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A DISTORTION THEOREM
FOR QUASICONFORMAL MAPPINGS

BY

MICHEL ZINSMEISTER (*)

RESUME. - Un theoreme de distorsion pour les applications quasiconformes. Nous
generalisons aux applications quasiconformes dans la boule unite de R" un theoreme de
Pommercnkc relatif aux transformations confonnes du disque unite du plan.

ABSTRACT. — A distortion theorem for quasi con formal mappings. We extend to quasi-
conformal mappings in the unit ball of R" a theorem of Pommcrenke concerning conformal
mappings in the unit disk of the plane.

1. Introduction

(a) The purpose of this paper is to extend to quasi-conformal mappings
the following distortion theorem for conformal mappings in the unit disk
B2 of R2, a theorem due to Pommerenke. In this statement, I ( z ) is, for
2 6 B2, the interval of B2 centered at z/| z | of length 2 n (1 -1 z |).

THEOREME [9]. — There is a universal constant C>0 such that if
f: B2 -»• R2 is a conformal mapping, then, for every zeB2, there exists a
non euclidean segment y from z to !(z) such that

Length (/ (y)) ̂  C distance (/ (z), 8 f (B2)).

Before giving the precise results, we set some preliminary notations and
results.

For x € R", n ̂  2. let | x \ be the euclidean norm of x. For r > 0,

y(x, r)={^elR''; |^-x|<r},
^=^(0,1) and S^^SB11.

(*) Textc recu Ie 14 mars 1985.
M. ZINSMEISTER. Mathematiqucs. Universitc de Rouen,76130 Mont Sl-Aignan Cedcx.
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124 M. ZINSMEISTER

If £c:R" and xeR", d(x, E) is the distance from x to £. If £cR" is
measurable, we note m(E) its Lebesgue measure; cr stands for Lebesgue
measure on S""1 and a^-i =a(Sn~ l). For a real n x n matrix A, let

|A|=sup,^-i|Ax|.

If ftcR" is open and /: Q -»- R" is in the Sobolev space W^^(Q), Df(x)
will denote the Jacobian matrix of /, defined almost everywhere, and
J(;c./)=detD/(x).

For X^ 1, a continuous one-to-one mapping/: ft -»R" is said to be K-
quasiconformal if feW^^(Cl) and if

\Df(x)\^KJ(x,f) a.e.ona

For xeS""1, we define the cone with vertex x as

r(x)={^6B";|^-jc[<3(l-H)}.

If F: B" -^ R" is any function, the non-tangential maximal function of F
is defined as

VxeS"-1, F»(x)=sup^r(x)|^)|.

If z e B", we define the « cap » S (z) as

s(z)^{x€Sn-l;z€^(x)}=sll-l^\y(z,3(\-\z\)).
Let M be the group of Mobius self-maps of B". If zeB", z^O, we define

T r^= (l^FKx-zHx-zpzizn^z/izi^ -
then T^eM and TJz)=0.

We will need the following elementary results, the proof of which we
omit:
(1) 5(z)=S"-1 if |z|<l/2.
(2) T, (S (z)) always contains an hemisphere,
(3) If x. yeS(z\

(9(l-|z|))- l |x-^|<|T,(x)-T,(y)|^2(l-|zl)- l |x^|.

(4) VzeB", ^(O.l^cT/^^z-d-lzl^c^CO.l^).

TOME 114— 1986—N° 1



QUASICONFORMAL MAPPINGS 125

(b) The main result will be the following.

THEOREM 1. - For K^ 1 there exists a constant C(K, n)>0 such that if
/B^R" is K'quasiconformal, then, for any zeB", there exists a non~
euclidean segment y joining z to S (z) such that

(5) Length(/(y))^C(JC, n)d(f(z), 9f(BH)).

Adapting an idea of B. DA vis and J. LEWIS [2], we will show in a moment
that Theorem 1 is a corollary of the following, of independent interest:

THEOREM 2. - For f: B^R" k-quasiconformal, define, for x e S " ' 1 ,
L^.(x)== Length [/([O, x])] where [0, x] is the radius {tx; 0<r^ 1}. Then
there exist C(n, K)>0 andp(n, K)>0 such that

(6) Q _ L f (xyda(x)\lfp^C(K, n)d(f(0), 9f(Bn)\

Assuming Theorem 2 is true, let us prove Theorem 1. So let/: B" -»- R"
be a K-quasiconformal mapping and zeB"; put g^f°T;1: Applying
Theorem 2 to g, we see that for every M>0,

(7) a({x€S"-1 ; Lg(x)>Md(f(z), a/(Bn))})^(<c(^-")Y

Now choose M large enough so that (C/Af)^(cy,,,i)/4. By (2) there
exists then jce 7^(5 (z)) such that

Lg(x)^Md(f(z\8f(y)\

and this proves (5) with y= 771 ([0, x]).

The main tools in proving Theorem 2 will be Theorem 3, due to
P. Jones, which we discuss in Part 2, and an estimate for the nontangential
maximal function /*, which is proved in part 3.

This paper was written during a stay at the University of Michigan. I
would like to thank Professor F. Gehring for his invitation and the
constant help he gave me during my stay. I also would like to thank
Professor T. Iwaniec for many helpful conversations.

BULLETIN DE LA SOClftt MATH^MATIQUE DE FRANCE



126 M. ZINSMEISTER

2. Let / be as in Theorem 2. Performing a preliminary translation, we
may assume that/does not vanish in B" and that

\f(0)\-d(f(0\8f(Bn)).

We will say that a function g : B" -*- R" - { 0 } satisfies Harmack property
if there exists a constant C(g)>0, called the Hamack constant of g, such
that:

(8) VxefT, V^, zey^-(l-|x|)\ |^(y)|^C(^(z)|.

LEMMA 1. - Iff: BaRn-{0} is K-quasiconformal, then f satisfies
Harnack property with a constant depending only on K and n.

Proof. — By the special distortion theorem for quasiconformal mappings
[4], there exists C(K, n)>0 such that

VxeB". V^, ze2rf;c,l(l-M)\ l^^^l ^C(K, n),
V 4' ' 1/; d(f(z\8f(Bn))

and Lemma 1 follows, for d(f(z\ 8f(Bn))^\f(z)\ since/does not vanish
inB".

Now let /: B " - + R w — { 0 } be X-quasiconformal. For almost every
^eS"'1, we may write

L^x)<fl|D/(tJc)|A^^(x)+2B-l/*(x)^(x).
Jo

where
fl/2

^(x)= \Df(tx)\dt
Jo

and

^(x)41 lp/(fj0^-^.
' Jo |/(^)|

LEMMA 2:

^eL^S-1) with \\Vf\\^C(K,n)\f(0)\.

TOME 114 — 1986 — N* 1



QUASICONFORMAL MAPPINGS 127

Proof:

W,-[ ^"'"wJa"(o,i/2) br
By Gehring's inequality [5], there exists p==p(K, n)>n and C(K, n)>0
such that

(9) f f \Df(y)\'fdmWf

\JB"(O, 1/2)

^C(X,n)ff J^,/)^^))17"
\Ji»" (0,1/2) //

=C(X, n)m[f(Bn(0^/2)]l/H^C(^ n)|/(0)|,

the last inequality being a consequence of Lemma 1. We now apply
Holder's inequality to the expression of [[ ^/||i, to obtain

ll^lli^ff \Df(y)\pdm^y)\^
\JB" (0.1/2) /

x^ f l^l-^-1)^-1)^^)^-1^
\Jfl" (0.1/2) /

<C(^n)|/(0)|,

by (9) and the fact that (n- \)p/(p- l)<n.
An estimate for H^ is given by the following theorem, due to P. Jones:

THEOREM 3 [8]:
H f E L ^ S ' 1 ' 1 ) with \\H^\^C(K,n).

As P. Jones has observed. Theorem 3 implies that

supreM||^/or | | i^C(K,n) o

(10) sup^cM f ^Df(x^ iDTWi-^m^^C^ n\
JB" \fW\

and (10) exactly says that |D/[/|/|dm is a Carleson measure in
B"[3]. Since |V|/||<|Z)/|, the same is true for |Vu|rim, where
u=log[/|. Writing

IHI»=sup^M | ^u(x)\\DT(x)\ll'ldm(x),
Jy

BULLETIN DE LA SOClfeTt MATHfeMATlQUE DE FRANCE



128 M. ZINSMEISTER

we can now invoke the following theorem, due to Varopoulos:

THEOREM 4 [10]. - Let u€W{^(B11) be a real-valued function having
radical limit u(x) a.e. on 5"~1. If\^u\dmisa Carleson measure in B",
then u€BMO(S11-1) with \\u\\^o^C(n)\\u\\^

(Varopoulos proves Theorem 4 for n=2 only, but his argument is easily
seen to extend to the general case.)

From Theorems 3 and 4, it follows that if/: B"-^ ^ ' '—{O} is X-quasi-
conformal, then

||Log|/(rx)|||^o(5"-»)^C(X,n),

for O^r^ 1. If we now apply the John and Nirenverg inequality [7] and
Lemma 1, we get

LEMMAS. - If f: ^"-^"-{O} is K-quasiconformal there exist
C(X, n)>0 andp=p(K, n)>0 such that

(11) supo<^, f |/(rx)|^o(x)^C(X, n)|/(0)|^.
Js"-1

In the case n=2 and/conformal, (11) implies that/is in the Hardy space
HP(B1), so that/^eL^S""1), and Theorem 2 follows in this particular
case. In the general case, we need an extra argument, provided by the
next section.

3. Non-tangential maximal function

PROPOSITION 1. - Let f: ^-^--{OjeM^i^B11), and u=Log|/|.
If\Vu\dm is a Carleson measure and if f satisfies Harnack property (8)
then, for every p > 0,

f f^(xYda(xW, f \f(x)^da(x\
Js"-1 Js"-1

where Cp depends only on n, p, ||u||* and C(f).
We first notice that this statement makes sense, since |/0c)| has radial

limits a.e. on S""1, for |Vu|dm is a Carleson measure.
Before going into the proof of Proposition 1, let us see why it implies

Theorem 2. So let /: y -» R" - { 0 } be X-quasiconformal with

TOME 114— 1986—N° 1



QUASICONFORMAL MAPPINGS 129

|/(0)|==dist (/(O), f(V)\ By the results in Part 2 we can apply
Proposition 1 to / (x) and, by Lemma 3, we get

||/*||^C(K,n)|/(0)|,

for some p depending only on K and n. Recalling now that

^W^OW11-1/^)^),

Lemma2, Theorem 3 and (12) imply that LfeLPIPJ'l(Sn~l) with

||Lj^^C(K,n)|/(0)|,

and Theorem 2 is proved.
To prove Proposition 1, we need 3 lemmas:

LEMMA 4. — Iffis as in Proposition 1 and N>C(f)2,
P^ld({--•^i^})^-CT ^6S"-1; \f(x) ^

Proo/- Put

f,-{»s-;|/M|<l^l}
and

G(x)=[^"(^1
Jo

(""'A.

If x e F.,

G(jc)^71-" | |Vu(tjc)|A
Jl/7

^p'-'ir I/^I-^O/^DA
Ul/7 OT

1/wl=71- Log
|/W7)|

By Harnack property, | / (0) | < C (/) | / (x/7) |; so, if x 6 Fn and N > C (f)\

NG(jc)^71-" Log >7-"Log/V,
C(/)

BULLETIN DE LA SOClETt MATHfeMATIQUE DE FRANCE



130 M. ZINSMEISTER

and from this it follows that

,y,)< ?m<^Hh.
LogN LogN

LEMMA 5. — There is an universal constant a>0 such that iffis as in
Proposition 1 and z e B",

« |ff^n aP^lull*, ,.S(,);|/(,)[<^M}<^L,(SW

Proof. - Define g(x)=/° T;1^). By (4), if xeS""' then
|?(0)|<C(/)|^(x/7)|; also, by definition ||Log|g|||*=||u||,. By
Lemma 4 we then have, for N'^C(f)1,

<^-.^<^})<^,
which implies

W^^^y^.
and the result follows from (3).

LEMMA 6. - There exist 0<C(n)<l and N(n, ||u[|», C(f)) such that
the following inequality holds:

(13) V?i>0, afLe^-V^x^M/Wl^})

^C(n)a({xESn-^f*(x)^}).

Proof. - Let

^)={z€B",|/(z)|>M

and
^(^{xeS11-1;/^)^}.

Then

^^)=U,^(X)5(Z).
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QUASICONFORMAL MAPPINGS 131

By Vitali covering lemma, there exists a(n)€(0,l) and a sequence
{Zj}<^f(K) such that the S(zjYs are mutually disjoint and

L^(S(^a(n)aWA)).
Now let

^LeS"-1;)/^)!^}.
(. N )

Then

a(£^n^W)^Z,e^^(^nS(2,))+(l-a(n))a(^(?L)).
But

£^ns(2,)<=L€S(2,); i/^l^i^^l
I ^ J

and so
arUu^

a(^nS(z,))^————a(S(z,)) if N^C(/)2,
LogN

by Lemma 5. So, choosing N so large that

«7"H|.> o(n)
- - ^ - »LogN 2

we get Lemma 6 with C(n)== 1 —a(n)/2. We can now complete the proof
of Proposition 1. For ^>0, let

and

By (13),

X^a^xeS'1-1;/^)^})

6W=a({x€SII-l,\f(x)\>^}).

X(^C(n)x(^)+eWN) o xW^——1——OWN).
l-C(n)

Finally,

n/* 11?^ r^xw^—^- rv-ef^^ -^-i
-'0 l-C(n)Jo VN/ l-C(n)'Jo

which proves Proposition 1.

BULLETIN DE LA SOCltTfe MATHfeMATIQUE DE FRANCE



132 M. ZINSMEISTER

Remark. — A mapping /: y-^R" is said to be ^-quasiregular if
/eH^dnandif

|D/(JC)|"^KJ(JC,/) a.e.onB".

The above methods imply the following:

PROPOSITION 2. — Let f: Bn-^Rn—{0} be a K-quasiregular mapping
and u = Log | /1. If | V u | dm is a Carleson measure in B", there exists an
exponent p=p(n, K,||u||»)>0 such that Ly-eL^S""1), where Ly has the
same meaning as in Theorem 1.

Sketch of Proof. — Using the same notations as in 2, one may write

Lf(x)^V^x)+2a-lKf^(x)^lf(x\

where

H^x^^^udx)^-1^.
Jo

From results in [I], Lemma 2 is valid for V/, also, H^eL1 by
hypothesis. To prove Proposition 2, it suffices then to show that f* e V
for some p>Q. Using Proposition 1 and Theorem 4, this reduces to pro-
ving that/satisfies Hamack property. To do this, we use a recent result
of IWANIEC and NOLDER [6]: They proved that u is actually in W\ ̂  (B")
for some q (K, n) > n and that

VxeB", ( I IVuCv)!^^)^
\ J E ^ I X . 1/2(1 - | x ( ) » /

^C(K, nXl-lxIr0741-^

f \^u(y)\dm(y),X
JB"(X. 3/4(1 - |x| »)JB"(X. 3/4(1 - |x l »)

and the result follows from the Sobolev embedding theorem and the fact
that | V u | dm is a Carleson measure.
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