of E.
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(2) (Ej, m)ic 4 Is a directed surjective representation of E, U is E;open
for some i € A and each E; is a strong F-Zorn space.

Proof. — We may assume that O lies in U. In both cases we may choose
an ied and W a convex balanced open subset of E; such
that ;1 (W) < U, f(n;' (W)) is a bounded subset of F and =, (U) is an
open subset of E;. We show that f factors through E; at each point of U.
We may assume that U is a convex balanced open subset of E. Now if
x e U, ye E and &; (y) = 0 then there exists A, > 0 such that

{Ax+By | |[M| <A, BeC} = W.

Hence ¢ o f ,{Axﬂ,y | M <ho,pecy 18 @ bounded holomorphic function for
all o e F’. This implies that f (o x+B y) =f(a x) for all «, B such that
ocx+l3ye W and o x € W. Hence we may deﬁnefon m; (U) by the for-
mulaf(e) f()if n,(z) = 0. fe]f (n; (U); F)and f = fon

If (E,®);., is an open surjective representation of E then

fe.?fw (z; (U); F). j:(W) is a bounded subset of F and hence if E; is a
strong F-Zorn space then f is locally bounded on U. This completes the
proof.

The corresponding result for continuously holomorphic functions may be
proved in an analogous fashion. We obtain the following result.

PROPOSITION 5.9. — A connected open subset of a locally convex space E
has the weak local F-factorization property with respect to the open surjective
representation of E, (E;, m;); . 4 if there exists a continuous norm on F.

6. Holomorphically complete and paracomplete locally convex spaces (*°)
Let fes 5 (E; F) where E and F are locally convex spaces. Let
S~2f = {erIEI V, a neighbourhood of x in E
such that f(V,N E) is a bounded subset of F}.

By using Taylor senes expansions of f; it is poss1ble to show that Qf
is an open subset of E and that there exists an f in # g (Q ;s F ) such that
f e =/ WeletQ, = ( £)~1 (F) and call Q , the natural strong domain of

(*°) A number of the results in this section were announced in [11] and [14].
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existence of f(note Q, is not necessarily an open subset of E"\). By the same
procedure as that used in [ 10 ], it is possible to show that

ﬂfex’ua (E,F) Qf

is a vector subspace of E containing E and is in fact the largest subspace

of E to which all locally bounded holomorphic functions on E can be
continued as F-valued locally bounded holomorphic functions.

DEFINITION 6. 1.
(@ E\d [F]=)yerrsem R is called the strong F-holomorphic com-
pletion of E.

(b) If € is a collection of locally convex spaces l?d [¢] = Nree 1;":, [F]
is the strong €-holomorphic completion of E. E is called a strong €-holo-

morphically complete locally convex space if EAd [¢] = E.

We now use the concept of strong holomorphic completion to define
weak holomorphic completion.

Letfes# (E; F)andlet ge €< (F). Let
6,«,‘1 = {erAia V. a neighbourhood of x
in E and n, o f (Vs n E) is a bounded subset of F,,_1 )}

éf’q is an open subset of E. We let 6,« = Vyees® éf,q. By construction
there exists fe# (0,; F) such that f]E =f. We regard 6, = (f)"' (F)
as the natural domain of existence of f with values in F.

Again we find that () ; 4 &, r) Oy is @ vector subspace of E and is in

fact the largest subspace of E to which all continuously holomorphic
functions from E to F can be extended to continuously F-valued holomor-
phic functions.

If € is a collection of locally convex spaces
Ed(%) = mfe:r(E;F); Fe‘eef

is called the weak %-holomorphic completion of E. If EA',, (%) = E then we
say that E is a weak €-holomorphically complete locally convex space.

By allowing the collection € to become too large we do not achieve much
more than an existence theorem (e. g. E; (E) = E for any locally convex
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space E) so we begin by defining a concept of completeness which is suitable
for our purposes ([ 10 ], [ 11 Jand [ 127]). This is the concept of very
strongly complete locally convex space which we may now interpret as a
particular case of complete surjective limit (Proposition 6.3).

DEFINITION 6.2.

(a) A net, (xy)s.p of elements of alocally convex space, E, is very strongly
Cauchy if { Ag, o (x5—x,) }(B, wyeBxp converges to zero for any set of scalars
()“B, oc)(ﬁ, a)eBXxB*

(b) E,, the very strong completion of E, is the subspace of E consisting of
all limit points of very strongly Cauchy nets.

(¢c) If E = E, then E is said to be very strongly complete.

It is immediate that a net (x;),.p is very strongly Cauchy if and only
if for each p € ¥ (E) there exists B, € B such that p (x;—x,) = 0 for all

B,a > B,. E, isa very strongly complete subspace of E which contains E.

PROPOSITION 6.3. — E is very strongly complete if and only if it has a
complete surjective representation by normed linear spaces.

Proof. — Let 8 = (E;, m;);., denote a surjective representation of E by
normed linear spaces and let E, denote the 8-completion of E. Since each
locally convex space can be representend by normed linear spaces we may
complete the proof by showing E, = E,. FEach E; defines a continuous
seminorm on E in the following manner p; (x) = p; (n; (x)) where p;
is a norm on E; which defines the topology of E;, It also follows by
the definition of surjective limit that (p;);. , is a directed family of semi-
norms on E which defines the topology. Now if x € E, = ();c, )~ *(E)
then for each i € A4 there exists x; € E such that

T, (x) = m;(x,), i.e. M (x;—x) = 0.
Hence if we let ¢; denote the extension of p; to Eit follows that q; (x;—x) =0.

Hence (x;); . , is a very strongly Cauchy net in E which implies that £, < E,.

Conversly, if x € E, and (xp)g g is a very strongly Cauchy net such that
Xz — x as B — oo then for any i € 4 it follows that 7, (x, —x,) = 0 for all §,
o sufficiently large. Hence 7; (x3—x) = 0 for all B sufficiently large and
xe(n;)"! (E) for all i. Thus E, = E, and this completes the proof.
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ProprosITION 6.4. — Let (F;, m;);. 4 denote a complete surjective repre-
sentation of the locally convex space F. If E c E, < E are locally convex
spaces and EAd (F;) o E, for all i then E\d (F) o E,.

Proof. — Let fes# (E; F). Now m;ofes# (E; F;) and hence there
exists f;e# (Ey; F) such that f; | =m0 f. If (x,),.3€E— x€E, as
o — oo then m;(f(x)) converges for all ied as o — co. Hence
(f(x))ycp is a Cauchy net in F and flx) -1 €F as o — 0. Thus

n; o f(x,) —» m;(m) € F; as o — oo and

nemieA(ﬁi)—l(Fi) =F
since F is a complete surjective limit. Hence there exists f eH (Ey; F)
such that f|; = fand this completes the proof.

PROPOSITION 6.5. — Let (E;, m;);., denote a surjective representation
of E. The (E; m;);. ,~completion of E lies in the strong (resp. weak) F-
holomorphic completion of E for any locally convex space F (resp. any very
strongly complete locally convex space).

Proof. — Let E, denote the (E;, m;);. ,~completion of E. We show

E. = EA,, [ ] and the remainder is proved by using this result, the canonical
normed surjective representation of E and Proposition 6.4.

Let fesf ;5 (E; F). By the methods of the proceeding section we may
find an ie 4 and f; e # (E;; F) such that f = f;on;. We let m; denote
the extension of ©; to a continuous linear mapping from E, onto E; and we

deﬁne}on E_ by the formula f = fiom;. Now if x € E then we can find
y € E such that 7t; (x) = nr; (). Choose V a neighbourhood of 0 in E such
that f(y+ V) is a bounded subset of F.

For any z € ¥ we have
F+2) =fiemi(y+2) =f;(m(») +m,(2)
= fi(® () +m(2)) = fiomi(x +2)
=f(x+2).
Hence f'is locally bounded at x and this completes the proof.

COROLLARY 1. — If F is a locally convex space (resp. a very strongly
complete locally convex space) then E, < E;[ F] (resp. E, < E:,(F)).
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COROLLARY 2. — If E = lim;_ , (E;, n;) and each E; is a complete locally

~ HI\ ~ ~
convex space then E;[ F| = E (resp. E = E,(F)) for any locally convex
space F (resp. any very strongly complete locally convex space).

We now give a number of examples in which the opposite inclusion is
true.

PROPOSITION 6.6. — Let E and F denote locally convex spaces and let
(E;, m;); . 4 denote a surjective representation of E where each E; is a strong
(resp. weak) F-holomorphically complete locally convex space. The
(E;, m;); . s~completion of E is a strong (resp. weak) F-holomorphically
complete locally convex space for any locally convex space (resp. any very
strongly complete locally convex space) F if any of the following conditions
are satisfied;

(@) (E;, m;); 4 Is an open surjective representation of E.
(b) Each E;is a C-Zorn space.
(¢) Each E; is a C-o-space.

Proof. — By Proposition 6.5 we must show that T, (E:, [F]) < E; for

allied. Letxe E\,, [ F ] (resp. l:i, (F)) and let E denote the subspace of E
spanned by E and x. Now if fe# 5 (E;; F) (resp. # (E;; F)) then there

exists }e%w (E; F) (resp. # (lE; F)) such that flE = fom,. We now
obtain the following commutative diagram :

k|
Y

> Ej

[

a
m————— m
l
n ———n
o

\

=\

i *o® -
where g(y) = f(%) if y=#,(). If x,x,€E and 7,(x,) = 7; (x,)
then 7; (x; —x,) = 0 and hence x, —x, € E. Now if y € E then
fO+ x—x3)=fom(y+x,—x,)
=fom(y) =f(y).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



478 S. DINEEN

HenceifyeE,yaeanasoc—-» oo then
f(y+x1 _xZ) = ﬁma—*oof(ya'l'xl -XZ) = lima—’cof(ya) =f(y)
In particular letting y = x, it follows that f~ (x) = f~ (x,) and hence g is
well defined. g is a G-holomorphic function and f = g o ;.
(a) We complete the proof, in this case, by showing that ge#, 5 (T; (1::); F)
(resp. # (n;(E); F)). If pe €% (F) then fe#, ,(E; F,) and thus there
exists a neighbourhood of 0 in E, V, such that

a'1(0)

n!

supyev;,mo,l,z,...p( (2x+2y>>< .

Hence R
d g'(O)(ZTAti(x)+2y)> <o,
n.

SUPyen; (V),n=0,1,2, ... P(

where m; (V) is the closure of «; (V) in T; (75). (Note that any continuous
polynomial from E into F can be extended to a continuous polynomial

from E into ﬁ.) Using the above inequalities it follows that

. d'g(0)
supyem(v);n=o,1,2,...P< n=0 nl

(ﬁi(x)+y)) < oo.

Since 7; is an open mapping it follows that TE,T/ ) is a neighbourhood
of 0 in m; (E). If fes# (E; F) then by letting p range over €& (F) it
follows that g e# (n; (E); F). If fes# 5 (E; F) then we can choose V
independent of p and it follows that g e #,, (; (E ); F).

(b) An application of proposition 5.1 (¢) shows that if E; is a C-Zorn
space then

(EDa(C) = {ZeE“,-; y2, 77O )

n!

d"f(0)

n!

converges for all f=Y2,

eH (E,-)} .

Using this fact and the same construction as in (a) we see that
7; (x) € (E)); (C) = E;,. This completes the proof for ().
(¢) Now suppose that each E; is a C-o-space.
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Then # (E) = Umec.u &) Tom (F (1, (E}) (m,, is the canonical mapping
from E; onto (E}),,) and

o dh(

n=0 nl

) (1, (T;(x)))| < o0 for all h e H# (x,,(E)).

Since =, (E;) is metrizable it follows (see [ 10 ]) that
T (T (%)) € (E)yn)a (C)

for all me.# (E;) and hence 7, (x) € (EA,-)d (C) = E;. This completes the
proof of (¢).

REMARK. — If
E=F={(U)%e[]:C, U,=0 for all n sufficiently large}

then [[;2; C is the (C", m,);> -completion of E and (CA”),, (F) = C" for
all n. However the identity mapping from E into F cannot be extended to
a continuously holomorphic function from [[2, C into F. We thus see
that it is necessary, in the case of continuously holomorphic functions,
to place some conditions on the range space F in Proposition 6.7.

ExaMpPLE 6.7. — If E is a locally convex space of countable algebraic

dimension then ﬁd [ F] = E, for any locally convex space F and E\d (F)=E,
for any very strongly complete locally convex space F.

Proof. — Now E = lim, 44 g (E,, 7,) and each E, is a normed linear
space of countable dimension. In [ 10 ], we showed that (Ei,),, (© =E,
and since C can be isomorphically embedded as a closed subspace in any
locally convex space of positive dimension it follows that

(E)a[F] = (E)s(F) = E,

for any locally convex space F. Propositions 6.5 and 6.6 imply that the
(E, s Ty e s (p-completion of E is the strong (resp. weak) F-holomorphic
completion of E for any locally convex space F (resp. for any very strongly
complete locally convex space F). An application of Proposition 6.3 now
completes the proof.

SN TN
EXAMPLE 6.8. — € (X),[ E] = ¥ (X) = ¥ (X), for any locally convex

SN N
space F and % (X),(F) = ¢ (X) for any very strongly complete locally
convex space F.
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The characterization of holomorphically complete locally convex spaces
may be looked upon as the problem of finding the largest domain of defi-
nition of a family of holomorphic functions. We now look at the dual
problem of finding the smallest range (*°). Let U and V denote respec-
tively a connected open subset of E, a locally convex space, and a connected
domain spread over E and let F denote another locally convex space. We
say V is a weak (resp. strong) F-holomorphic extension of U if U can be
identified with an open subset of V and each fe # (U; F) (resp. # 5 (U, F))
can be extended (uniquely) to an element of # (V; F) (resp. # 15z (V; F)).
(U, V) is then called a weak (resp. strong) F-extension pair over E.

DEFINITION 6.9. — F, a locally convex space, is a weak (resp. strong)
E-paracomplete locally convex space if each C-extension pair over E is also
a weak (resp. strong) F-extension pair.

Before investigating paracomplete spaces we look at G-holomorphic
extensions.

DEFINITION 6.10.

(a) A locally convex space F is R-complete if each fe# (U; F), U an
open subset of an arbitrary locally convex space, can be extended to an ele-
ment of #  (V ; F) for any C-extension pair (U, V).

(b) The R-completion of F, ﬁR, is the intersection of all R-complete sub-
spaces of F which contain F.

PROPOSITION 6.11. — A locally convex space F is R-complete if any of
the following conditions holds :

(1) F is sequentially complete.

(2) Fis a C-holomorphically complete C-w-space.

(3) Fis a C-holomorphically complete C-Zorn space.

Proof. — If F is sequentially complete the proof follows immediately
from results in [ 2] and [ 23 ]. Now suppose F is a C-holomorphically
complete locally convex space and that (U, V) is a C-extension pair spread

over some locally convex space. If fes# (U; F) then there exists, since F
is sequentially complete and hence R-complete, an fe #; (V; F) such that

(2°) We refer to [19] for a more precise duality statement.
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j~r lu = f. To complete the proof we must show that f (V) € F. Now
@ofes (V) for all p e F' since V is a C-extension of U. Hence the res-

triction of f~ to finite dimensional submanifolds of ¥ is continuous. Since
E is locally convex and ¥ is connected it suffices to show the following to
complete the proof; if ¢ :[0,1] — ¥V is a continuous curve such that
©0)=xeU,¢(1)=yeVand ¢ ([0, 1] is contained in a finite dimen-
sional complex submanifold of V' then

M =sup {3, foo([0, t)F all t<d}=1.
Since xe U it follows that 0 < M < 1. If M # 1 then there exists
@), 0<t,<1, t,»>t as n-— oo, such that f(¢ (¢,))eF and

f (o (1) ef?\F. Since ¢ ([ 0,1 ]) is contained in a finite dimensional
complex submanifold of V it follows that

CIMESICI);
asn — 0. Now if Fis a C-o-space then we can find g in 5# (F) such that

g( f (¢ (2))) — o0 as n— oo ([ 10 ], Proposition 5) and this contradicts
the fact that (U, V) is a C-extension pair and completes the proof with
condition (2). Now if Fis a C-Zorn space and

sup,,lgof~o(p(t,,)| < oo for all ge H#(F)
then

p(8) = sup, | g (f(@ (1) | €S (#(F), 75) [12].
Hence

d"g(0
f:ol’( 8
n!

)< oo for all ge # (F)

and this implies that

———

;:°=0d"f‘(0)(f(<p(t))< o for all ge # (F)

——

where d" g (0)/n ! denotes the unique extension of d" g (0)/n! to a conti-
nuous polynomial from E into C. The proof of proposition 6.6 now
implies that f (o @) e 15,, (C) = F and this completes the proof with condi-
tion (3).

Proposition 6.11 implies that the R-completion of a locally convex
space, F, is an R-complete subspace of F which contains F. Since the
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intersection of R—complete spaces is R-complete, we may easily construct
examples of R-complete spaces which do not satisfy any of the conditions
(1), (2) or (3) of Proposition 6.11.

PROPOSITION 6.12. — Let (F;, m;); . , denote a complete surjective repre-
sentation of the locally convex space F. If each F; is a weak E-paracomplete
space (resp. an R-complete space) then the same is true of F.

Proof. — Let (U, V) denote a C-extension over E (resp. over an arbi-

trary locally convex space) and suppose fe# (U; F). Let f eHs(V; ﬁR)
denote the G-holomorphic extension of f to V. For each ie 4 there is

an f; in #; (V; FAi) such that the following diagram commutes

Id

\Y

where J is the inclusion of F in Fy and =, is the unique extension of w; to
~ ~

a continuous linear mapping from Fy into F;. The diagram is commu-

tative since m; o f'|, = f; and analytic continuation is unique. Now F; is

a weak E-paracomplete space (resp. an R-complete space) and
hence fie# (V; F;) (resp. # g (V; F;) for all ieA. It then follows
that ) ~! (f; (V) = (m)~! (F) for all i. Hence f (V) < (};eq (R)™*
(F;) = F and we obtain the following commutative diagram

T .
U f > F '

Y

Fi

v

If F; is R-complete for each i€ 4 then F is also R-complete. If F; is
E-paracomplete then w;ofes (V; F;) for all ied and fes (V;F).
Hence F is E-paracomplete and this completes the proof of the proposition.
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In the next proposition, we give a number of examples of strong E-para-
complete locally convex spaces. Proposition 6.12 and 6.13 may be used
to construct examples of weak E-paracomplete locally convex spaces.

PROPOSITION 6.13. — Let E denote a locally convex space and let F denote
an R-complete locally convex space. F is a strong E-paracomplete locally
convex space if any of the following conditions hold.

(a) Eis a strong F-Zorn space.

(b) E is an F-o-space.

(©) (o# (U), T ) is a barrelled locally convex space for any open subset
U of E and F is arbitrary.

(d) (E;, my);c 4 is a compact surjective representation of E, each E; is a
k-space and F is a separable normed linear space.

(e) (E;, m);. 4 is a compact surjective representation of E, each E; is a
separable k-space and F is a normed linear space.

(f) # .z (U; F)=0¢ (U, F,) for all U open in E.
Proof. — Let (U, V) be a C-extension pair and let fe #,, (U; F). Since
F is R-complete there exists f e # ; (V; F) such that f IU = f. Tocomplete

the proof we must show that f €A 5 (V; F)in all cases. Case (a) is trivial
by the definition of strong F-Zorn spaces.

(b) By our hypothesis it suffices to prove the following; If U is a finitely
open subset of a metrizable space (E, p,);, F is a complete D & space
and each fe#';, (U; F) can be extended to a G-holomorphic function, f,

on a finitely open domain spread over E then f e g (V; F). Let (B),-,
denote a fundamental sequence of bounded subsets of F. For any coun-
table cover of U, ¥ = (V)2 , we let # . (U) denote the subspace of 5# (U)
consisting of all g such that

sup {E €V, P, <

for all m.

| Yo (d" g ©)nt) ()| <00}

§!—‘

# . (U), when endowed with its natural topology, is a Fréchet space and
A (U) with the inductive limit topology, 7 ;, generated by 5, (U) as ¥~
ranges over all countable covers of U is a barrelled, bornological locally
convex space. Let

W={EeV,ge(# (U), T;) - d"g()(x)eC
is continuous for all xeE and all n}.
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Using Taylor series expansions about the points of W it follows that W
is an open subset of ¥ and hence W = V. For each n, let

(p< ,‘:°=0d';{$§)(x))' <1 for all 9eB?, p (x)SS}.

W,.={§GU,

Fix n in ¥ and choose a positive integer N such that

o d"h(&)(x)'

‘h(ﬂ)l S SUPm=1,..,N SUPze Wo, pm (1)< 1/m n=0 "
n!

for all A es# (U) and hew (V) such that i:lu = h.

Hence | ¢ (ﬁ"f(n)/n!) (x) | < 1 whenever ¢ € By py (x) <3, 1/N and n is
arbitrary. This means that f'is locally bounded at 1 and we have completed
the proof in this case.

(c) Since (# (U), 7 ) is barrelled it follows that each point of ¥ gives
rise to a J  continuous point evaluation on # (U). Hence if § € V'then
there exists a compact subset of U, K, such that

|h@®)|<||h||x for all h e # (V) such that h|y € # (V).

Now if h e # ;5 (U; F) then there exists a neighbourhood of 0 in E, W,
such that (J, cx. yew: n=o0.1.2,... (c?"f(x)/n!) (y) = B is a bounded subset
of F. Hence Uyew;ﬁo’m,m (2"' f(©)/n!) (y) lies in the closed convex
balanced hull of B and f'is locally bounded at £&. This completes the proof
in this case.

(d) Since (U, V) is a C-extension pair fes#, (V; F). By Proposition
3.3 (b), fe#yy (V; F) and an application of theorem 5.3 (b) completes
the proof in this case.

(e) Choose i€ A and W an open neighbourhood of x, in E; such that
7 (W) < U, and f(n; ! (W)) is a bounded subset of F. Now E, is sepa-
rable and hence f(rn; ' (W)) is contained in a separable subspace of F.
Since (U, V) is a C-extension pair we may use the Hahn-Banach theorem

to show that f (V) is contained in the same separable subspace of F. An
application of (d) now completes the proof.

(f) Trivial.
Results related to the above may be found in [287, [33] and [41].
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7. Hartogs’ theorem (%)

In this section, we extend theorem 5.3 (Zorn’s Theorem) by replacing
the local boundedness condition (theorem 7.12) and we extend Hartogs’
theorem concerning separate holomorphicity (theorem 7.15). We begin
by discussing very strongly and very weakly convergent sequences.

DEFINITION 7.1. — A net of elements in a locally convex space E, (x,), 4 iS
very strongly convergent (resp. very weakly convergent) if (A, X,), 4 CORVEr-
ges to zero for any net of scalars (A,),. 4 (resp. for some net of non-zero
scalars (M), e 4)-

We note that (x,),., is a very strongly Cauchy net if and only if there
exists an x € E, such that (x,—x), . , is a very strongly convergent net. We

shall primarily be concerned with very strongly convergent and very weakly
convergent sequences in this section.

Lemma 7.2. — If (x,),-, is a very strongly convergent sequence, then

{3 Mx,| A, €C arbitrary } < E,.

ExAMPLE 7. 3.

(a) Every sequence in a metrizable locally convex space is very weakly
convergent.

G IfE=)2,Cand u,=(0,..0,1,0....) then ()2, is not a
n—1

very weakly convergent sequence.

(¢) If every sequence in (E, 1) is very weakly convergent and t; is a
weaker topology on E than t then every sequence in (E, 1,) is very weakly
convergent.

It appears that the topics very strongly convergent sequences, very weakly
convergent sequences and the existence of a continuous norm on a locally
convex space are rarely discussed in the literature and for this reason we
pause to give a number of elementary results concerning these concepts and
properties. We find that the concepts of very strongly convergent sequence
and very weakly convergent sequence are dual to one another in a certain
sense.

(?') Particular cases of some of the results of this section were announced in [14].
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PROPOSITION 7. 4.

(a) If there exists a continuous norm on E then every very strongly conver-
gent sequence is eventually zero.

(b) If E is separable and every sequence in E is very weakly convergent
then there exists a continuous norm on Ej.

(¢) If E contains a very strongly convergent sequence which is not eventually
zero then Eg contains a sequence which is not very weakly convergent.

Proof.

(a) Trivial. The converse is not true.

(b) Let (x,),>, denote a dense sequence in E. By hypothesis there
exists a sequence of non-zero scalars, (A,);2 {, such that A, x, — 0 as n — 0.
Now p (¢) = sup,| ¢ (A, x,) |, 9 € E’, is a continuous semi-norm on Ej.
If p (p) = O then ¢ (x,) = O for all » and hence ¢ = 0 since the sequence

x,)>, is dense in E. Hence p is a continuous norm on Ej;.
n)n=1 p B

(c) Let (x,),>, denote a very strongly convergent sequence in E which
is not eventually zero. For each integer n choose ¢,€ E’ such
that ¢, (x,) = 1. If (A,)>, is any sequence of non-zero scalars then
p (o) = sup,,l(p(x,,/?»,,)] is a continuous seminorm on E;. Hence
p*0)=|0,(x)| =1 and A, ¢,+ 0 as n— co. This completes the
proof.

We now restrict ourselves to Fréchet spaces.
PROPOSITION 7.5.

(a) If E is a Fréchet space then the following are equivalent.

(1) There does not exist any continuous norm on E.

(2) E contains a very strongly convergent sequence which is not eventually
zero.

(3) E contains a subspace isomorphic to | |2, C.

(4) There exists a continuous linear mapping from Eg onto Yo, C

n=1

(5) Y.>1 C is isomorphic to a quotient of Ej.

(b) If E is a Fréchet space which is not a Banach space then Eg contains
a sequence which does not converge to 0 very weakly.
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(¢) If E is a Fréchet space which is not a Banach space then [[;%, C is
isomorphic to a quotient of E.

Proof.

(@) 3) = (1) = (2) are trivial or well known We now show (3) = (4).
If E contains a subspace isomorphic to ; C then by the corollary to
Proposition 17 of [22] (p. 308) there ex1sts a continuous linear mapping
of Eg onto (]2, O = >, C. Hence (3) = (4).

Now every convex balanced absorbing subset of >, C is a neigh-
bourhood of 0. Hence every linear mapping from a locally convex space
onto , Cis an open mapping. This shows (4) <> (5).

@ = (1). Let T; Eg —» Y , C denote a continuous linear onto map-
ping. Let 7° = {x€e E, ¢ (x) =0 all peker(T)}. T° is a closed sub-
space of E and hence is a Fréchet space. By the Corollary of [22] (p. 262)
there exists a canonical bijective linear mapping from Ejy., ry onto (T oy.
Hence (7T°) has a countably infinite basis. If there exists a continuous
norm on T then (T°) is either finite dimensional or has uncountable di-
mension. Since both of these eventualities are impossible, we conclude
that 7° does not admit any continuous norm. Since 7° is a subspace
(algebraically and topologically) of E this means that E does not admit
any continuous norm.

(2) = (3). If (2) holds then we choose a sequence of continuous semi-
norms, (p,):>. ;, which define the topology of E and a sequence of elements
of E, (x,)® , such that p, (x,) # 0 and p,, (x,) = O for all n > m. The
set { x, }:>, consists of linearly independent vectors. We now consider
the subspace of E generated by (x,), and call it £;. For any integer n
we have

pn(Z 10;X5) < ';'=1|aj|pn(xj)'

Hence the sequence (x;);-; is a Schauder basis for E,, which has the
topology of coordinatewize convergence. Since E is complete it follows
that the completion of E, is a subspace of E isomorphic to [[>, C. Hence
(2) = (3) and this completes the proof of (a).

(b) If E is a Fréchet space which is not a Banach space then there exists
on E an increasing sequence of non-equivalent semi-norms which define
the topology, (p,)%,. Since E’' # (E, p,)’ for any n we can choose a
sequence of elements of E’, (¢,), such that ¢,,, is p,,; but not p,
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continuous for each n» > 1. Now suppose (B,)>; is a sequence of non-
zero scalars such that B, ¢, —» 0 in Eg as n — oo. We can choose a se-
quence of elements of E, (x,)>, such that p, (x,) < 1/n and
| 0, (X,—1) l > n/B, and this is impossible. This completes the proof of ().

The proof of (c) can be found in [26 ] (p. 431).

ExampPLE 7.6. — Let Q denote the set of all ordinals less than or equal
to the first uncountable ordinal with the order topology. The union of
an increasing family of compact subsets of Q is relatively compact. Hence
% (Q) is a DF-space ([ 43 ], Theorem 12). Now Q is pseudo-
compact (i. e. every continuous function on Q is bounded) by Theorem 11
of [43]. If (f,);2, is any sequence of elements of € (Q) then £,/n || £, ||o
converges to zero uniformly on Q (and hence on all compact subsets of Q)
as n — o0. Hence every sequence in % (Q) is very weakly convergent.
This example shows that the result in (b) of the proceeding proposition is
sharp.

E, a locally convex space, is said to be very weakly complete if for any
sequence E, (x,), there exists a sequence in C\ {0}, (A)2, such
that 1im, o Y% i BuXm = Do  Bux, € E if |B,| < |N,| for all n

If E is very weakly complete then every sequence in E converges to zero
very weakly and a sequentially complete locally convex space in which
every sequence converges to zero very weakly is very weakly complete.

E, a locally convex space, has the extension property if it contains a dense
subspace, E, in which every sequence converges very weakly. If E, is very
weakly complete we say that E has the complete extension property, if every
point of E can be approached by a relatively compact net of elements of E,
then we say that E has k-extension property and if E, is dense in (E, t,,)
then we say that E has the Silva extension property.

ExampLE 7.7.

(@) []ico E: has the extension property (resp. complete extension
property) if and only if each E; has the extension property (resp. complete
extension property).

(b) If X is a completely regular Hausdorff space then €, (X) (the complex
valued continuous bounded functions on X) is a dense subspace of % (X)
which is very weakly complete. Hence % (X) has the complete extension
property.
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(o) If X is a normal Hausdorff space and fe @ (X) we let
V.={xeX;|f(x)| <n}. By the Tietze extension theorem there exists
f, in %,(X) such that ||f, ||y <n and f,—f|,, =0. The sequence
(f,—f)iy converges very strongly and hence in the t,, topology on E.
Thus % (X) has the complete Silva extension property whenever X is
normal Hausdorff space.

(d) If there exists a continuous surjection from E onto . Cthen E
does not possess the extension property.

(e) Now suppose E is a locally convex space with the complete extension
property and (f,)2, is a sequence of non-zero elements of # (U), where
U is a balanced convex open subset of E. We show that there exists an
x in E such that f, (x) # O for all n. By the complete extension property,
since each f, is continuous, we can choose a sequence of elements of E,
(x)= 1, such that £, (x,) #0 and Y= A, x,e U if |A,]| <1 for all n.
Choose Aj € C, 0 < | A} | < 1/2, and ¥, a neighbourhood of 0 in E such
that Al x,+¥; = U and |fI Al X)) | > 0.

Now suppose (A)); <; <; < and ¥, have been chosen so that;
() [M] <12 for 1 <i<n.
@ | M-M*T| <12t for1 <i<j<n
B Y Mx+V,cU
and
@ A M X+ V)| > 12| o M x)|>0fori=1,...,n

Since non-zero holomorphic functions have nowhere dense zero sets we
may choose (A}*1)?Z] and ¥, to complete the next step in the induction
process.

From (2), it follows that lim;,, A/ =A; exists for all i and
by (1) | ;] < 1/2%

By (1) and (2), and since x,—0 as n— oo, it follows that
YieaMix = 2 Ay x; = xeE.
By (4) it follows that £, (x) # O for all n.

We now discuss the structure of the indexing set in surjective represen-
tations. Let (E,, ©,),., denote a surjective representation of the locally
convex space E.
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If B and C are subsets of A we let
BAC ={aed;3a,eB, a,eC such that a <oy and a <, }.

We write 5" in place of BA B and note that BAC = B'AC" = B'nC .
If B = B", we say that B is a full (or an E-full) subset of 4. A subset B
of 4 is bounded (or E-bounded) if

Bc{a} ={Bed;p<a} for some « in A.
The E-complement of the subset B of A, B¢, is defined as follows
B°={aed; {a}AB=}.

It is immediate that B < (B9, B° = (B®)° = (B, B¢ is an E-full
subset of 4 and B = C implies B° > C° for any subsets B and C of A.
We now define the supports of elements of E. If x € E,

N(x)={oed; n,(x)=0}

is the (E,, ™), 4 null set of x and S (x) = N (x)° is the (E,, T,), . 4 SUpport
of x. We use the terms null set and support when there is no possibility

of confusion. (E, m,),., is called a symmetric surjective representation
of Eif N(x) = S (x) for all x in E.

B = A is called an E-neighbourhood of o€ A if there exists an x in E such
that o€ S (x) and S (x) = B. B is said to be E-open if it is an E-neigh-
bourhood of each of its points (in particular S (x) is an E-open subset of A).

(E,, T)ucq is an i (resp.j) surjective representation of E if for each
unbounded subset of A (resp. each unbounded subset of A which is the union
of a sequence of bounded subsets of A), B, there exists a sequence of E-open
subsets of A, (B,)>. ,, such that
(7.1) B, A B # & foreachn
and
(7.2) ifoeAthen B, N {a} = & for all n sufficiently large.

E is said to admit (E,, n,),. 4 local partitions of unity if for each o in
A and each E-neighbourhood of o, V, there exists an operator from E into
E, P, such that the following hold for any x in E,

(7.3) S(Px) V.
(7.49) N(x) = N(P (x)).
(7.5) N (x—P (x)) is an E-neighbourhood of a.
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P is called an (E,, m,),. 4 local partition of unity at (o, V) or at o when
the E-neighbourhood is not specified.

E is said to admit continuous (resp. hypocontinuous, Silva continuous)
(E,, m,),c 4 local partitions of unity if for each o in A and each x in E, m, (x)=0,
there exists a net of (E,, m,), 4 local partitions of unity at o, (Py)g g, Such
that Py(x) - 0 as B — oo (resp. Py(x) —> 0 as B— o0 and | Jg 5 Py (x)is
a relatively compact subset of E, Py (x) — 0 in (E, 1)) as p — 0).

A collection of E-open subsets of A, (Vy)s.p, is an E-open cover of A if
for each o in A there exists a B in B such that { o } N V # .

E admits continuous (E,, m),., partitions of unity if for each E-open
cover of A, (V)sp, and for each x in E there exists a family of mappings
Jrom Einto E, (T,), ., such that

(7.6) For each vy in C there exists a B in B such that S (T, (x)) = V.
(7.7 S(T,(x)) = S(x)forallyinC.
(7.8) The finite sums of Zyec T, (x) converge to x.

Moreover if the finite sums of Zyec T, (x) form a relatively compact
subset of E then we say that E admits hypocontinuous (E,, ,),. 4 partitions
of unity and if the finite sums of Y, .o T, converge to x in (E, t,,) then we
say that E admits Silva continuous (E, , m,),. 4 partitions of unity.

EXAMPLE 7.8. — % (X) = limg_ 4 (x, (% (K), Ry) where A" (X) is the set
—

of compact subsets of X and Ry is the restriction (to K) mapping. % (X)
induces on £ (X) the usual set inclusion order.

B c A (X)is a € (X) = neighbourhood of KeX (X) if there exists a
neighbourhood of K in X, U such that # (U) =« B. If fe ¥ (X) and
n(f) ={xeX;f(x) =0} then A (n(f)) is the (¥ (K), Rkex x, Null
setof fand S (f) = A ({ x; f(x) # 0}). (€ (K), Rk e x (x IS @ symmetric
surjective representation of ¢ (X). We obtain further properties by placing
additional conditions on X.

(@) Let f denote a continuous function on a completely regular Haus-
dorff space X which is zero on the compact subset K of X. For each
positive integer nlet V,, = {ne X;|f(n) | < 1/n } and let g, denote a local
partition of unity at (X, V,). fg,— 0in (% (X), 1,,) as n— oo and hence
% (X) admits continuous, hypocontinuous and Silva continuous
(% (K), Ry)g e (x) local partitions of unity.
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(b) If X is a completely regular Hausdorff space then (% (K), Ry x x)
is a i (resp. j) surjective representation of % (X) if and only if € (X) is
infrabarrelled (resp. countably barrelled (*2)) [3].

Let Q denote the set of all ordinals less than the first uncountable ordinal
with the usual order topology. (% (K), Ry)k.x (o) IS @ j-surjective repre-
sentation ([43], p. 276).

(¢) If X is a paracompact space then % (X) admits hypocontinuous
(% (K), R)g e (x) Dartitions of unity by Ascoli’s theorem and if X
is a separated Lindel6f space then % (X) admits Silva continuous
(¢ (K), Rp)g cx (x) Partitions of unity.

ExampLE 7.9. — Let " denote an uncountable discrete set. C, . () is
the space C,, (I') with the topology generated by the semi-norms (Pp)g . 5.
where ¢ (T') is the set of all countable subsets of I and Py (Z) = sup, . 3|Z,|
for all Z=(Z),.reCo(l) and all BeX (). (Co (B), Rppex.m
is a surjective representation of C, . (I') where Ry ((Z),.r) = (Z)ycn
Since a countable union of countable sets is countable it follows that
(Co (B), Rp)pex, ( is @ j-surjective representation of C, . (I). Co . (I')
induces on ), (I') the usual set inclusion order. If x = (x,),.r€ Co (I
and n(x) = {ael’; x,=0} then N (x) =4, (n (x)) and S (x) = A", (T \7(x)).
Thus 4 = ', (I') is C, . (IN-open if and only if it is Co . (I)-full.

Since A (B)° =A, (U \ B) for any subset B of I' it follows
that (Co (B), Rg)gex. ) 1S a symmetric representation of C, . (I).
{R (@ Jaer 1S a continuous, hypocontinuous and Silva continuous
(Co (B), Rp)pex, ) Partition of unity subordinate to any C, . (I') :open
cover of #°(I'). If Bex (') then Ry is a local partition of unity at (B,V)
for any C, ,(I')-neighbourhood ¥ of B. Hence C, . (I') admits continuous,
hypocontinuous and Silva continuous (C, (B), Rp)p. » (ry local partitions
of unity.

ExAMPLE 7.10. — Let I' denote an uncountable set. For each o in I let
A, denote a countable set and let 4 = ( J,.r 4,- Let # denote the set of
all subsets of 4 whose intersection with each A, is finite. For each Be #
welet Iy (B) = {x = (x)icp; || ||z = Yien | %] < 0 }.

We let I, (B) = { (x)ic 45 (x)icp€ly (B) for all Be # }, and we endow
I; (%) with the topology generated by the semi-norms || ||z as B ranges
over 4. '

(32) We refer to [24] for the definition, properties and examples of countably barrelled
spaces.
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(l; (B), Rp)p. 4 is a surjective representation of /; ().

An analysis similar to that undertaken in the proceeding example shows
that /; (%) admits Silva continuous (/; (B), Rp)s. 4 partitions of unity and
Silva continuous (/; (B), Rp)z. 4 local partitions of unity. /; (%) induces
on B the usual set inclusion order and (/; (B), Rp)p. 4 is @ symmetric i-
surjective representation of /; (#). A similar example is discussed in [10].

Now let U denote a convex balanced open subset of E and let f denote
a function of U. If (E,, n,),. 4 is a surjective representation of E then the
(E,, m)yc 4-null set of £, N (f), is defined as follows:

N(f)={oeA; 3 an E-neighbourhood of o, N (o), and
f(x+y)=f(x) for all (x, x+y)eUxU such that S(y) = N(o)}.
S(f)=N(f)° is called the (E,, n,),., Support of f.

If B is an E-open subset of 4 and B A S (f)# & then there exists an x
in U and a y in E such that x+ye U, S(») < B and f(x+y) # f(x).

The cru.ial part of many of our proofs consist in showing that certain
functions have bounded support and factor through every bound of their
support.

ProrosiTioN 7.11.—Let (E,, m,),.4 denote a symmetric i-surjective
representation of the locally convex space E. A Banach valued G-holo-
morphic function, f, defined on a convex balanced open subset of E has
bounded (E,, 1), 4 Support and factors through every bound of its support
if any of the following conditions are satisfied.

(a) E has the k-extension property, admits hypocontinuous (E,, &), 4
partitions of unity, admits hypocontinuous (E,, m,),., local partitions of
unity and f is hypoanalytic.

(b) E has the Silva extension property, admits Silva continuous (E,, T,), . ,
partitions of unity, admits Silva continuous (E,, m,),., local partitions of
unity and f is Silva holomorphic.

(¢) E admits continuous (E,, T,),. 4 partitions of unity, admits continuous
(E,, M)y 4 local partitions of unity and f is continuous.

Proof. — If S(f) is not bounded then we can choose, since (E,, m,),. 4
is an i-surjective representation of E, a sequence of E-open subsets of A,
(V)2 1, such that S(f) A V,# for all n and if o € 4 then a € V; for

n=1°
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all n sufficently large. We now show that S (f) is bounded when condi-
tions (a) or (b) hold. By our continuity hypothesis on f and the extension
hypothesis on E we may choose null sequences in U, (x,):2; and
(e, + Yy, such that S(y,) < V,, f(x,+y,)#f(x,) for all n sufficently
large (since (E,, m,), . 4 is @ symmetric surjective representation of £). Hence
(wiZy is a very strongly convergent sequence and (x,+A, y,)%, is a null
sequence in (E, 1,,) for any sequence of scalars (A,)>,. By Liouville’s
theorem we can choose (A,) ; such that || f(x,+2, y,) || — o0 as n— co.
This is impossible and hence S (f) is an E-bounded subset of A.

Now suppose condition (c¢) holds. We may choose two sequences
in U, (x,);2; and (x,+y,);Z; such that f(x,+y,) #f (x,) and S(3,) = V,
for all n. Since (y,)> is a very strongly convergent sequence and f is
continuous we may choose a positive integer N and a neighbourhood
of 0, ¥, such that {Ay,|AeC} < Vforalln > N and f(x+A y,)=f(x)
forall xin ¥, all A in C and all » > N. By Liouville’s theorem, it follows
that f (x,+y,)=f(x,) for all n > N, and this contradiction shows that S ( f)
is an E-bounded subset of A.

Now let

n={ W; Wis an E-open subset of 4 and f(x+y) =f(x)
for all (x, x+y) in UxU such that S(y) = W}.

It is immediate that N (f)={Jy., W. Now if S(f) = {a}" and ¥V
is any E-open subset of A that contains a then n U V is an E-open cover
of A. If (x,x+y)e Ux U and S (y) = V then we may choose, in case (c)
(resp. (a), (b)), a continuous (resp. hypocontinuous, Silva continuous)
(E,> ™)yueq partition of unity, (7;)s.p, such that

fGety) =lim f(x+2 Ty () = f(%).

Hence f factors through every E-neighbourhood of a. Since E admits.
continuous (resp. hypocontinuous, Silva continuous) (E,, n,),., local
partitions of unity it follows that ' (x+y)=f(x) for all (x, x+y)in Ux U
such that m, (¥)=0 if f is continuous (resp. hypoanalytic, Silva holomor-
phic). This completes the proof.

THEOREM 7.12.—Let (E, w,),., denote a symmetric compact (resp.
bounded) i-surjective representation of E, and let X denote a domain spread
over E. Then # (X; F)=#yy (X; F) (resp. #5 (X; F)) for any locally
convex space F if E has the k (resp. Silva) extension property, admits hypo-

ToME 103 — 1975 — n~° 4



SURJECTIVE LIMITS 495

continuous (resp. Silva continuous) (E,, m,),. . partitions of unity, admits
hypocontinuous (resp. Silva continuous) (E,, m,),. 4 local partitions of unity
and # (Y; F)=Hyy (Y; F) (resp. #5(Y; F)) for any domain spread
over E,, o an arbitrary element of A, and any locally convex space F.

Proof. — Without loss of generality we may assume that X is a balanced
convex open subset of E and that F is a normed linear space. By Propo-
sition 7.11, there exists an o in 4 and f, in #; (n, (X); F) such that
f=f,omn, If fis hypoanalytic and (E,,w,),., is a compact surjective
representation then f, e # gy (r,(X); F). By an appropriate choice
of o we may assume that n, (X') is a neighbourhood of 0 in E, and hence,
since # (Y, F)=H# yy (Y; F) for all domains spread over E,, f,is contin-
uous in some neighbourhood of zero. This shows that f is continuous
at zero in E and completes the proof in the hypoanalytic case. The Silva
holomorphic case is completed in a similar fashion.

ExamPLE 7.13.

(@) # (U; Fy=Hyy (U; F) for any domain U spread over % (X)
where X is a paracompact topological space and F is any locally convex
space. H (U; F)=Hg(U; F) for any domain U spread over % (X)
where X is a Lindelof space and F is any locally convex space.

(b) Since # ([ CxY 2y O#Hyy ([[121 CxY 2y C) (otherwise
H ([]71 Cxd> 1 C) endowed with the compact open topology would
be complete [12]), we see that the k-extension property is necessary in
theorem 7.13.

(¢) Let X denote a discrete uncountable set and let E denote the subspace
of % (X) spanned by the functions of compact support, %, (X), and the
constant functions. If fe E, then there exists a unique x (f)e %, (E)
and a unique B (f) € C such that f=x (f)+B (f) 1 where 1 is the function
identically equal to 1 on X. We let ¢ (f)=B (f) for all fe E. Since X
is uncountable it follows that ¢ is bounded on bounded subsets of E and
hence ¢ is Silva holomorphic. Since ¢ '%(X)EO and ¢ (1)=1 it follows
that ¢ ¢ # 'y (E). Since all other hypotheses are satisfied this shows that
the Silva partition of unity requirement in Theroem 7. 12 is necessary (every
sequence in E converges very weakly).

(d) Let C, (I') denote the set of functions on I', an uncountable discreet
set, which vanish at infinity endowed with the sup norm topology. The
identity mapping belongs to #'pyy (Co,,(I); Co (I)). Since all other
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hypotheses are satisfied this shows that the i-surjective representation
requirement in Theorem 7.12 is necessary.

Let (E,, m,),., denote a surjective representation of the locally convex
space E. A vector valued function, f, defined on a convex balanced open
subset, U, of E has minimal (E,, ), . , Support if there exists an E-bounded
subset B of A such that the following conditions are satisfied.

(7.9 If B< {a}", (x,x+y) € Ux U and n, (y)=0 then f (x+y)=f(x).

(7.10) If W is an E-open subset of A and W N B#( then there exists
(x, x+y)e Ux U such that S(y) =« W and f(x+y)#f(x).

B is called a minimal (E,, n,),. , support of f.

Since S (f) always satisfies (7.10) it follows that S (f) is a minimal
(E,, T,), < 4 support for fif and only if S (/) is bounded and f (x+y)=f(x)
for all (x, x+y) € Ux U such that m, (y)=0 for some o which is an E-bound
for S(f). Moreover if f has a minimal (E, n,),., support B then
S(f) o B and S (f) is thus a minimal (E,, «,),. 4 support for f if and
only if it is E-bounded. In this case S (f) is also the maximum (*3)
minimal (E,, «,),., support for f.

Proposition 7.11 gives examples of functions with minimal support.
We now give further examples.

ProposiTiION 7.14. — Let (E,, ), . 4 denote a symmetric representation
of E and suppose E admits continuous (E,, m,), . 4 local partitions of unity.
A continuous holomorphic Banach valued function, f, defined on a convex
balanced open subset of E has minimal (E,, T,), . 4 Support if the following
conditions are satisfied.

(7.11) N(f)=S(f).
(7.12) {a} =\ {V; V is an E-open subset of A containing o}

= ﬂer, wes 9 S ().
(7.13) If o, Be A and V is an E-neighbourhood of B, then there exists
ayin A such that {B} N {y}=¢ and ae N (x) whenever V = N (x)
and vy € N (x).

Proof. —Since f is continuous there exists a B in 4 such that f (x+y)=f(x)
for all x, x+y in U with my (»)=0. Let & {B }°. By (7.12), we may
(?3) Maximum with respect to set inclusion.
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choose an E-neighbourhood of &, ¥V, such that V' A { B}=g. Now
if yeE and S(y) =V then BeV° c S(y)°=N(y) since (E,, ), 4 is
a symmetric surjective representation of E. Hence {B}° < N(f).
Since S (x)=S (x)* for all x in E and {B} =(Ngesem S (x) it follows
that { B} ={Pp}“ and S(f) = {B}". Hence fhas bounded (E,, m,),.
support. Now suppose S(f) = {a}" and V is an E-neighbourhood
of a. By (7.13), we can choose y in 4 such that ye { o }¢ and g (x)=0
whenever ¥ and v lie in N(x). Now ye {a }¢ = S(f)°=N(f), hence
we can choose an E-neighbourhood of y, W, such that W = N(f). Let P
denote an (E,, m,),., local partition of unity at (y, W). Now suppose
yeE and V= N(y). Since Vu {y} <= N(y—P(p)), it follows that
T, (V) =1, (P ).

Hence f(z+(y—P (¥))=f(z) for all ze U, whenever z+(y—P (y) e U.
By analytic continuation if follows that f(z+y)=f(2) if z and z+y lie
in U. By using the continuous (E,, m,),., local partition of unity, it is
possible to complete the proof in an obvious manner.

If X is a completely regular Hausdorff space then each continuously
holomorphic Banach valued function, F, defined on a convex balanced open
subset of % (X) has minimal (% (K), Rg)k < (x) Support. It is immediate
that (7.12) is satisfied. Moreover, if

W= {fe€(X); F(fi+f) = F(fy) for all f, f, such that S(f)=S(f)}

then N(F)=U ew S(f). Now if Ked ((Jsew S(f)) then there
exists fi, ...,f, in W such that Kex ((Ji_; S(f))*. By using local
partitions of unity it follows that Ke N (F). Hence N (F)=N (F),
and we may apply Proposition 7.14 to complete the proof.

We now extend Hartogs’ theorem concerning separate analyticity.

THEOREM 7.15 (Hartogs® theorem).—Let (E,, 7,),.4 and (Fg, pp)pep
denote open i-surjective representations of the locally convex spaces E
and F respectively and let G, denote a locally convex space. A G,-valued
separately locally bounded G-holomorphic function, f, defined on a domain
spread over EXF, X, is locally bounded if the following conditions are satisfied.

(1) For each o in A and each B in B, the Gy-valued separately locally
bounded G-holomorphic functions defined on domains spread over E,xF,
are locally bounded. -

() E and F satisfy the complete extension property.
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(3) Each C-valued continuously holomorphic function defined on a balanced
convex open subset of E (resp. F) has minimal (E, , m,), . 4 (resp. (Fy, Pg)g . p)
support.

Proof.—We may assume without loss of generality that X=UxV
where U and V are convex balanced open subsets of E and F respectively.
For each x in U and y in Vlet f(x, y)=f, ()=/" (x) and let B(¢ o f?)
(resp. B (¢ f,)) denote a minimal (E,, ), 4 (resp. (Fy pp)gp) support
for @ o f7 (resp. ¢ o f;) where ¢ € (G;)". Let By (f)= U.pe(co' B(pof).
We now show that B;=|),.y By (f) is an F-bounded subset of B.
Suppose not, then, since (Fy, pg)y. p is an i-surjective representation of F
we can choose a sequence of F-open subsets of B, (W,)2 ,, such that

n=1

W, N B, # for all n and if B € B then B e W, for all sufficiently large .

Hence we can find a sequence of elements in U, (x,):2;, and two
sequences in ¥V, (»,)2%;, and (y,+2z,).>, such that S(z,) = W, and
S s Yut2) A (%, y) for all n.

Since E satisfies the complete extension property we may choose x
in U such that f(x, y,+z,) #f (x, y,) and since F satisfies the extension
property we may assume that the sequence (,);>, converges to zero in F.
Since f is separately locally bounded we may choose a neighbourhood
of zero in F, W, such that W < V and f(x, W) is a bounded subset of G,.
Since (z,)5-; is a very strongly convergent sequence we may choose an
integer N such that { yy+Azy|AeC} = W. This contradicts the fact
that we may choose, by Liouville’s theorem and the Hahn Banach theorem,
¢ €(G,) such that | @of(x, py+Azy)|— 0 as |A]|— 0. Hence B,
is an F-bounded subset of B. Similarly 4, =|),., By (f*) is an E-bounded
subset of A.

Now choose o, in A and B, in B respectively such that 4, < {ao }A
and B, < {Bo }".

Suppose (x;, ¥y) and (x,, y,) are in Ux V and
(oo (x1)s Pso (71) = (14, (x2), Ppo (2))-

Let @ € (G,)' be arbitrary. Since B (¢ o f’) = A, is a minimal (E,, &), . ,
support for ¢ of” and B(¢of,) = By is a minimal (Fy, pg)s.p support
for @ o f, it follows that

Qof(xy, Y1) =0fe, (¥1) =0 f,, ()
=@of?(x1) = 0o (x) = 9o f(x,, y5).
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Hence we may define the function f~ on m, (U)X pg, (V) by the formula

FCGeas ¥2) = (515 1)
if
(nao (x1), Ppo ) = (x2, y2)-

Since m,, and p,, are open mappings if follows that } is a separately
locally bounded G, valued G-holomorphic function on =, (U)X pg, (V).

By hypothesis (1) it follows that f € Hrp (M, (U)X pg, (V); Gy) and

since f= f o (m,, , Pg,) it follows that fes#’ , (Ux V; G;). This completes
the proof.

DEFINITION 7.16.— A triple of locally convex spaces (E, F, G,) is called
a weak (resp. strong) Hartogs’ triple if every G,-valued G-holomorphic
separately continuous (resp. locally bounded) function defined on a domain
spread over EXF is continuous (resp. locally bounded).

ProposiTION 7.17.

(a) If the locally convex spaces F and G form a duality such that every
F-equicontinuous subset of G is bounded and (E, F, C) is a Hartogs’ triple
then # (U; G))=# (U; G)=3#15(U; G) for any domain spread over E
where G, is the vector space G endowed with the o (G, F) topology.

(b) If (E, F, G) is a weak (resp. strong) Hartogs’ triple and E; and F,
are closed subspaces of E and F respectively then (E/E,, F|F;, G) is a weak
(resp. strong) Hartogs’ triple.

Proof.

(a) Since # (U;G,) o # (U;G) o # .5 (U; G) it suffices to show
#H (U;G,) = # 5 (U; G,). Let fes# (U; G,). Define f(x, y)=y (f(x)) for
all x in U and all y in F. By hypothesis fis separately continuous and, since

(E, F, C)is a Hartogs’ triple,}e # (Ux F). Hence we may choose, for each
xinU, a neighbourhood of xin U, V, and a neighbourhood if 0 in F, W, such

that f (V'x W) is a bounded subset of G. Thus f (V) is an F-equicontinuous
subset of G and f is locally bounded. This completes the proof.

(b) Trivial.

As an immediate corollary, we obtain the following result.
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COROLLARY.
(a) If (E, F,, C) is a Hartogs’ triple then
HU; F,)=#U,; F)=#,5(U; F).
(b) If (E, F,C) is a Hartogs’ triple then
H U, F)=H# (U, Fp) =#15(U; Fp) where F,=(F', o(F', F)).

We now use known extensions of Hartogs’ theorem and theorem 7.15
to obtain new examples. We also show by various counterexamples
that most of the rather technical conditions imposed on E and F in theo-
rem 7.15 are necessary.

The following results are known;

(@) (E, F, G) is a strong Hartogs’ triple if E and F are Fréchet spaces
and G is a DF-space.

(b) (E, F, G) is a strong Hartogs’ triple if E and F are 9% & spaces
and G is an F & space.

ExaMPLE 7.18.

(@) (See Examples 2.8 and 7.7.) ([icy, Ei> [jcw, Fj» G) is a Hartogs’
triple if each E; and F; has the complete extension property and
(I Ticw, Es [1;cws Fj» G) is a strong Hartogs’ triple for any finite subset w,
of w, and any finite subset w, of w,. In particular ([[;.,, Ei, [[jcw, Fj» G)
is a strong Hartogs’ triple if each E; and F; is a Fréchet space and G is
a DF-space [34]. Since (322, C, ]2, C, C) (*%) is not a Hartogs’ triple,
we see that the complete extension property is necessary both in this example
and in Theorem 7.15.

(b) If X and Y are completely regular Hausdorff spaces and € (X))
and % (Y) are infrabarrelled then (¥ (X), € (Y), F) is a weak Hartogs’
triple for any locally convex space F. Let Q denote the set of all ordinals
less than the first uncountable ordinal. % (Q) is not infrabarrelled but
is countably barrelled (Example 7.8 (d)) and % (Q); is a Fréchet space
(Example 7.6). (% (Q), % (Q);, C) is not a Hartogs’ triple and this shows
that the i-surjective representation condition is necessary both in this
Example and in Theorem 7.15.

(3*) If (E, E;, C) is a Hartogs’ triple then E is a normed linear space.
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(c) Let Xand Y denote completely regular topological spaces and suppose
% (X) and € (Y) are infrabarrelled. By corollary (b)

H (€(X); €(Y)p) = H13(% (X), €(YV)p).

Since ¥ (X) is infrabarrelled the canonical mapping of % (X) into its
second dual is an isomorphism onto its image. Hence % (Y ), is not
a DF-space if Y is not hemicompact [43]. If X and Y are infinite dimen-
sional Banach spaces then # (€ (X ); € (Y)=H#15(€ (X); ¥(Y)) and
% (Y) is not a DF-space.

(d) (See Example 7.9.) Since

(Co, (M) = 1;(I)

it follows (C, , ('), I; (), C) is not a Hartogs’ triple if I' is uncountable.
This example shows that the i-surjective representation condition in theo-
rem 7.15 may not be replaced by an equivalent j-surjective representation
condition. It is also interesting to note that # (C, . I'))= # (C, (I)) [25]
but the above shows that 5# (C, , (I')x F)# s# (Co (I) x F) for certain
Banach spaces.

8. Locally convex topologies on 5# (U)

In this section, we study locally convex topologies on spaces of holo-
morphic functions using the techniques developed in the previous section.

T ¢ will denote the topology of uniform convergence on Mackey conver-
gent sequences. If Eand Fare locally convex spaces, U is a convex balanced
open subset of E, and 0=(E, m,),., is a surjective representation of E
we let &, (U; F) denote the set of all F-valued functions on U which
have minimal 6-support.

With the above notation, we obtain the following result.
PROPOSITION 8.1.— Let 0 denote a symmetric i-(resp. j) surjective repre-
sentation of E.

(@) If Fy has the extension property and E has the Silva extension property
then every I 5 bounded subset (resp. sequence), B, of # s (U; F) n %o (U, F)
factors through some o in A.

(b) If Fy has the extension property, E has the complete Silva extension
property and is very strongly complete then every I, (*) bounded subset

(?%) i. e. pointwise bounded.
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(resp. sequence), B, of #4(U; F)n P (U,; F) factors through some o
in A.

(¢c) If Fis a Banach space then every I 5 bounded subset (resp. sequence), B,
of # (U; F)n Lo (U; F) factors through some o in A.

Proof.—For each fin B let A (f) denote a minimal 8-support for f.
If A1=U ses A (f) is an E-bounded subset of A then the required result
follows immediately. Otherwise, using the fact that 0 is an i (resp. j)
surjective representation when B is a set (resp. a sequence), we can find
a sequence of E-open subsets of 4, (W,):2 ;, with the following properties;

(8.1) A4, N W, # ¢ for each n.

(8.2) If e A then there exists a positive integar n (o) such that
ae W for all n > n (). Hence we may choose a sequence of elements
in B, (f,)2, such that

(8.3) £, (x,+y,) #f, (x,) for all x
and
8.49) SO = W,

(a) Since E has the Silva extension property we may assume that x, — 0
in (E, 1)) as n— co. Since Fy has the extension property, we may choose
a null sequence in Fg, (¢,);~;, such that

O ofu(XutYn) # 0,01, ().

Since (E,, m,),.4 IS @ symmetric surjective representation, (8.1), (8.2)
and (8.4) imply that (y,),>, is a very strongly convergent sequence. By
Liouville’s theorem, we can choose a sequence of scalars, (A,);%,, such
that x,+A,y, = U for all n and |(p,, ofy (xn+knyn)| — 00 as # — 00.
This contradicts the fact that B is a J g-bounded subset of #’g (U; F)
and completes the proof of (a).

(b) If E has the complete Silva extension property then we may choose
an x in U such that f, (x+y,) #f, (x) for all n. Since (y,);%, is a very
strongly convergent sequence and E is a very strongly complete locally
convex space there exists an integer N such that

x+{> N yn|MeCYc U.

By taking subsequences if necessary, we can find a sequence of scalars,
(B, and a null sequence in Fj, (¢,);>;, such that

Sup, >N I On °fn(x+2m>N Bm .Vm)l = 0.
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This contradicts the fact that B is a J ,-bounded subset of #°5 (U; F) and
completes the proof of (b).

(c) Since (y,)2., converges very strongly we can suppose
”fn(xn+yn)_fn(xn) ” — ©

asn — 0. Since each fin # (U; F) is locally bounded f (x,+y,) =f (x,)
for all sufficiently large n. Now (# (U; F), 7 ;) is barrelled hence

p(f) = sup, Ilf(xn+yn)_f(xn) ”
is a J s-continuous semi-norm on (# (U; F), 7). This contradiction
completes the proof of (c).

REMARK 8.2.

(a) We may replace the hypothesis that E has the Silva extension property
and B < 55 (U; F) by the hypothesis that E has the k-extension property
and B « #py (U; F) in Proposition 8.1 (a) and (b).

(b) If 6 is a symmetric i (resp. j) surjective representation of E, F; is
a dense (resp. dense separable) subspace of Fj in which every sequence
converges very weakly, @ o f has a minimal 0-support, B (¢ o f), for all @
in F, then ( J,or, B (¢ o f) is a minimal 8-support for fif any of the following
conditions hold.

(b 1) f is continuous.

b2 fe#g(U; F) and E has the Silva extension property.

(b3) fe#yy (U; F) and E has the k-extension property.

(¢) It is necessary to place some restriction on F in Proposition 8.2.
Let E=F=][]>, C and let 6=(C", )% ,.

For each integer n let f, (x,)5- ) =(Cp m Xm)=1 Where o, ,=1if n=m
and o,,=0if n#m. Fz=) = C does not have the extension property
and (f,);>, does not factor through any n.

THEOREM 8.3.—Let 8=(E,, T,),., denote a symmetric i (resp. j) surjective
representation of the locally convex space E and let F denote a Banach
space (resp. a Banach space with separable dual). If E has the extension
property and # (U) c &L, (U) for every balanced convex open subset U
of E then the following results hold for any domain X spread over E.

(a) If © is a compact surjective representation of E and

H gy (Uys Fy =3# (U, F)
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for any convex balanced open subset of U, of E,, o€ A, then
H (X, F)nHyy(X; F)y=# (X, F).
(b) If 0 is an open surjective representation of E and
# (U,; F)= (U,; F,)
for any convex balanced open subset U, of E,, a.€ A, then
H (X; F)=# (X, F,).
Proof.—We may assume, without loss of generality, that X is a convex
balanced open subset of E. If 0 is an i-surjective representation, we let B

denote the closed unit ball of Fy; and if 8 is a j-surjective representation we
let B denote a dense sequence in the unit ball of Fy. If fe # (X; F,)

then §=((p °f)pcp is @ bounded subset of (# (X), 7). By Proposi-
tion 8.1, B factors through some o in 4 and thus, by the Hahn-Banach
Theorem ffactors through the same «. Hence there exists f EHg(n,(X); F)
such that f om,=f. If 0 is a compact surjective representation of E and

feH yy (X; F) then f €Hyy (m,(X); F), and we may complete the
proof of (@) in an obvious manner.

If 0 is an open surjective representation of E then m, (X') is a convex

balanced open subset of E, amd f eH (n,(X); F,). Wemaynow complete
the proof of (b) in an obvious manner.

ExAMPLE 8.4.

(a) If % (X) is infrabarrelled, then # (¥ (X); F)=# (¥ (X); F,)
for any locally convex space F.

(b) We have already noted that
H (Co,. (I); Co () # H (Co,. (IN; (Co (T),)
if T is uncountable. Theorem 8.3 (b) shows that
#H (Co,, (I); E)=3# (Co . (); E,)
for any separable Banach space.
Let 7, , denote the bornological topology associated with 7, [12].

PROPOSITION 8.5.—Let 0=(E,, n,), . 4 denote a compact, open, symmetric
representation of E and let F denote a Banach space. If E has the extension
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property, U is a balanced open subset of E, and # (U; F) = (U, F)
then the following are true.

(a) If O is an i-surjective representation of E and the I 4-bounded subsets
of # (n,(U); F) are equibounded for each o in A then the I ,-bounded
subsets of # (U; F) are equibounded (*°).

(b) If 8 is a j-surjective representation of E, and
(o (n,(U); F), T5) = (# (n,(U); F), Tg,)
for each o in A then

(HWU; F), T5)=(H(U; F), T,s)-
Proof.

(a) Let B denote a J ,-bounded subset of s# (U; F). By Proposi-
tion 8.1, B factors through some o in 4. Since 6 is a compact and an
open surjective representatlon there exists a J j-bounded subset of
H#H (n(U); F), B such that ‘m, (B) B. Since a J y-bounded subset of
# (n (U,); F) is equibounded and 7, is an open mapping it follows that B
and hence 'r, (E) is an equibounded subset of s (U; F).

(b) Since T3 = T, and 7, is a bornological topology it suffices to
show that every J , bounded sequence, B, in 5 (U; F) is also J s-bounded.
By using Proposition 8.1, we see, as in part (a), that there exists an o in 4
and a J ,-bounded sequence, B in # (n, (U; F)) such that ‘n, (B) B.
By our hypothesis, Bisad 7 s-bounded subset of # (n, (U); F). Using
once more the fact that r, is an open mapping we see that ‘n, is a bounded
mapping and hence B is a 7 j-bounded subset of # (U; F). This completes
the proof.

EXAMPLE 8.6.

(a) The J ,-bounded subsets of s (% (X)) are equibounded if, and
only if, ¥ (X)) is infrabarrelled.

Proof.—If € (X) is infrabarrelled then Proposition 8.5 implies that
every J ,-bounded subset of # (% (X)) is equibounded. Conversly,
if every J ,-bounded subset of # (¥ (X)) is equibounded then every
strongly bounded subset of % (X)j is equicontinuous and hence % (X)
is infrabarrelled ([22], p. 217).

(%9) i. e. locally uniformly bounded.
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(b) Since
&4 (Zr?:l CXH:J=1 C), T5) # (HF Z:;l CXH:)=1 ), T 0, []2]’

it follows that the extension condition is necessary in Proposition 8.5.

ProPOSITION 8.7.—Let0=(E,, ,),. 4 denote a compact, open, symmetric
J-surjective representation of E. If E has the extension property, U is a
convex balanced open subset of E and # (U;F)c %y (U; F) then
H# (U; F), T,y is barrelled if (# (n,(U); F), T o) is barrelled for
each a in A;

Proof.—Let V denote a closed convex balanced absorbing subset os
(# (U; F), T o4). Since (# (U;F),T,,) is bornological, it sufficef
to show that V absorbs any J ,-bounded sequence, B,in # (U; F). By
Proposmon 8.1, there exists an ain 4 and a J ,-bounded sequence in =, (U),

B, such that ‘m, (B) B. Let V—(‘n) (V). Since m, is a compact
mapping ‘m, is a continuous mapping from (# (n,(U); F), 7,,) into
(# (U;F), T o) and hence V is a closed convex balanced absorbing
subset of (# (n (U);F),To4). Since (# (n,(U); F), T ) is barrell-
ed V absorbs B and hence V¥ absorbs B. This completes the proof.

The above technique and Proposition 2.4 of [12] may also be used
to show that certain spaces of holomorphic functions are complete.

PROPOSITION 8.8.—Let 0=(E,, 7)), . , denote a compact, open, i (resp. j)
representation of E and let U denote a convex balanced open subset of E.
If #(U) < Py(U) then the following are true.

(a) If E has the extension property then (# (U), T ) is quasi-complete
(resp. sequentially complete) if (# (n,(U)), T o) is quasi-complete (resp.
sequentially complete) for each o€ A.

(b) If E has the extension property and each F, is a normed linear space
space then (# (U), T o) is quasi-complete (resp. sequentially complete).

(¢) If each E, is a normed linear space then (# (U), T ;) is quasi-complete
(resp. sequentially complete).

Proof.—Since 0 is a compact and open surjective representation of F
it follows that ‘m, is an isomorphism form (# (m,(U)), T,) onto its
image in (# (U ), ) for any convex balanced open subset U of E. This
fact and Proposition 8.1 may easily be combined to complete the proof
of (a).
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If B is a bounded subset of (# (n, (U)), 7,) and E, is a normed linear
space then

T o (H (7, (U))) IB =T o,5(H (1,(V))) |B='9-8(%y(na(U)))|B

(by [12] and [30]). Now using the identification between B and 'z, (B)
to see that

3~s(=%p(“a(U)))|B = f&(‘#(U))I‘nu(B)
since m, is an open mapping.

Also :

T 5 (H (U)) |ex, 3y = T 0, (H (U)) |en, 5)
=T, (Jf(U))I,,,u (B)
T o (A (m,(U)) |5,

since 0 is a compact surjective representation of E.

We may now complete the proof for (b) and (¢) by using Proposition 8.1,
our hypothesis and the fact that the different topologies coincide.
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